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Abstract

Geometric constraint solving has been extensively studied in computer aided geomet-
ric design, modeling, and engineering. This thesis focuses on the design and imple-
mentation of efficient algorithms and software tools for solving parametric geometric
constraints involving both equalities and inequalities, with application to automated

generation of dynamic diagrams.

After a review of the state of the art and an introduction of some basic knowledge
in the first two chapters, we present in Chapter 3 a real convention (for square and
cubic roots) which provides correct interpretations of the Lagrange formula for cubic
polynomial equations with real coefficients. It is a uniform convention that does not
depend on the coefficients of the polynomials. Using this real convention, we also
present real solution formulas for the general real-coefficient cubic equation under

equality and inequality constraints.

In Chapter 4, we generalize the solution formulas from the cubic to the quartic
case. We adjust the Lagrange-type solution formulas for quartic equations and prove
that the real convention can also yield correct interpretations of the adjusted formulas.
We then use the real convention to derive the real solution formulas for the general
real-coefficient quartic polynomial equation with equality and inequality constraints.
The extension of the solution formulas from the cubic to the quartic case is not
straightforward and needs some quite sophisticated techniques including those used
in the study of the Sturm-Habicht sequence and discrimination systems. The new
real solution formulas of cubic and quartic equations with constraints avoid divisions

by small numbers and thus the numerically unstable “near 0/0” case.

In Chapter 5, we enhance the HLLW approach proposed by Hong and others for
diagram generation by replacing the Ferro-Cardano-type solution formulas of cubic
equations used there with new Lagrange-type real solution formulas under equality
and inequality constraints introduced in Chapter 3 and by incorporating new real
solution formulas of quartic equations with constraints presented in Chapter 4. The

performance of the HLLW approach is improved in terms of stability of numeric



computation and quality of generated diagrams. Several examples are presented to
illustrate the enhanced approach and to demonstrate the advantages and effectiveness
of our new solution formulas.

A software package GeoDraw that has been developed for drawing dynamic dia-
grams automatically from predicate specifications of given sets of geometric relations
involving inequality constraints and in which the enhanced HLLW approach has been
implemented is presented in Chapter 6. We discuss its design and implementation,
highlight its functionalities and features, give several examples to illustrate its us-
age, and provide some empirical data in table form to show its performance. Some
problems for future investigations are discussed finally in Chapter 7.

Key words: geometric constraint solving, real solution formula, dynamic dia-
gram, inequality constraint, root convention, animation, semi-algebraic system, ge-

ometry software.
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Chapter 1

Introduction

1.1 Background, Problems and Motivations

This thesis presents the results of our studies on real solution formulas for cubic
and quartic equations without or with inequality constraints and their application to
automated generation of dynamic diagrams. Solving univariate equations of higher
degree by radicals is a fundamental problem with a long history which had important
impact on the development of algebra. It was studied by many great mathematicians
including G. Cardano, R. Descartes, J. L. Lagrange, and N. H. Abel, leading to
the invention of Galois theory. Explicit expressions of solutions in terms of radicals
are not only of theoretical interest, but also convenient for computing the solutions
and for many other applications (such as solving systems of multivariate polynomial
equations and parameterizing rational curves by radicals). Our work on real solution
formulas was motivated by the need of such formulas for fast computation of solutions

to implement efficient programs for real-time diagram animation.

Diagrams have been widely used in geometry to help one to understand geometric
configurations and problems intuitively. Modern computers can now be used to pro-
duce dynamic diagrams, which contain constrained movable geometric objects and
may be animated under mouse actions. By means of animating a dynamic diagram,
one can observe and even discover relations among the geometric objects involved in
the diagram. A geometric description of the dynamic diagram can be algebraically
expressed as a system of polynomial equations and inequalities in certain free or de-
pendent coordinates. Solving this system is a major step for the generation of the
dynamic diagram. By using algebraic methods based, e.g., on triangular decompo-
sition and Grobner bases (see Section 2.3 and [128, 24]), the problem of solving the
system can be reduced to that of solving univariate polynomial equations (of low de-
gree in most cases) under inequality constraints. Univariate equations may be solved

by using explicit solution formulas. Such formulas for linear and quadratic equations
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are simple and well known. Our investigations will be devoted to real solution formu-
las for cubic and quartic equations. Solution formulas for nonlinear equations have
been studied since the ancient time and there are plenty of results, but there is little

work on such formulas for real solutions or under inequality constraints.

In recent years, a large number of software systems have become available for
producing dynamic diagrams interactively or (semi-) automatically. We mention
a few of them, Cabri,! Cinderella,> GCLC,®> GeoGebra,® Geometry Expressions,®
GEOTHER,® JGEX,” and Geometer’s SketchPad,® as examples. There are different
approaches proposed for solving the involved polynomial systems based on symbolic
computation, numeric computation, and their combination. There are also highly
efficient preprocessing methods, developed mostly in the computer aided design com-
munity, which transform geometric descriptions into easy-to-draw® geometric con-
structions using graph analysis and rule-based reasoning. The reader may refer to

[66] for a review of such methods and approaches.

Most of the approaches cited above were proposed to deal with geometric con-
straints involving equalities only, despite that inequality constraints occur very fre-
quently in real-world problems of geometry. Many geometric constraints require such
concepts as “between”, “inside”, and “outside” which involved order. For exam-
ple, we often need to deal with geometric constraints on external tangency of circles
and internal bisection of angles. When such geometric constraints are translated into
algebraic expressions, they show up as inequalities. There are two ways which are
usually used to deal with them. One is formulating the problems using equalities
only, but then the formulations may become unnatural, involving artificial slack vari-
ables and existential quantifiers, thus causing enormous computational blowup and

making the problems practically intractable. The other is ignoring the order notion

http://www.cabri.com/

*http://www.cinderella.de/
3http://poincare.matf.bg.ac.rs/~janicic//gclc/
‘http://www.geogebra.org/cms/
Shttp://www.geometryexpressions.com/index.php
Shttp://www-salsa.lip6.fr/~wang/GEOTHER/
Thttp://www.cs.wichita.edu/~ye/
8http://www.dynamicgeometry.com/

9e.g., with ruler and compass or other basic drawing tools [50]



Section 1.1. Background, Problems and Motivations

while formulating geometric constraints, but this often leads to unexpected extrane-
ous or degenerate solutions, causing confusion, especially when the diagram is moving
across some critical points. Therefore, it is imperative to develop effective methods

that directly tackle geometric constraints involving inequalities.

However, there is limited work on solving geometric constraints involving inequal-
ities as well as equalities. This is mainly due to the inherent practical difficulties of
dealing with general inequality constraints. There are methods (based on cylindrical
algebraic decomposition and others) which can handle, in principle, arbitrarily gen-
eral equality /inequality constraints, but the practical complexity is prohibitive for
problems even of moderate size [31, 32]. This is partly because general methods need
to consider the interaction of arbitrary degree equalities with inequalities. In view
of the fact that many interesting and important geometric constraints involve only
equalities of low degree, we restrict our studies to equalities of degree less than 5 but
allow inequalities of arbitrary degree. In this restricted case, real solutions can be rep-
resented by means of explicit formulas with radicals, which allows efficient evaluation

of the solutions for dynamic update of diagrams.

H. Hong, L. Li, T. Liang and D. Wang [63] developed an approach (referred to as
the HLLW approach) for solving geometric constraints involving inequalities. This
approach proceeds by first decomposing the set of equality constraints into finitely
many triangular sets. Then for each triangular set together with inequality con-
straints, the space of parameters is decomposed into finitely many domains by means
of real quantifier elimination, such that associated with each domain there is a set
of explicit expressions of the dependent variables in terms of the parameters with
radicals. For any given values of the parameters, if they verify the relations of some
domains, the values of the dependent variables may be easily computed by direct

evaluation of the corresponding explicit expressions.

Nevertheless, there are at least two problems with the HLLW approach that re-
main for investigation. Firstly, the Ferro-Cardano formula used therein for solving
cubic equations involves divisions, which may encounter the numerically unstable
“near 0/0” case (i.e., the case when both the numerator and denominator are close to

zero). This “near 0/0” case happens in particular during geometric constraint solving

3



CHAPTER 1. Introduction

because the coefficients of the equations being solved keep changing gradually. Sec-
ondly, in the HLLW approach it is not described in detail how to deal with general
quartic equations.

We will enhance the HLLW approach by using the real solution formulas we will
establish for cubic and quartic equations with real coefficients, which do not involve
non-constant divisions. We will also present our software package in which the en-
hanced HLLW approach has been implemented for automated and efficient generation

of dynamic diagrams involving both equality and inequality constraints.

1.2 State of the Art

1.2.1 Polynomial System Solving

Polynomial systems occur almost everywhere in mathematics, science and technology.
Solving polynomial systems is the basis for many problems, for example, in effective
(real) algebraic geometry [7, 35], robotics [33], and geometric modeling [106]. Systems

of polynomial equations can be written in the following form

where Fj(zy,...,z,) (i = 1,...,s) are polynomials in z1,...,x, with rational, real
or complex coefficients. There are many methods for solving such systems and we

introduce some of them briefly below.

Grobner basis method: B. Buchberger [20, 25] defined some special sets of gen-
erators of a polynomial ideal as Grobner bases,'® and gave the first algorithm
(known as Buchberger’s algorithm) to compute them. The basic idea of the algo-
rithm is to reduce leading terms of polynomials with respect to a specified term
order (i.e., admissible term ordering). Due to Buchberger and his followers’ ef-
forts [21, 22, 96, 23, 82, 84, 85, 47, 45, 46, 62, 61, 138, 139, 132, 93, 135, 105, 156],

the theory of Grobner bases has become a cornerstone of computer algebra with

10Tt was named after Buchberger’s advisor Wolfgang Grobner. Analogous concepts were also
proposed independently by Shirshov [113] and Hironaka [58].

4



Section 1.2. State of the Art

many applications. Especially, when a pure lexicographic order is chosen, the
Grobner basis of an ideal has elimination properties, and thus can be used

explicitly to work out the zeros of an ideal.

Wu—-Ritt’s method: This method was developed by W.-T. Wu in the late 1970s
for proving geometric theorems mechanically [144, 143] and solving multivari-
ate polynomial equations [142]. It is based on the concept of characteristic set
introduced in the late 1940s by J. F. Ritt [109, 110] which is fully independent of
Grobner bases, though the Grobner basis method may be used to compute char-
acteristic sets. Wu-Ritt’s method is powerful for theorem proving in elementary
geometry, and provides a complete decision process for certain classes of geo-
metric problems. The main trends of research on Wu—Ritt’s method concern
systems of polynomial equations of positive dimension and differential algebra
where Ritt’s results have been made effective. The basic idea of Wu-Ritt’s
method is to eliminate variables of polynomials by pseudo-divisions. Wu and
his followers [140, 123, 125, 126, 127, 128, 5, 6, 30, 51, 28] have done remarkable
work to improve this method and successfully applied it to automated geometric

reasoning and many other fields.

Resultant methods: Variables of polynomials can also be eliminated by using vari-
ous resultants such as sparse resultant [42, 36, 26], u-resultant [121, 34, 128, 151],
and Macaulay resultant [94, 81, 128, 151]. They use matrix formulations so that
their computation can be transformed to problems of linear algebra. However,
the resultant methods usually have restrictions (e.g., on the number of equa-

tions) for the construction of their corresponding matrixes.

There are also other methods for solving polynomial systems, such as Homotopy
method [88, 89], Eigenvalue/Eigenvector method [97, 98], and Rational Univariate
Representation (RUR) method [102, 111]. Note finally that most of the methods
reduce the problem to solving some univariate polynomial equations. The study of

solving polynomial equations of the form
f(z) =ag + a1 + agx® + - - + apz™ =0

started at the ancient time by Egyptians who could solve problems equivalent to linear

equations in one unknown. Their work was written on the Rhind Papyrus which is
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thought to represent the state of Egyptian mathematics of about 1850 B.C. The
research on solving polynomial equations substantially influenced the development of
mathematics for centuries [8, 12, 101, 44], leading to the ideas of abstract thinking and
the introduction of some fundamental concepts of mathematics including irrational

and complex numbers, algebraic groups, fields, and ideals.

The appearance of quadratic equations can be traced back to evidence left in
clay tablets by ancient Babylonians. The early study focused on methods to solve
quadratic equations of specific forms, such as the form asz? + ay = 0. Later in
1145 A.D., the first complete solution was given by Abraham bar Hiyya Ha-Nasi
(known also with the Latin name Savasorda) in Europe in his book Liber Embadorum
about algebra and geometry. Note that the general solution formula for quadratic
equations is one of the most fundamental and key principles of mathematics, and a full
understanding of this formula requires the introduction of negative, irrational, and
complex numbers. For example, about 500 B.C. in ancient Greece, the Pythagoreans
formally and rigorously proved that the equation z? = 2 has no rational solution,
that is, its solution cannot be found by using only arithmetic operations but also a
radical. This is an important achievement for finding irrational numbers, which is

closely related to the history of solving quadratic polynomial equations.

Comparing to the linear and quartic equations, the solution formulas which would
involve only arithmetic operations and radicals for polynomial equations of degree 3
and 4 are much more difficult and significant in the history of mathematics. In
fact, they were the first mathematical formulas unknown to the ancients, and forced
mathematicians to take both complex numbers and negative numbers seriously. The
achievement on solving cubic and quartic equations was the first major advance by
modern man since the time of ancient Greeks. More importantly, the proof of the
insolvability of the quintic in the 19th century finally led to the study of the theory

of equations.

In the success of finding the general solution formulas for cubic and quartic equa-
tions, there are a number of key figures. We list some of them who gave the main
contributions. In the 11th century, O. Khayyam found general geometric solutions of
cubic equations with intersections of conic sections. Then by using the Babylonian

numerals, L. Pisa, also known as Fibonacci, was able to give an approximate formula
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for cubic equations with certain form z? + az? + bx = ab. About 1515, S.D. Ferro
discovered a method for finding the solutions of a class of cubic equations with the
form 2 + ma = n, and told his achievement to some of his students. In 1535, one of
these student named A. M. Flor challenged N. Tartaglia to a problem-solving contest
involving the cubic. In this competition, Tartaglia won and revealed his result for
solving cubic equations to G. Cardano who published this secret formula and Ferro’s

prior work in his book Ars Magna [27, 55] with credit given to Tartaglia.

The solution to quartic equations was discovered by L. Ferrari, one of Cardano’s
students, in 1540, and at the same time, a similar solution was found by R. Descartes.
However, this solution, like all algebraic solutions of the quartic, requires the solution
of a cubic to be found. Therefore, it couldn’t be published immediately. The general
solution of quartic equations was published together with that of the cubic by Cardano

in Ars Magna.

For hundreds of years, mathematicians tried to investigate some generalization of
the classical solution formulas of any polynomial, but did not succeed for polynomials
of fifth and higher degrees. Around 1770, J.L. Lagrange began the groundwork to
unify the many different methods which had been used for solving equations in the
form of Lagrange resolvents. This innovative work is corresponding to the theory of
groups of permutations and also a precursor to Galois theory. However, Lagrange
failed to develop solutions for equations of degrees greater than 4, which implied that
such solutions might be impossible, but he did not give conclusive proof. Finally, a
theorem on the nonexistence of solution formula in radicals for the class of polynomials
of degree more than 4 was obtained and proved by R. Ruffini in 1813 and N. H. Abel
in 1827. Insights into these issues were also gained using Galois fundamental theory
pioneered by E. Galois in 1832, which was motivated by the same problem of solving
equations and included the proof of the nonexistence of the solution in the form of
formula with radicals, already for simply specific polynomial equations with integer
coefficients. This theory also gave a world of major ideas and techniques for the

development of modern algebra.

The absence of solution formula in radicals does not means that higher-degree
polynomial equations are unsolvable. In fact, the fundamental theorem of algebra

states that every non-constant polynomial equation in one unknown, with real or
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complex coefficients, has at least one complex number as solution. However, the
equation does not always have a real or a rational solution. In many applications,
one usually needs to find the number of distinct real solutions, or even the real solution
formulas. How to represent the real solutions of polynomial equations, even for the
cubic and quartic ones, is an interesting and difficult question. However, there is
not much work on this aspect. Therefore, in this thesis, we are concerned with the
problems of solving cubic and quartic polynomial equations, and finding their real
solution formulas in radicals with equality and inequality constraints.

The problem of solving polynomial equations has essentially affected the develop-
ment of mathematics throughout the centuries and still has many useful applications
to the theory and practice of present-day computing. It is therefore very meaningful

to investigate the methods of solving polynomial equations deeply.

1.2.2 Geometric Constraint Solving

Geometric constraint solving has been studied extensively in various areas, such as
computer-aided geometric design and modeling, mechanical engineering, chemical
molecular modeling, tolerance analysis and geometric theorem proving. It takes a
given set of geometric elements including points, lines, circles and a description of ge-
ometric constraints between these elements, such as distances between points, parallel
lines, angles between lines, incidence relations between points and lines or between
points and circles, tangency relations between lines and circles or between circles,
as input. The purpose is to output all placements of the geometric elements which
satisfy the given constraints. For example, consider a problem with its input ele-
ments to be a set of three lines and the constraints to be that the first two lines
are perpendicular and the third line makes a specified angle with the first line. One
may find infinitely many solutions for this particular problem. Thus in order to tie
down a particular solution, an additional constraint such as the length of one segment
between the intersections of two pairs of lines has to be given.

Intuitively a geometric constraint solving problem is considered bo be structurally
well-constrained if it has a finite number of solutions for non-degenerate configura-
tions. Similarly, if a problem has an infinite number of solutions, it is called under-

constrained. Finally, if a constraint system still has a finite number of solutions after
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one of the constraints is deleted, then the problem is over-constrained. In the pre-
vious example, if the angle between the third line and the second line was given as
another constraint, the problem would become over-constrained, because that angle
is already determined by the first two angle constraints. An over-constrained problem
may have a solution if the additional constraints are consistent with previous con-
straints. But in most cases, over-constrained problems have no solution. A constraint

problem naturally corresponds to a set of (usually nonlinear) algebraic equations.

Many resolution methods have been proposed for solving systems of geometric
constraints. In [59], C. M. Hoffmann and R. Joan-Arinyo stated that the general
properties a geometric constraint solving method should have include soundness,
completeness, competence, persistence, stabilities, efficiency, robustness, intension-
ality, geometric sense, dimension independence, and generality. However, it is very
difficult to obtain methods that possess all these characteristics. So far, there have
been some good compromises that achieve each of these methods characteristics to
a reasonable degree [74]. The geometric constraint solving methods can be classified
in many ways. We classify them in three broad categories: graph-based, logic-based,

and algebraic methods.

In graph-based methods, a constraint problem can be translated into a graph
(or hypergraph) with vertices. The geometric elements are represented by the graph
nodes and the constraints are the graph edges. The class of configurations solved
by these methods is typically the ruler and compass constructive problems. The
advantages of graph-based methods is that the problem can be decomposed into some
small subproblems and a few simple categories by graph analysis. The methods can
deal with the over-constrained and under-constrained problems. The disadvantage
is that the graph analysis of a fully competent method is rather complicated. The
methods can be further subdivided into constructive [48, 49, 86, 104], degree of free
analysis [76, 77, 75, 112] and propagation [9, 78, 116, 119, 10].

In logic-based methods, a problem can be translated into a set of assertions and
axioms characterizing the constraints and the geometric objects. The constraints are
expressed as facts and an inference engine is used to derive the solution by exhaus-

tively applying rules. These methods [1, 17, 115, 145, 118, 122, 67, 68] provide a

9
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qualitative study of geometric constraints. Although they are good methods for pro-
totyping and experimentation, the extensive computations involved in the exhaustive
searching and matching make them inappropriate for real world applications.

In this thesis, we are mainly concerned with algebraic methods in particular sym-
bolic methods which can translate the problem into a system of polynomial equations
and solve the system by using the algorithms we mentioned in the previous section
and the solution formulas for solving univariate polynomial equations. The main ad-
vantage of algebraic methods are their generality, dimension independence and ability
to deal with symbolic constraints naturally. However, if the problem is complicated,
the algebraic methods may be quite slow and space-consuming. Even though, alge-
braic techniques can be extremely useful and very practical for pre-processing and
studying specific constraint systems. The algebraic methods can be further classi-
fied into numerical and symbolic according to the different technique for solving the

system of polynomial equations.

e Numerical Methods
The numerical method is a general approach for solving the geometric constraint
problems. It first translate the constraints into a system of nonlinear equations.

Then this equation system can be solved by iterative methods.

A.H. Borning [9], R.C. Hillyary and I.C. Braid [57], and I. Sutherland [119]
used a relaxation method to solve geometric constraint problems. Basically,
the method perturbs the values assigned to the variables and minimizes some
measure of the global error. However, this method is quite slow and sometimes

convergence cannot be obtained.

The most commonly used numerical method is the Newton—Raphson [69] iter-
ation, which was popularly used in many applications [56, 91, 92, 100]. This
method is fast but instable because of the sensitivity to the initial values, and
may lead to an unexpected or unwanted solution, or to the iteration divergence

by a small deviation in the initial value.

To overcome the above problems, recently the homotopy or continuation [2]
method has been proposed and experimented. According to the reports in

80, 41], generally the homotopy method works much better in terms of stability.
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These two methods generally require the number of variables to be the same as
the number of equations. If these two numbers are different, i.e. the constraint
system is generally over- or under-constrained, some special techniques, such as

linear least square and singular value decomposition of a matrix, are required.

The numerical methods have generality and can handle problems with com-
plicated geometric constraints, but cannot deal with the over-constrained and
under-constrained problems well. There are two drawbacks: one is that the
efficiency and stability of these methods will decrease fast with respect to the
increase of the number of polynomials; the other is that they can only get one
solution of the equation system each time, but cannot find out all the solutions

and compare them to choose the best one.

e Symbolic Methods
Symbolic algebraic methods solve a system of equations by computer algebra
techniques such as the Wu-Ritt method [29, 143] or the Grobner basis method
[24]. In essence, these methods transform the system of polynomial equations
into a triangular system whose solutions are those of the given system. In
effect, triangularization reduces the problem of solving a simultaneous, nonlinear
system to that of univariate root finding. Forward or backward substitution

must be used for solving the triangular system.

Many systems have used a symbolic resolution of the system of equations by
a lot of researchers. For example, S. A. Buchanan and others [19] provided a
method based on Buchberger’s algorithm. In [72, 73], K. Kondo reported a
symbolic algebraic method, and improved his work by generating a polynomial

that summarizes the changes undergone by the system of equations.

Symbolic methods use symbols to represent the coefficients of the polynomials
which can deal with more problems. They can determine whether a problem is
well-, over- or under-constrained, and can compute all the solutions of a system
of polynomial equations. The disadvantage is that this kind of methods are of

high complexity and cost plenty of computing time and space.

There are many methods available for solving geometric constraints. However,

note that these methods are developed mainly for solving geometric constraints that

11
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may be expressed algebraically as equalities. For those geometric constraints involving
inequalities which occurs very frequently in real-world problems of geometry, the work
is very limited. The first approach of solving such geometric constraints was proposed
by Hong and his coauthors [63]. However, the stability of numerical computation and
quality of generated diagrams in their approach doesn’t perform very well and thus
it needs to be enhanced. Therefore, it is necessary to develop effective and stable

method for solving geometric constraint problems involving inequalities.

1.2.3 Dynamic Geometry Software

In the last 35 years, dynamic geometry software has been studied and developed
extensively. It can produce dynamic diagrams interactively or (semi-) automatically
by using ruler and compass or other basic drawing tools in a similar way to how they
are sketched on paper. A static diagram is a figure of fixed geometric objects satisfying
certain geometric constraints or properties. A dynamic diagram is a segment of
program or a piece of software that encodes information about movable geometric
objects involved in a family of static diagrams and about the constraints among these
objects and that can produce sequences of static diagrams of the family by updating
the values of some control parameters, usually under mouse action, and show each
sequence graphically on computer screen as an animation. The geometric specification
of a dynamic diagram by a set of geometric objects and a set of geometric constraints
among these objects may be translated, automatically and in most cases, into a semi-
algebraic system of equalities and inequalities with parameters. The generation of a
dynamic diagram amounts to producing a segment of program that implements the
process of solving the corresponding parametric semi-algebraic system and visualizes
the geometric configurations corresponding to the real solutions of the system for
changing values of the parameters.

Dynamic diagrams have features of interaction, intelligence and real time. By
observing the animation of a dynamic diagram, we can learn the relations of the
geometric objects more directly or even find out new geometry theorems. Therefore,
it has been a common view that dynamic geometric software significantly helps users
acquire not only knowledge about geometric objects, but also mathematical rigour

more generally. Recently there are a large number of software systems available for
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creating dynamic diagrams.!! We briefly introduce some typical ones below.

Geometer’s Sketchpad [65] is one of the most popular and complete interactive
geometry software systems for investigating Euclidean geometry, algebra, calculus,
and some other areas of mathematics. It unifies the traditional geometric construction
tools, and allows users create dynamic diagrams that can be constructed with rulers
and compass. Furthermore, it can also allows users to produce diagrams that cannot
be constructed under the traditional compass-and-straight-edge rules by employing
transformations. This system almost includes all the fundamental functions needed
in dynamic geometry research, such as measuring lengths of segments, angles, area,
perimeter, creating objects in relation to selected objects and points in relation to
objects including distance, angle, ratio, and others. By using these functions, users
can construct a lot of different geometric objects, measure them, and potentially
figure out hard-to-solve math problems.

Cinderella [108] is a proprietary interactive geometry software system, written in
Java programming language. Besides all the familiar constructions of Geometer’s
Sketchpad, Cinderella has its own features such as supporting constructions in spher-
ical and hyperbolic geometry, theorem proving, more general animation features, gen-
erating Java applets that paste easily onto web pages, and generating applets to create
self-checking construction exercises. It is a versatile and powerful tool for studying
and teaching Euclidean, hyperbolic and spherical geometry. However, in some as-
pects, Cinderella does worse than Sketchpad, for example, less paper-oriented, that
is, hard to paster diagrams into paper documents, and less efficiency for quick diagram
constructions.

GeoGebral? is a system which can construct dynamic diagrams with points, vec-
tors, segments, lines, polygons, conic sections, implicit polynomials and functions,
and animate them with mouse click and dragging. In this system, users can not only
enter and modify geometric elements directly on screen, but also through the Input
Bar. GeoGebra has some features of its own, such as using variables to represent
numbers, vectors and points, computing derivatives and integrals of functions, and
providing a full complement of commands like Root or Extremum. These features

of GeoGebra can help teachers, students and researchers make conjectures and prove

Uhttp:/ /en.wikipedia.org/wiki/List_of_interactive_geometry software
2http: / /www.geogebra.org/cms/
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geometric theorems.

GCLC [38] is a geometric tool that can be used for visualizing geometric config-
urations, teaching geometry and producing mathematical illustrations. A range of
easy-to-use functionalities are provided by GCLC, such as geometrical constructions,
transformations, parametric curves, flow control, symbolic expressing and automated
theorem proving. Knowing that, for the constructions in GCLC, formal procedures
are more important than drawings, that is, producing mathematical illustrations is
based on “describing configurations” rather than “drawing configurations”. Further-
more, figures can be displayed and exported into LaTeX and other formats.

GEOTHER [131] is a module of Epsilon, which implemented in Maple with in-
terface written in Java for manipulating and proving geometric theorems. One of its
functions is to generate dynamic diagrams automatically from the predicate specifica-
tion of a given set of geometric relations among a set of points in the plane. The whole
drawing process, based on the combination of symbolic and numerical computations
performed in two environments, is automatic. This program has implemented some
demos for HLLW approach, showing the possibility for generating dynamic diagrams
with inequality constraints while the degrees of the involved equalities are less than
or equal to 3.

Gabri 3D is a typical system for the visualization of 3D dynamic diagrams. It
helps users to discover the properties of 3D figures, find theories then test them in a
advanced way, and better understand three-dimensional space. In order to solve prob-
lems, Cabri 3D Geometry includes the use of length, area, geometric configurations,
and also illustrates arc length, area of sectors of circles, lateral area, surface area, and
lots of two- and three-dimensional figures. This system has implemented some func-
tionalities, such as spatial reasoning and geometric modeling. It can also visualize 2D
diagrams and help analyzing characteristics and properties of two-dimensional space.

There are a wide variety of dynamic geometry systems available and each of them
has some fundamental functions and its own features. However, most of them can
only draw the diagrams that can be expressed as linear or quadratic equalities, and
cannot deal with inequality constraints. Therefore, it is imperative to develop effective

software tools that can tackle geometric constraints involving high degree equalities,

Bhttp:/ /www.cabri.com
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and also can handle inequalities as well as equalities. This thesis is devoted to studying

and solving these problems.

1.3 Contributions of This Thesis

In this thesis, generation of dynamic diagrams with equality and inequality constraints
is mainly researched. The geometric specification of a dynamic diagram by a set of
geometric objects and a set of geometric constraints among the objects may be trans-
lated into a semi-algebraic system of equalities and inequalities with parameters. The
generation of a dynamic diagram amounts to solving the corresponding parametric
semi-algebraic system, which includes triangular decomposition for solving systems
of polynomial equations with parameters, real solution formulas with radicals for
solving univariate equations, and quantifier elimination for dealing with inequality
constraints.

Following the HLLW approach, we present an approach and its implementation
for automatically generating dynamic diagrams, which are distinct from other exist-
ing approaches and implementations by their capabilities of dealing with inequality
constraints and ensuring numeric stability in diagram animation. In order to enhance
stability, we are concerned with the solution formulas of cubic and quartic polynomial
equations.

We discover that Lagrange formula of cubic equations is a bit ambiguous since
there are 18 possible interpretations of the formula. However, some interpretations
are correct (yielding the solutions), but the others are not. The usual condition for
choosing the correct interpretation is depending on the coefficients of the polynomial.
It is natural and interesting to ask whether there is a uniform condition which is in-
dependent of the polynomial. The question essentially amounts to whether there is a
convention for choosing square root and cubic root that will yield correct interpreta-
tions for all cubic polynomials. We use a counter example to prove that the standard
convention is incorrect. In particular, we provide a real convention (for square and
cubic roots) which provides correct interpretations of the Lagrange formula for all
cubic polynomial equations with real coefficients, and prove its correctness. Using
this convention, we also present real solution formulas in radicals for the general

real-coefficient cubic equations under equality and inequality constraints. The real
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constraints in the formulas are given as three existentially quantified subformulas. If
needed, one could eliminate the existential quantifier using, e.g., the method based

on partial cylindrical algebraic decomposition.

It is natural to think whether the real convention is correct for the quartic formu-
las, and how to generalize the real solution formulas from the cubic to the quartic case.
With a lot of investigations and experiments, we adjust the Lagrange-type solution
formula for the quartic equations and prove that the real convention can also provide
correct interpretations of the adjusted formula for all quartic polynomial equations
with real coefficients. Using this convention, we also present a real solution formula
in radicals for the general quartic equation with real coefficients under equality and
inequality constraints. The extension of the solution formulas from the cubic to the
quartic case is not straightforward and needs some quite sophisticated techniques in-
cluding those used in the study of the Sturm-Habicht sequence and discrimination

systems.

The real convention we found is a uniform convention that does not depend on
the coefficients of the polynomials and that can always yield correct interpretations
of the Lagrange-type formulas for all cubic and quartic polynomial equations with
real coefficients. The new real solution formulas with constraints we give avoid di-
visions by small numbers and thus the numerically unstable “near 0/0” case. In
various applications, such as geometric constraint solving, one needs to solve equa-
tions with gradually changing coefficients, for which a solution formula with divisions
can encounter “near 0/0”) resulting in significant numeric errors. Therefore, the
new solution formulas are computationally better in terms of numeric stability and

geometric continuity for dynamic diagram animation.

We enhance the HLLW approach by replacing the Ferro—Cardano-type solution
formulas of cubic equations used there with newly introduced Lagrange-type real so-
lution formulas with inequality constraints and by incorporating new real solution
formulas of quartic equations with inequality constraints. The new formulas involve
no division by small numbers. We show that for generating dynamic diagrams au-
tomatically the performance of the HLLW approach can be improved, in terms of
stability of numeric computation and quality of generated diagrams, when the used

solution formulas are replaced by the new ones.
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A software package GeoDraw has been developed for drawing dynamic diagrams
automatically based on the predicate specification of a given set of geometric rela-
tions involving inequality constraints. This package has implemented the process of
generating dynamic diagrams by using the enhanced HLLW approach, and can be
used to draw configurations of constructive type based on numerical computation,
and configurations of declarative type based on a combination of both symbolic and
numeric computations. GeoDraw allows the diagrams to be generated with several in-
dependent components and enables users to choose drawing types flexibly to improve
the efficiency. The whole process of dynamic diagram generation combining trian-
gular decomposition in Maple, real quantifier elimination in QEPCAD with parsing,
numerical computation, graphic drawing, and letter labeling in Java is completely
automated. The drawn diagrams may be animated and fine-tuned by mouse click

and dragging with the given geometric relations maintained.

This thesis is structured as follows.

In the following chapter, basic information is provided about the algebraic meth-
ods for polynomial systems, containing solution formulas of polynomial equations,
triangular sets, and real quantifier elimination, together with their implementations.

We present in Chapter 3 a real convention (for square and cubic roots) which
provides correct interpretations of the Lagrange formula for all cubic polynomial
equations with real coefficients, and prove its correctness. Using this convention, we
also present real solution formulas in radicals for the general cubic equations with
real coefficients under equalities and inequalities.

In Chapter 4, we generalize the solution formulas from the cubic to the quartic
case. We adjust the Lagrange-type formulas for quartic equations and prove that
the real convention is also correct for this adjusted quartic formulas. Using this
convention, we also present a real solution formula in radicals for the general quartic
equation with real coefficients under equality and inequality constraints.

Then in Chapter 5 we recall the original HLLW approach and enhance it by
incorporating the Lagrange-type real solution formulas of cubic and quartic equations
with inequality constraints introduced in Chapter 3 and Chapter 4. Several examples
are presented to illustrate the enhanced approach and to demonstrate the advantages

and effectiveness of the new solution formulas.
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In Chapter 6, we discuss the design and implementation of GeoDraw, point out
the functionalities and features of the current version, provide several examples to
show the usage of GeoDraw, and present some empirical data in table form to show
the performance of the package for generating the diagrams of 15 theorems in plane
Euclidean geometry.

The thesis is concluded with some discussions on future work in Chapter 7.
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Chapter 2

Fundamental Tools from Polynomial Algebra

Prior to explaining how to apply the algebraic methods to solve polynomial systems,
we review some algebraic knowledge and methods in polynomial algebra as prepa-
ration. In this chapter, we provide the definitions of “convention” and “standard
convention” for square and cubic roots, the solution formulas of cubic and quartic
polynomial equations, an algorithm of determining the number of distinct real roots
for a polynomial, and the basic information about the methods of triangular decom-
position and quantifier elimination over the real field. Formal descriptions of these

methods are available from standard textbooks, see, e.g., [7, 28, 35, 133].

2.1 Solution Formulas of Polynomial Equations

Abel-Ruffini theorem (also known as Abel’s impossibility theorem) states that there
is no general algebraic solution in radicals to polynomial equations of degree five
or higher [99]. Therefore, only linear, quadratic, cubic and quartic equations have
explicit solution formulas in radicals. In this section, we introduce the standard
conventions for the square and cubic roots, Ferro-Cardano-type and Lagrange-type

solution formulas in radicals of cubic and quartic polynomial equations.

2.1.1 Standard Conventions for Square and Cubic Roots

In the following, we will frequently use notions such as “convention” for choosing
square and cubic roots. In this section, we make those notions precise.

Every complex number = can be written as re’®, where r > 0 and —7 < ¢ < .
We use the notation argx = ¢, where arg x is a function that extracts the principal

value of the angular component of x. Hence —7 < argx < 7.

Definition 2.1.1 (Convention). A convention is a pair (Cy, C3) of functions

C, : (=m, 7] — (—m, 7| such that nC,(¢) = ¢ mod 27w. Under the convention, we
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arg i/;

:
arg/x - 47
T +n
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Figure 2.1: Standard Convention for the Square and Cubic Roots

choose square root </« and cubic root /z of x so that

arg /v = Ch(argz), argV/r = Cs(argz).

Now let us review the “standard” convention.

Definition 2.1.2 (Standard Convention). The standard convention chooses the square

root /x and cubic root /x of x so that

1 . 1
arg J/xr = 5 T8 T, arg v/r = 3 A8 T,

(See Figures 2.1).

This standard convention is commonly used for solving quadratic,cubic and quartic

equations (see, e.g., [107]).

2.1.2 Ferro—Cardano-type Solution Formulas

Throughout the 15th and the early 16th centuries, many mathematicians worked on
the problem of giving an algebraic solution to the cubic equation [4, 18, 43, 55]. In

early 1500’s, Ferro gave a general solution to cubics of the form 2% + cx = b. In
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fact, all cubic equations can be reduced to this form. In 1540, Ferrari discovered the
solution to the quartic equations which, like all algebraic solutions of the quartic,
requires the solution of a cubic. Both the solutions of the cubic and quartic equations
were published by Ferrari’s mentor Cardano in the book Ars Magna [27, 55] in 1545.

Let C denotes the field of complex numbers. In the following, we present the cubic
solution formula due to Ferro and communicated by Cardano in Theorem 2.1.3, and
the quartic solution formula due to Ferrari in Theorem 2.1.4 with the inside subsidiary

cubic equation solved by the method of Ferro—Cardano.

Theorem 2.1.3 (Ferro’s Cubic Formula). Let f(x) = 2® + asx? + ayx + ag € Clz],

the formula for the three solutions x1, 2, x5 of the equation f(x) =0 is

WOV/S —2ay  6ay — a? w6 —2ay;  6ay — a3
T, = - Ty = —
' 6 3wO/6 2 6 3wiv/e
WV — 2ay 6a; — a’ ;2 1 V3
Qj‘sz — 3 , w =e 3 :__+_Z,
6 3w2V/o 2

0= 36@2&1 — 108@0 — 8&% + 12\/—3[)1,
p1 = aial + 18 azajag — 4aj — 27 a2 — 4 adag.

Theorem 2.1.4 (Ferrari’s Quartic Formula). Let f(x) = 2 +a32® +asa® +a1x+ag €

Clx], the formula for the four solutions xi,za, x5, x4 of the equation f(x) =0 is,

T = _a3+d+\/(a3_d)2 ay + t(—as + d)

4 16 d ’
" _—a3+d_\/(ag—d)Q_al—i-t(—ag—i—d)
T4 16 d ’
o —asz — d \/(ag + d)2 ayp — t(ag + d)
e T d
o —das —d _ \/(a3+d)2 aq —t(a3+d)
=y T a0

d= \/a§—4a2+8t,

and t is one of the real solutions of the cubic polynomial
I(t) = 8t° — 4ast® + (2aza; — Sag)t + 4asag — azay — aj,

which can be solved using the Ferro’s method in Theorem 2.1.35.
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Note that Ferro-Cardano and Ferrari’s formulas involve divisions. Thus they
may encounter a numerically unstable case (i.e., “near 0/0” case), when both the

numerator and denominator are close to zero.

2.1.3 Lagrange-type Solution Formulas

Lagrange [114] introduced a new method to solve the equations of low degree in [79].
This method works well for cubic and quartic equations, but Lagrange did not succeed
in applying it to a quintic equation, because it requires solving a resolvent polynomial
of degree at least six. In the following, we recall the cubic and quartic formulas which
are found due to Lagrange.

Theorem 2.1.5 (Lagrange’s Cubic Formula). Let f(x) = 2®+asx® +ayx+ag € Clz],

the formula for the three solutions x1,xa, x5 of the equation f(x) =0 is,
z1 = (—as + w'ey + w?ey) /3, 1= mv s = /=3 p1,
Ty = (—as + wlc; + wlcy)/3, Co = m,
T3 = (—ay + w?c; +w'ley)/3, w=elF = -1+ %gi,
p1 = aia} + 18 asajag — 4ad — 27 a2 — 4 aday,
p2 = 9asa; — 27 ap — 2a3.

Theorem 2.1.6 (Lagrange’s Quartic Formula). Let f(x) = 2* + aza® + ax2® + a1z +

ag € Clx], the formula for the four solutions x1, xs,x3, x4 of the equation f(x) =0 is,

ml—l—\/m%—élhl " _ml—\/m%—llhl . _m2+\/m%—4h2
2 ’ 2 ’

xl_ 2 — 2 I 3 —
VL e R PR/ et VAR PRI/ et T
4 2 3 1 2 s 2 ,
h _(y2+y3—y1)+\/(y2+y3—y1)2—16a0
1= )

4
ho — (y2 +ys — 3/1) - \/(3/2 + Y3 — y1>2 — 16 ag
2_ )

4

and vy, Y2, y3 are the three solutions of the cubic polynomial
9(y) =y* = 2a2y” + (a3 — 4ao + ara3)y + (af + apa3 — arasas),
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which can be solved using the Lagrange’s cubic formula in Theorem 2.1.5.

The given formulas (usually attributed to Lagrange and based on his idea of
resolvent) are inspired by but different from the well known formulas due to Ferro
ane Ferrari (communicated by Cardano) in Section 2.1.2. Lagrange’s formula does
not require division and thus avoids the “near 0/0” case. In various applications,
such as geometric constraint solving, one needs to solve equations with gradually
changing coefficients, for which Ferro-Cardano-type formulas can encounter “near
0/0”, resulting in significant numerical errors. Therefore, Lagrange-type formulas are

better for such applications.

2.2 Number of Distinct Real Roots of a Polynomial

In this section, we introduce the complete discrimination system, a set of explicit
expressions in terms of the coefficients, for determining the number of distinct real
roots of a polynomial which is provided by L. Yang and coauthors [90, 147, 148].

Given a polynomial
f(x) = apx™ + arz™ '+ + ay,
we write the derivative of f(z) as
(@) =0-2" + nags" ' + (n — VDayz™ >+ - + ap_1.

Definition 2.2.1 (Discriminator Matrix). The discriminant of the Sylvester matrix

of f(x) and f'(z),

Qo aq a9 ce Ay,
0 nag (n—1)a; -+ ap
Qo ay IR € | Qp,
0 nag cee 20,9 Ap—1
Qo aq (05} cee Qp,
0 nay (nm—1a - ap
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is called the discriminator matrix of f(x), and denoted by Discr(f).

Definition 2.2.2 (Discriminant Sequence). Let Dy, denote the discriminator of the
submatrix of Discr(f), formed by the first 2%k rows and the first 2k columns, for
k=1,...,n (note that Discr(f) is a 2n x 2n matrix).

We call the n-tuple

[Dlu D27 s 7Dn]
the discriminant sequence of the polynomial f(z).

Sometimes, we denote it by a more detailed notation of specify f(z):

[Dy(f); Da(f)s - -5 Du(f)]-

In practice, we usually get the discriminant sequence from the Bezout matrix of
f(z) and f’(z), which is the same one as that got from the Sylvester matrix (see [146,
150] for details). The following short program written in Maple was demonstrated to
be quite efficient for producing discriminant sequences of polynomials with parametric

coefficients.

discr:=proc(poly ,var)
local g,h,tt,d,bz,i,ar,j ,mm,dd;
d:=degree (poly ,var);
h:=ttxvar "d+diff (poly,var);
with (linalg);
bz:=subs (tt=0,bezout (poly ,h,var));
ar:=[ |;
for i to d do ar:=Jop(ar),row(bz,d+1—i..d+1-1)] od;
mm:=matrix (ar) ;
dd:=[ ];
for j to d do
dd:=[op(dd) ,det (submatrix (mm,1..j,1..j))]
od;
dd:=map (primpart ,dd) ;

end ;
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Definition 2.2.3 (Sign List). We call the list
sign(Dy), sign(Dy), ... sign(D,)]
the sign list of the discriminant sequence {Dy, Da, ..., D,}.

Definition 2.2.4 (Revised Sign List). Given a sign list [sq, so, ..., s,], we construct

a new list
[81,52, Ce ,€n]

as follows (which is called the revised sign list):

o Ifs;,541,...,5i4; is asection of the given list, where s; # 0, 5,41 = sj10 = -+ =

Sitj—1 = 0,5;4; # 0, then we replace the subsection

[Sit1s Sitas s Sitj1]

[_Si7 —Si, Siy Siy —Siy —Siy Siy Siy, —Si, ]7

1.e.

forr=1,...,5— 1.

e Otherwise, let e, = s;, i.e. there are no changes for other terms.

Then the following theorem can determine the number of distinct real or imaginary

roots (without considering the multiplicities).

Theorem 2.2.5. Given a polynomial f(x) with real coefficients,
f(z) = apx™ + arz" ' + - + a,

if the number of the sign changes of the revised sign list of

{Dl(f)7D2(f)7 . aDn(f)}
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is v, then the number of the pairs of distinct conjugate imaginary roots of f(x) equals
v, if the number of non-vanishing members of the revised sign list is [, then the number

of distinct real roots of f(x) equals | —2wv.

2.3 Characteristic Sets and Triangular Decomposition

Triangular decomposition is a fundamental and well-developed tool for describing the
complex solutions of polynomial systems. Characteristic sets and triangular sets are
sets of multivariate polynomials which may be ordered in certain triangular form. The
method of characteristic sets, developed by Wu [141, 144] based on the classical work
of Ritt [110], provides a powerful tool for solving systems of multivariate polynomial
equations by transforming the corresponding sets of polynomials into triangular sets.
Part of the material in this section is taken from Wang’s book [128].

Let K be a computable field of characteristic 0. The rational number field Q is a
concrete example of K. And let K[z] be the ring of polynomial in @ = (z1,...,2,)
with the coefficients in IC, and with the ordering for the indeterminates 1 < - -+ < x,,.
For any polynomial P € K[z] \ K and an arbitrary indeterminate xy, the degree of
P in zj is denoted by deg(P, z;). The biggest index p such that deg(P, z,)> 0 is
called the class, x, the leading variable, and deg(P, z,) the leading degree, denoted by
cls(P), lv(P) and ldeg(P) respectively. The leading coefficient of P in z,, denoted by
le(P, xp), is called the initial of P, denoted by ini(P).

Definition 2.3.1. A finite nonempty ordered set of non-constant polynomials in [x]
T - [Tl,TQ,. . ,TT]
is called a triangular set or a non-contradictory quasi-ascending set, if

cls(Ty) < cls(Ty) < -+ < cls(T5).

Any triangular set can be written in the following form

Tl(l'l,. .. 7l’p1),
T_ To(T1y ey Tpys ey Tpy), | (2.1)
I To(T1s ey Tpys e e s Ty e vy T, ), |
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where
0<p1<p2<"'<pr§n7

pi =cls(Ty), xp, =W (T3), i=1,2,...,r.

Now we introduce the basic operation on polynomials in the method of triangular
sets, that is pseudo-division. Let F' and G be the polynomials in K[z, z; a fixed
variable, m = deg(F, ), and | = deg(G, xy). For pseudo-dividing G by F, we have
a division algorithm as follows. Let R := G; Repeat the following process until
r =deg(R,x) < m:

R := FyR — Rox;, "F,

where Fy = le(F,xy), Ry = le(R, x). As r strictly decreases for each iteration, the
procedure must terminate. Finally, one obtains two polynomials ¢ and R in K[x]
satisfying the relation

IG = QF + R, (2.2)

where I = lc(F,xy), ¢ = max(l —m+ 1,0), deg(R, zx)< m, and deg(Q, xx)=max(l —
m, —1). In case m = 0, we have R = 0 and Q = F'G.

The expression (2.2) is called a pseudo-remainder formula; @ is called the pseudo-
quotient and R the pseudo-remainder of G with respect to F' in x, denoted by
pquo(G, F, zx) and prem(G, F, xy) respectively, and they are uniquely determined by
F and G.

Let T be a triangular set as in (2.1) and P any polynomial in K[z]. P is said
to be reduced with respect to T if P is reduced with respect to every T € T, i.e.,
deg(P, z,,) < ldeg(T;) for all i. The polynomial

R = prem(---prem(P, T, xp, ), -, T1,p,)

simply denoted by prem (P, T) is called the pseudo-remainder of P with respect to T.

From Expression (2.2), one can easily deduce the following pseudo-remainder formula
i=1

where each ¢; is a non-negative integer, and I; = ini(7;), @Q; € K[z], i =1,...7.
Similarly, prem(P, T) = P when P is reduced with respect to T. For any polyno-
mial set P, prem (PP, T) stands for {prem(P, T): P € P}.
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Let K be an extension field of K. For any nonempty polynomial sets P and Q,
denote by Ideal(IP) the ideal generated by the polynomials in P, and we define

ini(P) := {ini(P) | P € P},

Zero(P) := {z € K" | P(&) =0,V P € P},

Zero(P/Q) = {& € Zero(P) | Q&) £ 0,7 Q € Q}.
Lemma 2.3.2. For any triangular set T and polynomial P in K[x], if prem(P,T) = 0
then Zero(T/ini(T)) C Zero(P).

Definition 2.3.3. A triangular set T = [17,...,T,] C K[x] is called a non-contradictory
ascending set if T; is reduced with respect to [T1,...,T;_;] for each ¢, 2 <7 <.

T is said to be fine if we have
prem(ini(7;), [T4, ..., Ti-1]) # 0
forall 2 <i¢<r.

Any set with a single non-zero constant is called a contradictory ascending set.

Apparently, every non-contradictory ascending set is a fine triangular set. The
pseudo-remainder of any polynomial with respect to a contradictory ascending set

is 0.
Definition 2.3.4. An ascending set C is called a characteristic set of a non-empty
polynomial set P C Klx], if

C C Ideal(P), prem(P,C) = {0}.

Here, a characteristic set of P is defined by Wu. Ritt’s definition of a characteristic
set is for the ideal J (generated by P) and requires that prem(J,C) = {0}; thus for
computing C one has to consider its irreducibility or use alternative algorithm (see
[95], Sect. 5.6).

Proposition 2.3.5. Let C = [C},...,C,] be a characteristic set of P C K[z], and

[i = 1n1(C’z), IP)Z' =PuU {11}7 1= 1, BN
T=ini(C) ={I,...,1}.
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Then
Zero(C/I) C Zero(P) C Zero(C),

Zero(PP) = Zero(C/I) U LTJ Zero(IP;) (2.3)

n IC or any extension field of IC.

Before presenting the characteristic set algorithm of Ritt—Wu, we introduce the

notion of rank.

Definition 2.3.6. For two non-zero polynomials F' and G in K[z], F' is said to have
a lower rank than G, which is denoted as F' < G or G > F if either cls(F') < cls(G),
or cls(F') = cls(G) > 0 and ldeg(F') < ldeg(G). In this case, G is said to have a higher
rank than F'.

If neither F' < G nor G < F, F' and G are said to have the same rank, denoted

as F' ~ Q.

We write ' X G for “F < G or F' ~ G,” and similarly for “>-.”

Definition 2.3.7. For two triangular sets
T=I[T,...,T,], T =][T},...,T.],

T is said to have a higher rank than T’, which is denoted as T = T" or TV < T, if

either there exists a j < min(r, ') such that
Ty~Ty,..., Tjoy ~ Ty, while T; > Tj;

orr'>rand Ty ~1y,...,T, ~ T/ In this case, T’ is said to have a lower rank than
T. If neither T < T" nor TV < T, T and T’ are said to have the same rank, denoted
as T ~ T’. In this case, r =r"and T} ~T7,..., T, ~ TV.

The above-defined “3” is a partial order, under which the collection of all trian-

gular sets is partially ordered. Thus, for any set of ascending sets, one is free to talk

about the notion of minimal ascending set if it exists.
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Lemma 2.3.8. Let Ty == Ty 77 -+ 2 Ty 22 - -+ be a sequence of triangular sets whose

ranks never increase. Then there exists a k' such that Ty ~ Ty for all k > k'.

Consider any non-empty polynomial set P. Let & be the set of all ascending sets
contained in IP. Since each single polynomial forms by itself an ascending set, ® # ().
Any minimal ascending set of ® is called a basic set of P. Such a basic set exists and

can be determined by the following algorithm.

Algorithm BasSet: B :=BasSet(P). Given a non-empty polynomial set P C
K[x], this algorithm computes a basic set B of P.

Bl. Set F:=P, B:= 0.
B2. While F # ) do:

B2.1. Let B be an element of F with lowest rank.
B2.2. Set B:=BU[B|.
B2.3. If cls(B) = 0 then set F := () else set

F:={F eF\{B} | F is reduced with respect to B}.

A basic set of P is contradictory if and only if P contains a constant. In this case
Algorithm BasSet terminates at the first iteration of the while-loop.
Now we are ready to present the characteristic set algorithm of Ritt—Wu, which

points out how to construct a characteristic set from any given polynomial set.

Algorithm CharSet: C := CharSet(P). Given a non-empty polynomial set
P C K[z], this algorithm computes a characteristic set C of P.

Cl. Set F:=P, R:=P.
C2. While R # ) do:

B2.1. Compute C := BasSet(F).
B2.2. If C is contradictory then set R := () else compute

R := prem(F \ C,C) \ {0},
and set F:=FUR.
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The characteristic set algorithm is the kernel of the zero decomposition algorithms
CharSer, IrrCharSer and IrrCharSerE, and has many applications. In this thesis, we
mainly use the IrrCharSer algorithm to compute the irreducible characteristic series
(Definition 2.3.9) of a given polynomial set.

Let us return to the zero relation (2.3). As each I; is reduced with respect to C,
any basic set of the polynomial set P; U C has a lower rank than that of C. Note
that Zero(IP; U C) = Zero(IP;). Therefore, in proceeding further with each P; U C by
means of Algorithm CharSet, one may arrive after a finite number of steps at a zero

decomposition of the form
Zero(P) = | J Zero(Ci/I), (2.4)
i=1
in which C; is an ascending set and I; = ini(C;) for each 1.

Definition 2.3.9. A finite set or sequence ¥ of (weak-) ascending sets Cy,...,C, is
called a (weak-) characteristic series of a polynomial set P in K[x] if (2.4) holds and
prem(P, C;) = {0} for every i.

If U =), it is meant that e = 0 and thus Zero(PP) = .

Any system [P, Q] can be decomposed into systems [T;, U;] with the following zero

decomposition

Zero(P/Q) = U Zero(T;/U;), (2.5)

where each T, is a triangular set, and each [T;,U;] is called a triangular system.

Another alternative zero decomposition to (2.4) is
Zero(P) = U Zero(sat(T,)), (2.6)
i=1

where sat(T;) denotes the saturated ideal of T; for which a finite basis may be com-
puted from T;. Effective algorithms other than Wu’s [144] have been proposed by
Lazard [83], Kalkbrener [70], and Wang [124, 126, 127] to decompose any polynomial
set P or system [P, Q] into triangular sets T; or triangular systems [T;, U;] of various
kinds such that (2.5) and (2.6) holds. Such triangular sets and systems may be reg-

ular, simple, or irreducible [5, 6, 128]. Different kinds of triangular sets and systems
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have different properties, require different costs of computation, and therefore have
different applicabilities. The methods of Wu and others have been studied, improved,
and extended by different researchers (see [5, 52, 128, 144, 149, 150] and references
therein) and some of them may be more efficient than others. As an example let us

introduce the reqular set.

Definition 2.3.10. A triangular set T = [T3,...,T,] C K[x] is called a regular set if
res(ini(7;), [T4, ..., Ti—1]) #0, for2 <i <,

where res(ini(7;), [T1,...,Ti-1]) is the Sylvester resultant of ini(7;) with respect to

the triangular set [T7,...,T; 1]

A regular set is also called a regular chain by Kalkbrener [70]. Let T = [13,...,T}]
be a regular set in K[x]. Denote the variables which are not leading variables in T by
v = (v1,...,v,_). Note that the variables vy, ..., v,_, are evaluated by the values
which form an algebraically independent set over IC, i.e., they do not annihilate any
nonzero polynomial in Klv]. We keep the components of v as symbols, then we
call any zero (v,&y,...,&.) € Zero(T) a regular zero of T. For any regular zero

£i: <v7€17--'7£i) of [Tla"'7ﬂ] (1 SZST—l)? we have

ini(T}1(€,)) # 0.

From this property, we know that the number of regular zeros of each triangular set
[Ty, ...T,] is equal to ldeg(Ty) - - - 1deg(7}) (with multiplicities).

The method based on triangular sets is particularly efficient for geometric prob-
lems, thus it is a powerful tool for mechanical theorem proving in elementary geom-
etry, and provides a complete decision process for certain classes of problems. To
prove a class of geometric theorems of equality type, one first needs to algebraize the
hypotheses and conclusions of the geometric theorems as polynomial equations. Then
the relationship between these algebraic equations is studied by the computation of
characteristic sets and pseudo-remainders, and thus the non-degeneracy conditions
under which the theorem is true may be obtained.

Triangular sets have a nice structure suitable for representing field extensions and

zeros of polynomial systems of any dimension. The various zero decompositions may
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be applied naturally to solving systems of polynomial equations and inequations.
Consider the systems of polynomial equations {Pi(x) = 0,..., Py(x) = 0}, where
P; are polynomials in © = (zy,...,x,) over K (eg, Q). Let P = {Py,..., P;}. We
write the system as P = 0. Our purpose is to find the solutions of P = 0 over
the algebraically closed field extension of K (eg, C). Some theorems and algorithms
enable us to decompose the system into one or several regular sets [Ty, ... T,], called a
reqular series. The following theorem, regarded as the principle for polynomial system
solving, helps us to determine whether system P = 0 has solutions and whether or

not the number of the solutions is finite.

Theorem 2.3.11. Let [Ty,...T.] be a regular series of any polynomial set P C K[x].
Then:
(a) P =0 has no solution in any extension field of KC if and only if the series is a
empty set;
(b) P = 0 has finitely many solutions if and only if the number of polynomials in
T; (|T;|) is the number of variables, for 1 < i <e. In this case, the solutions of
P = 0 may be found by means of computing Zero(T;/ini(T;)) for 1 <i<e.

Now we consider the case for the system to have a finite number of solutions, then

each T; is associated to a system of equations of the following triangular form

4

ﬂ (ZL’1> - Oa
T;,(z1,22) =0,

L T;'n(l'l,l'g, c. ,:Cn) = 0.

The solutions of the system above may be obtained by solving the first univariate
equation in x1, substituting the solutions for z; into the other ones, then solving the
second equation only in x5, and so on. Then according to the zero decomposition, the
solutions of the system P = 0 can be found after the solutions of each T; have been
obtained. Similarly, in order to solve systems of polynomial equations and inequations
or systems involving parameters, one may decompose the systems into several sets of
triangular systems satisfying some additional requirements, such as regular systems

and simple systems, and then compute the solutions of each triangular system.
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The method of characteristic sets was implemented by Wu and his students, and
other researchers in the 1980s mainly for the purpose of automated theorem proving
in geometry. In the 1990s, several implementation were made in different languages
by members of Wu’s extended group (see [52], chap. 20), in Scratchpad II by M. C.
Gontard, and in REDUCE! by R. Bradford. The Maple package CharSets developed
by Wang on the basis of Wu’s method now is available as a module in Wang’s Epsilon
library? [130]. Part of this package has been reimplemented in Singular® and Macaulay
2% by M. W. Messollen and translated into Maxima® by D. Stanger. A comparative
implementation of the four methods of Wu [141, 142], D. Lazard [83], M. Kalkbrener
[70], and Wang [124] for solving polynomial systems in Axiom® was realized by P.
Aubry and M. Moreno Maza [6]. The algorithm for computing regular chains has
been implemented as RegularChains library in Maple by F. Lemaire and others.
The above-mentioned Epsilon library includes a complete implementation of Wang’s

algorithms for computing triangular systems, regular systems, and simple systems.

2.4 Quantifier Elimination

Before describing the problem of quantifier elimination over real closed fields, we give
some basic definitions. Below, the abbreviation QE stands for quantifier elimination.
Definition 2.4.1. A standard atomic formula is an expression of the form F' ~ 0,
where F' is any nonzero polynomial in Q[x] and ~ is a predicate symbol (=, >, >,
<, <, or #).

A standard quantifier-free formula is an expression consisting of standard atomic
formulas which are combined using the boolean operators A (and), V (or), and =
(implies).

Given a quantified formula in the prenex form

(Qk+1xk+1) o (Qn$n> F(xlv s ,:En), (27)

'http://www.reduce-algebra.com/
’http://www-calfor.lip6.fr/~wang/epsilon/
3http://www.singular.uni-kl.de/
‘http://www.math.uiuc.edu/Macaulay2/
Shttp://maxima.sourceforge.net/
Shttp://www.axiom-developer.org/
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where Q; is either an existential (3) or a universal (V) quantifier and I is a standard
quantifier-free formula in zq,...,x,, quantifier elimination is the procedure which
transforms the quantified formula (2.7) into an equivalent quantifier-free formula.

Tarski showed that for every first-order quantified formula over real closed fields,
there exists an equivalent quantifier-free formula, i.e., the QE problem is solvable.
Furthermore, in 1951, he first proposed an explicit algorithm for solving the QE
problem [120], which has very high computational complexity. A much more efficient
algorithm for QE over real closed fields is cylindrical algebraic decomposition (CAD)
due to G. E. Collins [31].

The basic idea of the CAD method is to decompose R™ into finitely many cylin-
drically arranged regions, called cells, such that all the polynomials in I' are sign-
invariant in each cell. The algorithm for computing a CAD also provides a point in
each cell, called sample point. Since the signs of all the polynomials in each cell of the
decomposition can be easily determined by computing the values of the polynomials
at the sample point, one is able to eliminate, by computing a CAD, the quantifiers of
any quantified formula over real closed fields. The basic CAD construction consists
of two key phases: the projection and lifting phases. In the projection phase, one
projects m-variate polynomials to (n — 1)-variate ones by eliminating one variable
using an appropriate projection operator, then to (n — 2)-variate ones, and finally to
univariate polynomials. A CAD of R can be constructed from the univariate polyno-
mials, for example, using a method of real root isolation. The second phase (lifting)
constructs a decomposition of R? from one-dimensional cells, and to a decomposition
of R™ successively. The key problem in the construction of CADs is the definition
of the projection operator, and the basic operations consist of the computations of
(sub)resultants and (sub)discriminants.

The CAD method has been improved by Collins, his students, and other re-
searchers. One of the notable improvements is made by Collins and Hong [32] for
the lifting phase by constructing partial CADs. The QEPCAD package”, developed
originally by Hong, improved and maintained by Brown now, is perhaps the most
well-known software tool for QE using partial CAD. Besides, the QE method by par-
tial CAD is also implemented in Mathematica, REDLOG package® by A. Dolzmann

"http://www.cs.esna.edu/~qepcad/B/QEPCAD. html
8http://redlog.dolzmann.de
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and others [39] in REDUCE, and SyNRAC package by A. Anai and H. Yanami [3] in
Maple.

The worst case complexity of the CAD method is doubly exponential in the num-
ber of variables of the input quantified formula. In order to speed up the QE pro-
cedure, some algorithms specialized for particular types of QE problems, concerning
the practical applications, have been developed. We may mention in particular three
methods for effectively solving the QE problems in special cases. The QE method
by wirtual term substitution for the case that the input formulas have low degrees
in their quantified variables, for example, linear, quadratic, or cubic, was developed
by V. Weispfenning [136, 137]. This method, though efficient for solving many prac-
tical problems, may produce a large number of quantifier-free equivalent formulas
which need further simplifications. Implementations of the virtual term substitution
method are available in Mathematica as functions Resolve and Reduce, REDLOG,
and SyNRAC. Another technique for QE problems, based on real root counting, also
proposed by Weispfenning, is called Hermitian quantifier elimination [133]. It focuses
on a class of problems whose quantified formulas involve many equations and only
few other atomic formulas. For the QE problems concerning positive definiteness of
polynomials (i.e., V& > 0 P(x) > 0, where P(x) € Q[x]), L. Gonzalez-Vega has de-
veloped a method by using the Sturm—Habicht sequence for the polynomials. The two
above-mentioned methods are implemented in REDLOG and SyNRAC respectively.
Each method has its own advantages and limitations and none of them is superior
to another one in general. The combinations of some methods, such as that of the
methods of partial CAD and virtual term substitution, implemented in REDLOG,
are expected to perform well.

To improve the efficiency of quantifier elimination, one may write the quantified
formulas in a simple and appropriate way, choose the best elimination order of the
quantified variables, or/and perform QE separately on several parts divided from the
formulas and then combine the results (see, e.g., [117]). These strategies need a lot of
observations, experiences, and good understanding of the problems. Another strategy
is formula simplification. Several methods of simplification [13, 14, 16, 39] have been
developed for the QE methods of CAD and virtual term substitution, which both

speed up the algorithms and reduce the size of the output quantifier-free formulas.
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Chapter 3

Solution Formulas for Cubic Equations Without or With
Constraints

Cubic equations were studied and discussed since the 5th century B.C., a great num-
ber of interesting and important results were found in many research works, espe-
cially for the cubic polynomial equations with real coefficients which have a lot of
applications in many different areas. In this chapter, we present a convention (for
square/cubic root) which provides correct interpretations of Lagrange’s formula for
all cubic polynomial equations with real coefficients. Using this convention, we also
present a real solution formula for the general cubic equation with real coefficients
under equality and inequality constraints. Constraints naturally arise in applications
such as geometric constraint solving. Most of the material in this chapter is taken

from the joint paper [154] with Hong and Wang,.

3.1 Introduction

Note that the Lagrange’s formula of cubic equations in Theorem 2.1.5, as usually
stated, is a bit ambiguous since there are two possible values of s, three possible
values of ¢;, and three possible values of ¢,, depending on which square/cubic roots
one takes. Hence there are all together 2 x 3 x 3 = 18 possible interpretations of
the formula. It is well known that some interpretations are correct (yielding the
solutions), but the others are not.

How to choose a correct interpretation? The usual answer, in the literature, is to

choose an interpretation satisfying the condition
— 52 3
C1C2 = Q9 — I0A7.

Note that the above condition depends on the polynomial f. So we question whether
there is a uniform condition, i.e., a condition that is independent of the polynomial f.
The question essentially amounts to whether there is a convention for choosing square

root and cubic root that will yield correct interpretations for all f. We ask the
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question because it seems to be natural and interesting on its own. We are also
motivated by the need of such a convention in geometric constraint solving [63, 131],
where it is very desirable to have a uniform way (independent of f) to choose a correct
interpretation.

Naturally, we think about whether the standard convention in Section 2.1.1 is
correct or not. In the following section, we prove the incorrectness of the standard
convention. In Section 3.3, we present the non-standard convention (which we will
call “real” convention) that yields correct solutions for all cubic polynomial equations
with real coefficients. In Section 3.4, correctness of the real convention is proved.
In Section 3.5, using the real convention, we present real solution formulas for the
general real-coefficient cubic equation under equality and inequality constraints, and

prove its correctness in Section 3.6.

3.2 Incorrectness of the Standard Convention

Proposition 3.2.1. The standard convention is incorrect.

Proof. We only need to find a counter example where the standard convention leads
to wrong roots. Consider
f=a2*—22"+2.

Direct calculations, following the standard convention, yield

p1 = a3a? + 18 axajag — 4 a3 — 27a2 — 4asay = 0,

p2=9axa; —27ay — 2a3 = —2,

s = I Tm = 0-0,

€1 = m:\g/—_:\‘y@?:ei%;

&= =392 = YT = o = oiF,

11 = (—as + w'ep + w?e) /3 =1 — ‘/Tgi,

Ty=(—ay + W’ +w’c)/3 =1+ \/Tgi,

T3 = (—as + w?c; + wley) /3 =1 — \/?32.‘
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Note that f = 23 — 22% + 2 = (z — 1)?z. Therefore the three solutions of f = 0
are 1, 1, 0. They are different from i, 2z, x3. Hence the standard convention is
incorrect. [l

Of course there are infinitely many other (non-standard) conventions. However, we
do not yet know if there exists a non-standard but correct convention. Nevertheless,
in most applications the polynomials have only real coefficients. So we ask instead

whether there is a convention that always yields correct solutions if we restrict the

coefficients of the polynomials to real numbers. The answer is Yes. !

3.3 Real Convention

We discovered a correct convention for all cubic equations with real coefficients. The
new convention is described in the following definition, under the name of real con-

vention.

Definition 3.3.1 (Real Convention). The real convention (Figure 3.1) chooses the

square root /x and cubic root /z of x so that

1
arg%zéarg:ﬁ,
( ™
3 AT — o7 if —7r<argx<—§,
+7T f T_a
— if —— =argx
5 5 gz,
1
arg Vo = — 3 8w if —g<argx<+g,
™ f 4T
—— i — =argr
9 5 g,
1 2 . s
—arg:c—l—gﬂ if —|—§<argx<+7r
\

'One might wonder whether there is any relationship between our question and R. Bombelli’s
[11, 103], since both address the issue of “complex/real numbers” in the context of solving cubic
equations. They are completely different questions. Bombelli asked how to deal with the cases
where intermediate results involve square root of negative numbers. He developed a theory of
complex numbers by analogy with known rules for real numbers and demonstrated that real roots
can be obtained even though some intermediate results are non-real numbers. Our question is to
find a “uniform convention” (for square/cubic roots) that does not depend on the coefficients of the
polynomials and that provides correct interpretations of Lagrange’s formula for all cubic polynomial
equations with real coefficients.
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arg x arg Ux

— +7 T o/'

Figure 3.1: Real Convention for the Square and Cubic Roots

Remark 3.3.2. The real convention for the square root is the same as the standard

one, but for the cubic root it is quite different from the standard one.

Theorem 3.3.3. The Lagrange formula under the real convention yields the correct
solutions for all cubic polynomial equations with real coefficients, and the solution o

1s always real.
Proof. Will be given in the next section. O]
Example 3.3.4. We use the example

f=2-22"+1=(r—1)

from Section 3.2 to verify the correctness of the real convention. Direct calculations,

following the real convention, yield

p1 = aia} + 18 asajay —4ad —27a2 — 4adag = 0,
P2 = 9asa; —27ag — 2a3 = —2,

s = Y= =0

a1 = V(p2+3s)/2=-1=Vem =e" =1,
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o = Y3E= Y= e == 1
T, = (—ay+wle +w?e)/3=1,

Ty = (—ay+ Wl +w'e)/3 =0,

—_

r3 = (—ag+wie +wle)/3 =
Clearly, x1, x2, x3 are the three solutions of f = 0.
Example 3.3.5. Consider another polynomial
f=2*+2=0a(+i)(r—i).

Direct calculations, following the real convention, yield

po= —4, pp=0, s=2v3,

a1 = \2/§, Cy = —\2/37

T = (—ay+we +wie)/3 =1,
Ty = (—ay+wc +w’e)/3 =0,
r3 = (—ay+ Wi +w'e)/3 = —i.

Clearly, x1, x2, x3 are the three solutions of f = 0 and x5 is real.

3.4 Proof of the Correctness of the Real Convention

In this section, we prove Theorem 3.3.3 stated in the previous section. Let f be an
arbitrary (monic) cubic polynomial. Let r1,ry, 3 be the three (complex) solutions of

f = 0. Using the well-known symmetric relations

ag = —Ty — T2 — T3,
aq :7“17"2+7'17'3—|—7“27"3,

ap = —Tirars,
we can rewrite p; and ps as
p1= (11 —12)? (11 —13)* (r2 — 713)°

P2 = (27"1 — 7o — Tg) (27”2 — Ty — 7’3) (27’3 —ry — 7“2) .
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- 0
R -

3 21 3 2 1 32 1
0 | oo —Q— o o
3 21 321 32 1
°? le 3e
- | —— —2e— —o—
3 o] 3e 2e 1

Figure 3.2: Solution Indexing for Cubic Equation

It is easy to verify that the signs of p; and p, determine the “configuration” of
the solutions r1, 7y and r3, as shown in Figure 3.2. Each rectangle denotes a complex
plane, in which the horizontal line is the real axis with left-to-right direction. A small
disk stands for a simple solution, a bigger disk for a double solution, and the biggest
disk for a triple solution. We have also indexed the solutions so that we can refer to
them later on. Note that the indexing for the bottom-middle configuration is peculiar
(causing solutions jump discontinuously) but it is essential.

Note that p; is the discriminant of f. There are three cases according to the sign

of P1:

(1) If py is positive, then f = 0 has three real solutions;

(2) If p; is zero, then f = 0 has one real (triple) solution or two real solutions (of

which one is single and the other is double);

(3) If p; is negative, then f = 0 has one real solution and a pair of conjugated

solutions.
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The proof proceeds by rewriting, in terms of the solutions, the expressions for
s,c1,co and xy, T, x3 in Lagrange’s formula, taking radicals according to the real

convention. It is split into the following several lemmas.
Lemma 3.4.1. s = iv/3 (1, — 73)(ry — r3)(ry — 13).
Proof. Let ¢ = —3p;. Then we obviously have
. 2
q=|iV3(ry —ry)(r1 —r3)(ry — 7’3)] .
Hence ,/q is one of the following:

@1 = +iV3(r1 — r2)(ry — 73)(ry — 13),

G2 = —iV3 (r1 = 12)(r1 = 73)(r2 = 13).
We proceed to show that s = ¢; in every configuration of the solutions.

(1) p1 > 0. In this case, f = 0 has three real solutions indexed as r3 < ry < r1. Note

that with this ordering

+7T m
ar = — ar = ——.
g4 27 g42 9

Hence /¢ = q1. Thus s = q.

(2) p1 = 0. In this case, f = 0 has a multiple solution. It follows that ¢; = go = 0
and
argqr =0, argg =0.

Hence /¢ = ¢q;. Thus s = q;.

(3) p1 < 0and py > 0. In this case, f = 0 has a real solution 7 and a pair of complex
conjugates r3 = a + i and ro = o — ¢ such that r; > o and § > 0. Simple
calculation shows that

¢ =+2V34 [(r1—a)*+ 5] >0,

@ =—2V38[(r —a)’+ 5% <.
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Then
argqr =0, argg =m.
Hence /¢ = q1. Thus s = q.

(4) p1 < 0and py = 0. In this case, f = 0 has a real solution r, and a pair of complex
conjugates 1y = a + 10 and r3 = a — 1 such that r, = o and § > 0. Simple

calculation shows that
G=+2V38 >0, ¢=-2V38 <0.
Then
argqy =0, argg, =m.

Hence /q = ¢q;. Thus s = q;.

(5) p1 < 0and py < 0. In this case, f = 0 has a real solution r3 and a pair of complex
conjugates ro = o + i and r; = a — ¢ such that r3 < a and f > 0. Simple

calculation shows that

0 =+2V35[(rs — a)* + 5%] > 0,

G = —2\/§ﬁ [(Tg — Oé)2 + ﬁ2] < O

Then

argqy =0, argg =m.

Hence /¢ = q1. Thus s = q;. 0

Lemma 3.4.2. At least one of the followings is true.

g = WO Fwrea+w?lrs A e = WOr 4wy + wlrg
g = Wr+res+wlrs A e = wlr + Wy + wirg
ci = wir+wry+wWrs A o = W+ whry +wirg
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Proof. Let ¢ = (p2+3s)/2 and ¢’ = (p2—3s)/2. Recalling Lemma 3.4.1, substitution

and factorization yield
g = (Wry + whry + w?rs)®, ¢ = (WOry + wlry 4+ w'rs)®.
Hence ¥/q is one of the following:

0 1 2

g1 =wWr+wreg+wrs,
2 0 1

Jo = W'ry +wre+wrs,

g3 = w'ry + w’ry + W'rs.
Likewise /¢’ is one of the following:

/ 0 2 1
Qi =wrt+wry+wrs,
/ 1 0 2
@ =wWr+wnry+wrs,

/ 2 1 0
g3 =wWrit+wrnry+wrs.
We can rewrite q1, g2, g3 and ¢, g5, ¢4 as

@ =W (r —ry) —w(ry —13) = ei%o’r('rl — 1) + e"%”(rz —r3),
42 = W2(7’1 —7ra) — WI(T’2 —r3) = ei%w(ﬁ —72) + ei%”(rz —13),
g3 =w'(r —ry) —w(ry —13) = ei%”(rl — 1) + e"%ﬁ”(r2 —r3);
qi = WO(TI —7ry) — WI(T2 —r3) = ei%ow(rl —1ry) + ei%“(rz —73),

¢h = w(ry —ry) — wi(ry —r3) = ei%‘”(rl —T9) + ei%”(rg —73),

gy = w(r1 — ) — W(ry — 1r3) = ei%”(rl —r9) + ei%”(m —r3).

Now we prove the lemma for every configuration of the solutions.

(1) p1 > 0 and py > 0. In this case, f = 0 has three real solutions r3 < ry < r; and
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ry —1r3 < 11 —r9. Thus

0 +%7r+%7r 1 1 —gﬂ'-i-%ﬂ' , 0
67? <argqg < - 5 = —1-67?, — 67r = 5 <argq; < —|—67T,
4 —%7?— %W 3 3 —1—%%—1—%# , 4
—67?<argq2< T:—éw, +67T:T <argq2<+67r,
4 +%7r+g7r ) ) —%ﬂ'— gﬂ' ,
+67T <argqgs < T = —|—67T, — 67’( = T <argqgs < —67'(.

Since Req = Req = p2/2 (where Req denotes the real part of ¢), we have
largq| < 7/2, |argq'| < m/2. Therefore 0 < |arg ¢/q| < 7/6, 0 < |arg /¢’ | <
7/6. Hence ¥/q = q1, /¢’ = ¢ So we have ¢; = q1, ¢z = ¢}.

(2) p1 > 0 and p, = 0. In this case, f = 0 has three real solutions r3 < ry < r; and

r9 — 13 =11 — 9. Thus

ar +%7T+ %W +1 are o' +%7T_ %Tr 1
= —— = —Tr = = ——7"
gq1 9 6 ) g4 2 6 )
4 2 2 4
_—57r—€7r__§ P e - §
arg gs 2 67r7 arg qs 2 +67T7
+3m+ or 5 —3r—Sr 5
arg gz = ————— 5 . :‘i‘g”; arg gy = ———5— 9 : =™

Since Req = Req = py/2 = 0, we have |argq| = /2, |argq | = w/2. Therefore
larg ¢/q| = /2, |arg /¢’ | = 7/2. Hence ¢/q = ¢, /¢ = ¢5. So we have
c1 = G, C2 = G

(3) p1 > 0 and py < 0. In this case, f = 0 has three real solutions r3 < ry < r; and

ry — 19 < r9 —r3. Thus

1 +%7r+%7r 2 2 . +%7r— %W 1
+67T:T <argq <—|—67T, —67r<a1rgq1 <T:_6W’
3 —§T — am 2 2 ,  +ir+ i 3
_EWZT<argq2<—67r, +67r<argq2< T:Jrgﬂ’
5 +3m+ or 6 6 ,  —sm—23x 5
+67TZT<argq3<+67r; —67r<argq3<T:_67r,

Since Req = Req' = py/2 < 0, we have |argq| > /2, |argq' | > 7/2. Therefore

57/6 < |arg ¢/q| <, bm/6 < |arg /¢ | < m. Hence {/q = g3, /¢’ = ¢5. So we

/
have ¢; = g3, c2 = ¢5.
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(4) p1 =0 and py > 0. In this case, f = 0 has a simple real solution 7 and a double

real solution r9 = r3 such that r3 = ro < ry. Thus

0 4 4

argqr = +67T’ Arg gy = — M,  Agqs = +67T§
! 0 / 4 ’ 4

argq; = —1—67?, arg q, = +67T’ arg gy = _EW'

Since ¢ = ¢ = p2/2 > 0, we have argq = 0, argq’ = 0. Therefore arg ¢/q = 0,
arg /¢’ = 0. Hence ¢/q = q1, /¢’ = ¢;. So we have ¢; = q1, ¢z = qj.

(5) p1 = 0 and py = 0. In this case, f = 0 has a triple real solution r3 = o = ry. It
follows that ¢; = ¢ = ¢3 =0, ¢} = ¢5 = ¢5 = 0. Since ¢ = ¢’ = p2/2 = 0, we have
argq = 0, argq’ = 0. Therefore arg /g = 0, arg /¢ = 0. Hence we can choose
4 = q2, /¢ = ¢5. So we have ¢; = ¢a, ¢ = ¢h.

(6) p1 =0 and py < 0. In this case, f = 0 has a simple real solution r3 and a double

real solution ry = ry such that r3 < ro = r1. Thus

+2 2 +6
ar = =TT ar = —=T ar = =T,
gq1 6 ) g4z 6 ) g4qs3 6 )

arg q; = —g™ A Iy = —|—67T, arg ¢y = —|—67T.
Since ¢ = ¢’ = py/2 < 0, we have argq = m, argq’ = 7. Therefore arg /g = T,
arg /¢’ = m. Hence ¢/q = q3, /¢’ = ¢5. So we have ¢; = g3, ¢» = ¢j.

(7) p1 < 0and py > 0. In this case, f = 0 has a real solution r; and a pair of complex
conjugates r3 = a + i and r, = o — i such that r; > a and § > 0. Simple
calculation gives

q=w(n—a+Vv3p), ¢=u(n-a-V3p),

¢ =P(ri—a+V3P), ¢=w(n—a-V3p),

g =w!(n—a+v3p); ¢=w(rn—a-V3p).
Note that

= —a+V36)°> >0, ¢=(1—a—-V38)7>

We consider the three subcases.
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(a) 11 —a —+/38 > 0. In this case,

0 2 9
argqr = +5m,  arggy = -7, arggs =+
;o o 2 ;o 2
argq) = +3M, Arggy = +3M, arggy = —3m

Since ¢ > 0, ¢' > 0, we have argq = 0, argq’ = 0. Therefore arg ¢/q = 0,
arg v/¢' = 0. Hence ¥/q = q1, V/¢' = ¢-
(b) 11 —a—+/38=0. In this case, ¢t = g2 = 3 = 0, ¢, = ¢ = ¢5 = 0 and thus
argqy =0, arggy =0, arggs=0;
argq; =0, argghb=0, argg,=0.
Since ¢ = ¢ = 0, we have argq = 0, argq’ = 0. Therefore arg /g = 0,
arg /¢’ = 0. Hence we can choose ¥/q = q1, ¥/q' = q.

(c) 1 —a—+/3B < 0. In this case,

0 2 9
argqr = +§7r, arggs = —xm, Aggs = +§7T§
/ 3 ’ 1 , 1
Argq) = +3M, Arggy = —3M,  Arggy = +3m

Since ¢ > 0, ¢' < 0, we have argq = 0, argq’ = 7. Therefore arg ¢/q = 0,
arg /¢’ = m. Hence /g =q1, V¢ = .
So we have ¢; = q1, ¢ = q.

(8) p1 < 0 and py = 0. In this case, f = 0 has a real solution 75 and a pair of complex
conjugates 11 = a + i and r3 = o — ¢ such that r, = o and § > 0. Simple
calculation gives

G =w'V38,  @=wV3E,  g=uwV3p;
qi - _wz\/gﬂv qg = _wo\/gﬂa qg = _wl\/gﬁ

Thus ) . )
arg qy = —i—§7r, arg q; = +§7T7 arggs = —5;

/ ’ 3 , 1
argqy = +3M,  Arggy = £3M,  arggy = —3m
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Since ¢ = 3s/2 > 0, ¢ = —3s/2 < 0, we have argq = 0, argq’ = w. Therefore
arg ¢/q = 0, arg /¢’ = m. Hence ¥/q = q2, /¢’ = ¢5. So we have ¢; = g2, ¢z = ¢5.
(9) p1 < 0and py < 0. In this case, f = 0 has a real solution r3 and a pair of complex

conjugates ro = a+ 1 and r, = o — i3 such that r3 < a and S > 0. Simple
calculation gives

@ =w(rs—a+V3p), ¢ =u?(r—a—-V3p),

G =w(rs —a+V3p), ¢=uw'(n—a—-V3p),

g3 = (rs —a+V30); ¢ =uw(rs —a—3p).
Note that

g=(rs—a+v38)?° ¢ =(3—a—V38)><0.

We consider the three subcases.

(a) rs — a4+ /34 > 0. In this case,

2 2 0
argqy = —3M,  Argqy = +3m,  arggs = +5m
1
arg ¢y = —3™ A G = +§7T, arg ¢y = —|—§7r.

Since ¢ > 0, ¢' < 0, we have argq = 0, argq’ = 7. Therefore arg ¢/q = 0,
arg /¢’ = . Hence ¥/q = q3, ¥/¢' = ¢
(b) 73 —a++v/38 =0. In this case, ¢ = g2 = g3 = 0, ¢} = ¢5 = g3 = 0 and thus
argq; =0, argqe =0, arg gz = 0;
3™ arg Iy = +%7r, arg gy = —|—§7T.
Since ¢ = 0, ¢ < 0, we have argq = 0, argq’ = 7. Therefore arg ¢/q = 0,
arg /¢’ = m. Hence we can choose ¥/q = g3, V/q¢' = 5.

(c) r3 —a+ /38 < 0. In this case,

argqy = —

1 1 3

argqi = +§7T7 argqs = _gﬂ—a argqs = +§7T§
e 1 o r 3

argqy = —3M Aggy = T3M, AgGy = T
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Since ¢ < 0, ¢’ < 0, we have argq = 7, argq’ = 7. Therefore arg /q = T,

arg /¢’ = . Hence ¢/q = q3, V/q¢' = ¢5.

So we have ¢; = g3, 3 = ¢j.

Lemma 3.4.3. The solution x5 is always real.

Proof. We use the results and the notations in the proof of Lemma 3.4.2.

(1) b

C2

> 0 and ps > 0. In this case, we have ¢; = qi, ¢o = ¢}. Substituting ¢; and

into x5 in Lagrange’s formula and simplifying the resulting expressions using

w? =1 and w® + w! + w? = 0, we see that

(2) b

(3) b1

T2

(4) Y4

X2

(7) Y4

X2

(8) Y4

X2

3+ (W Hw W)+ (W w4 w?)

To =

> 0 and py =
=T9.
> 0 and py <
=T3.
= 0 and py >
=7y,
=0 and py =
= 7.
=0 and py <
=T3.
< 0 and py >
=7y

< 0 and p; =

=Ta.

In

In

In

In

In

In

In

this

this

this

this

this

this

this

case

case

case

case

case

case

case

8]

1

(&1

8]

&1

C1

&1

3
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q2,

qs,

qi1,

q2,

C2

Ca

C

C2

C2

Ca

Co

-

qs3-

Similar

Similar

Similar

Similar

Similar

Similar

Similar

I
<
=

calculation yields

calculation yields

calculation yields

calculation yields

calculation yields

calculation yields

calculation yields
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(9) p1 < 0 and ps < 0. In this case ¢ = ¢3, o = ¢5. Similar calculation yields

9 = T3.

It is clear that xo = r1 when py > 0; x5 = ry when py = 0; x5 = r3 when py < 0.
According to the configurations in Figure 3.2, we see immediately that x, is always

real. O

Proof of Theorem 3.3.3. Recalling Lemma 3.4.2, we consider the following three

cases.

(1) 1 = wr +wlrg +w?rs A g = WOr) + w?ry + w'rh.
Substituting ¢; and ¢y into z;, and simplifying the resulting expressions using

w? =1 and w® + w! + w? = 0, we see that

3+ (W0 w w4+ (W w +w?)

€1 3 =173,
. 3r + (W +w + wH)rg + (W + W + w?)rs .
2 = =71,
3
3rg+ (W +w +w?)ry + (W + w! + w?)
T3 = =T9.
3
(2) g =w?r1 +Wry +wlrs A g = whry + w¥ry + W?rf.
Similar calculation yields x1 = ry, o = ry, x3 = 1r3.
(3) cg =wlry +wW?re + W3 Ay = w?ry + wlry + WOrf.
Similar calculation yields x1 = ro, 9 = 13, 3 =17.
From Lemma 3.4.3, x4 is always real. [

3.5 Formulas for Cubic Equations with Constraints

In Section 3.3, we have introduced a correct convention for choosing the square and
cubic roots. Using this convention and Lagrange’s formula, we present real solution
formulas for the general real-coefficient cubic equation under equality and inequality

constraints. Constraints naturally arise in applications such as geometric constraint
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solving [63, 131]. The representations of the real solutions coupled with real con-
straints are achieved by combining Thom’s lemma [7, p. 50] and the complex-solution
formulas.

29

Let A, V, =, and — stand for the logical connectives “and”, “or”, “imply”, and

“not” respectively. Denote by R the field of real numbers and R[z| the ring of poly-

nomials in x with real coefficients. We have the following result.

Theorem 3.5.1. Let f(z) = a® + axz® + a1z + a9 € Rlz] and T'(z) be a formula
composed by N\, V, =, and — of polynomial equality and inequality relations in x, the

coefficients of f(x), and other parameters. Then for all x € R,

[f(x) =0AT(2)] < [z=x1 A4V =25 ATs] V[ =235 AT3],

where
;= (—ay+wl™e; +we,) /3,
Ty = (—ay+w® e +w0ey) /3
13 = (—ay+w® ey +wlte,)/3,
o = sign(ps),
and
I'j:=3zeR)[f(x) =0AT(x) AD;(x)], j=1,2,3,
Dy(z) = [f'(2)>0Af"(x)>0] vV [f'(z) =0Af"(x) =0],
o(z) = [f'(x) <0] v [f(x) = 0],
P3(x) = [f'(x)>0Af"(x) <0] VvV [f(x) =0Af"(z) <0

Here ¢y, co,pa,w are the same as in Lagrange’s formula given in Theorem 2.1.5 of

Section 2.1.3.
Proof. Will be given in the next section. O]

Remark 3.5.2. Note that the above formula is slightly different from the Lagrange
formula (in Theorem 2.1.5), in that the exponents for w are adjusted depending on

the sign of py. This adjustment is essential for the correctness of the theorem.
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Remark 3.5.3. It turns out (and will be shown in the proof of the theorem) that

the three complex solutions of f satisfy
Rexs < Rexy < Reux;.

Remark 3.5.4. The real constraints in the formulas are given as three existentially
quantified subformulas I';. If needed, one could eliminate the existential quantifier
using, e.g., the method based on partial cylindrical algebraic decomposition [32].
However, if ['(z) is restricted to a combination of polynomial equalities and inequali-
ties of degree < 3 in z, one could use the alternative approach of [136] that provides
explicit symbolic real solutions of cubic equations. Such solutions can be efficiently
substituted in real side conditions at practically low price of the linear and quadratic

real quantifier elimination [134, 137] in REDLOG [39].

Example 3.5.5. We illustrate Theorem 3.5.1 using a simple example. Let

flx) == 2° —ar+1

I(z) = —-1/2<2<1/2
where a is a parameter. Direct calculations, using the formula in Theorem 3.5.1, yield

p1 = aiad +18agajag —4a? —27a2 — 4adag = 4a® — 27,
p2 = 9asa; —27ag—2a3 = —27,

s = ¥=3p = V8l-12d%

o = {lpt3s)/2={/(-21+ 3361 128)/2,

¢ = (- 3s)/2={/(-27 3811242,

o = sign(p) = -1,

1 = (—az+ w7 +w?ey) /3 = (wie) + w'er)/3,
Ty = (—as+w® ey + w0 9ey) /3 = (whe) + w?ey)/3,
vy =m0 e+ wH0)[3 = (e +we)/3,
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and
Iii=FzeR) 2 —ar+1=0A-1/2<2<1/2AP;(z)], j=1,2,3,
Qy(z) :=[32?—a>0AN62>0]V[322—a=0A6z>0],
Py(x) :=[322 —a < 0] vV [6z=0],

P3(z) :=[32?—a>0N62<0]V[322—a=0A6z<0].
Using the real quantifier elimination procedure QEPCAD [15, 32] to eliminate the

existential quantifiers in the above formula, we obtain the following quantifier-free

formulas equivalent to I';:

'y < false,
[y <= 4a—-92>0,
F3<:>4a+7§0

Hence we finally obtain

[ —az+1=0A-1/2<2<1/2] <= [z =13A4a—9>0]V]r =235A4a+7<0)].
We can also use the real quantifier elimination function in REDLOG [39] to obtain
the following quantifier-free formulas equivalent to I';:

'y < false,
[y <= 4a*>—27>0A4a—9>0,

[3<=4a®>—-27T<0A4a+7<0.

Simplifying the above formulas, we get the same result as using QEPCAD. O

3.6 Proof of the Correctness of the Formulas

In this section, we prove Theorem 3.5.1 stated in the previous section. The proof will
be divided into the following two lemmas. The proof of each lemma will be further

divided into cases depending on the solution indexing in Figure 3.2.
Lemma 3.6.1. 21 =71, 19 = 19, and x3 = 73.

Proof. We use the results and the same ¢;, ¢} from Lemma 3.4.2.
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(1) p1 > 0 and py > 0. In this case, we have ¢; = ¢, ¢2 = ¢}, 0 = +1. Substituting

c1 and ¢y into ug in Theorem 3.5.1 and simplifying the resulting expressions using

w? =1 and w® 4+ w! + w? = 0, we see that

3+ (W w w4+ (W W+ w?)

X1 3 =T,
3rg+ (W +w + wH)rp + (W + W +w?)rs

Ty = 3 =T,
3rs + (W +w + w?)rp + (W + W + w?)ry

T3 = =T3.

(2) p1 > 0 and ps = 0. In this case ¢
Ty =Ty, Ty =Ty, Tz =T3.

(3) p1 > 0 and ps < 0. In this case
yields z1 =1, 29 =19, 23 =13.

(4) p1 = 0 and p, > 0. In this case
yields x1 =71, X9 =19, T3 =13.

(5) p1 =0 and py = 0. In this case ¢;
X1 =T1, Tg =Ty, T3 =T3.

(6) p1 = 0 and py < 0. In this case
yields x1 =71, 9 =19, 23 = 73.

(7) p1 < 0 and py > 0. In this case
yields x1 = 71, X9 =19, X3 =13.

(8) p1 < 0 and py = 0. In this case ¢;
X1 =T1, Ty =Ty, T3 =T3.

(9) p1 < 0 and py < 0. In this case

yvields x1 =71, X9 =19, X3 =13.

3

€1 = (3,

¢1 = q1,

= ({2, C2

C1 = (@3,

C1 = ({1,

= (2, C2

C1 = (s,

= ¢2, ¢y = ¢4, o = 0. Similar calculation yields

¢y = ¢4, 0 = —1. Similar calculation

¢y = qy, 0 = +1. Similar calculation

= ¢4, 0 = 0. Similar calculation yields
¢y = ¢4, 0 = —1. Similar calculation
¢y = ¢4, 0 = +1. Similar calculation

= ¢4, o = 0. Similar calculation yields

c2 = ¢4, 0 = —1. Similar calculation

]

The indexing of solutions in Figure 3.2 also permits us to establish the following

lemma using the idea underlying Thom’s lemma [7, p.50]: each real 74 is uniquely

determined by the signs of the derivatives of f at ry.
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Lemma 3.6.2. ['; <= r; e RAT'(ry).

Proof. Note that
3
IFii=32eR)[f(2) =0AT(2) AN Dj(2)] = \/k_1 r € RAT (rg) A @ (ry).
We need to determine ®;(ry). For this, observe that

fi(r) = (re—mra) (e —r3),  f'(r1) =2(r1 —r2) +2(r1 —13),
fire) = (ra —r1)(ra —13),  ["(r2) =2(ra — 1) +2(ry — 13),

f(r3)=(r1—r3)(ra —13), [f'(rs) =2(r3—r1)+2(r3 —ro).

For each configuration of the solutions, we can determine the signs of the derivatives
of f at rg, as in Table 3.1 (where the blanks are non-real). From the signs of the
derivatives, it is easy to obtain the truth values of ®; as in Table 3.2 (where the

blanks are false).

Table 3.1: Signs of Derivatives of Cubic Polynomial f

o |+ + +|0 0|— — —
p2 |+ 0 — |+ -+ 0 =
ffir)) |+ + +]+ 0 0|+ 0
frfir) [+ + +|+ 0 +|+
flire) |— — =10 0 O +
f'lro)|— 0 +]— 0 + 0
fllrs) |+ + +10 0 + 0 +
O e -
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Table 3.2: Truth Values of ®; of Solutions of Cubic Equation

1 + + +/0 0 O} —-— - -
D2 + 0 — + 0 - + 0 —

®y(ry) | true true true |true true true |true

Dy (rg) true true

Dy (r3) true

Dy (rq) true true

Dy(ry) | true true true |true true true true

Dy (r3) true true

D3(ry) true

D3(r9) true true

®3(rs) | true true true |true true true true

From Table 3.2, we see immediately that
Iy <= \/_ e €RAT(r) Ady(r) <= r; ERAT(ry).
Therefore the lemma is proved.
Proof of Theorem 3.5.1. Let x € R. By Lemmas 3.6.1 and 3.6.2, we have

fz)=0AT(2) < (@=rnVa=rVs=ry)Al)
— [r=riAri e RAT(rq)]V
[z = 1o Ao € RAT(r9)] V
[t =r3 Ars € RAT(r3)]

< [ZE:Jfl/\Fl]\/[Z'ZZL’Q/\FQ]\/[J]:ZL‘:;/\F?,]

The theorem is proved.
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Chapter 4

Solution Formulas for Quartic Equations Without or With
Constraints

In this chapter, we generalize the solution formulas from the cubic to the quartic case.
We adjust the Lagrange-type solution formulas for quartic equations and prove that
the real convention can also yield correct interpretations of these adjusted formulas.
In particular, using the real convention, we present the real solution formulas for
the general real-coefficient quartic polynomial equations with equality and inequality
constraints. The extension of the solution formulas from the cubic to the quartic case
is not straightforward and needs some quite sophisticated techniques including the
theories underlying Sturm-Habicht sequence and discrimination systems. Most of the

material in this chapter is based on the joint paper [64] with Hong and Wang.

4.1 Adjusted Solution Formula for Quartic Equations

A number of problems in computer graphics are reduced to finding approximate real
solutions of quartic equations. Quartics are the highest degree polynomials which can
be solved by the method of radicals according to the well known Abel/Galois theory.
The solution of a quartic equation requires the solution of a subsidiary cubic equation.
Therefore the standard convention for the square and cubic roots can not always
yield correct interpretations for the general quartic equations with real coefficients.
Naturally, we think about whether the real convention represented in Section 3.3
is correct for the quartic formulas. After many investigations and experiments, we
find the adjusted quartic solution formula (presented in Theorem 4.1.1) which is
quite different from the Lagrange’s quartic formula (in Theorem 2.1.6), and prove the
correctness of the real convention for this formula. The adjustment is essential for
obtaining the real solution formulas for the general real-coefficient quartic equation
under equality and inequality constraints provided in Theorem 4.4.1 in Section 4.4.
The extension of the solution formulas from the cubic to the quartic case is not

straightforward and needs some quite sophisticated techniques including the theories
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CHAPTER 4. Solution Formulas for Quartic Equations Without or With Constraints

underlying Sturm-Habicht sequence and discrimination systems [54, 90, 147, 148].

Theorem 4.1.1 (Quartic Formula). Let f(x) = 2? + azx® + asx® + a7 + ap € R[z],

the formula for the four solutions xi, xa, x5, x4 of the equation f(x) =0 is,

r1 = (—ag + k1 + ko + k3) /4, ki = /(ps — 4wty —dw'ty)/3,
o = (—ag + k1 — ks3)/4, ke = \/(ps — 4wt — 4w'ty)/3,
g3 = (—ag — k1 + ko — k3)/4, kgzag\/(pg—élwltl—4w2t2)/3,
gy = (—ag — k1 — ko + k3)/4,

t1=w Y (py+3s)/2, s =+/—3p1,

ts = w /(s — 35)/2, w=cF = L4

( 0 if p1 <0,
o1 =

sign(pa)  if p1 >0,

+1 if P <1TAps<0)V(r>1Aps>0),
O9 =

—1 if r<1Aps>0)V(r>1Aps<0),

0
r = number of distinct real roots of f € {0,1,2,3,4},
p1 =18 a%alagao + 256 ag — 27@‘11 — 6a§a%a0 — 192 agala% + 18 agai’ag
+ 144 asa3ad + a3a3ai — 4 ajajag + 144 agajay — 4 adat — 128 a3a?
+ 16 ajag — 4a3a? — 27 aja? — 80 azaiaiay,
p2 = —27a3ag + 9azaga; — 2a3 + 72 asag — 27 a3,
p3:3a§—8a2, p4:4a2a3—8a1—a§.

The above formulas under the real convention yields correct solutions for all quartic

polynomial equations with real coefficients.

Proof. Will be given in Section 4.3. ]

Note that the number r of distinct real roots of f can be determined by using
the discrimination system presented in Section 2.2: first produce the discrimination

sequence [Dy, ..., Dy] = [1,ps,ps, p1] of f with real coefficients, where

ps = 16 agapa3 — 18 ata3 — 4 asal + 14 ayazaszay — 6 apasas + asa3 — 3aa;
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Section 4.2. Configuration of the Solutions of Quartic Equations

and pi,p3 are the same as in Theorem 4.1.1, and then construct the sign list and
the revised sign list of sequence. The number r can be computed by the number of
sign changes of the revised sign list and the number of non-vanishing members in the
revised sign list (see Theorem 2.2.5).

In the following section, configuration indexing of the solutions for the quartic
equations is presented. In Section 4.3, we prove that the real convention represented
in Section 3.3 can also yield correct interpretations of the adjusted solution formula in
Theorem 4.1.1 for all quartic polynomials with real coefficients. In Section 4.4, using
the real convention, we present real solution formulas for the general real-coefficient

quartic equation under equality and inequality constraints and prove its correctness.

4.2 Configuration of the Solutions of Quartic Equations

Let f be an arbitrary (monic) quartic polynomial with real coefficients. Let ry, 7o,

13, 74 be the four (complex) solutions of f = 0. Using the well known relations

a3 = —T1 — T2 — T3 — Ty,
Ao = T17Toy +7’3T1 +7’37’2 +T’4T1 +7’4’I”2 +T’4T3,
A1 = —TTreT3 — T4 To — T'4T371 — 147372,

ag = T172T3Ty,
we can rewrite pi, po and py as

™ — 7“2) (7”1 - 7’3)2(7“1 - 7’4)2(7“2 - 7”3)2(7“2 - 7”4)2(7“3 - 7’4)2,

T1T2+7’17"3+T27‘4+’/’3T’4—27’17”4—27’27”3)

= (
= (
(rirg + 17y + rorg + 13Ty — 27913 — 2797y)-
(r173 + 117y + 1org + rory — 27119 — 2737y),
= (

ri+re—r3—1y)(r1H 13 —1re —1rg) (11 F T4 — 1o —T3).

It is easy to verify that the signs of pi, ps, ps, and the number r of distinct real
roots of f determine the “configuration” of the solutions rq, r9, r3 and r4, as shown
in Figure 4.1 and Figure 4.2. Each rectangle denotes a complex plane, in which the
horizontal line is the real axis with left-to-right direction. A small disk stands for a

simple solution, a bigger disk for a double solution, a second biggest disk for a triple
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solution, and the biggest disk for a quadruple solution. We have also indexed the
solutions so that we can refer to them later on. Note that some configurations in the

indexing are peculiar (causing solutions jump discontinuously) but they are essential.

pi=0
pPs = 0 +
———— OO ——0—0—0— — o O——O—
4 321 4 3 21 432 1
r=4 r=4 r=4
el 4@ el 3e
4 e °?2
Je e
L) e [ ) 4 @
r=0 =0 r=0
el
e 4
®3
e?2
r=0
pi<0
VZ - 0 +
el Lt e?2
——— —————— —————
4 2 4 2 3 1
e3 ®3 e 4
r=2 r=2 r=2
el e2
—_—r— —_—
4 2 3
®3 ®4
r=2 r=2

Figure 4.1: Solution Indexing for Quartic Equation (p; # 0)

62



Section 4.3. Proof of the Correctness of the Real Convention

pr=20
P4
P2

Figure 4.2: Solution Indexing for Quartic Equation (p; = 0)
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4.3 Proof of the Correctness of the Real Convention

In this section, we prove Theorem 4.1.1 stated in Section 4.1. The proof proceeds by
rewriting, in terms of the solutions ry, o, 3 and 74, the expressions for s, tq, ts, k1,
ko, k3 and xq, T2, T3, T4 in the adjusted quartic formula, taking radicals according to

the real convention. It is split into the following several lemmas.
Lemma 4.3.1. s = iv/3 (ry — 73)(r1 — 73) (11 — 14) (g — 173) (19 — 14)(r3 — 14).

Proof. Let ¢ = —3p;. Then we obviously have

0= (V3 (r = 1)1 = r)rs = 1) (72 = 73) 72 = 7a) s = 7))

Hence ,/q is one of the following:

@1 = +iV3 (ry — o) (r1 — 13)(r1 — 1a) (o — 73) (o — 74) (13 — 1),

Q2 = —i\/g(Tl — 7"2)(7“1 — 7”3)(7"1 — 7"4)(7’2 — 7“3)(7”2 — T4)(7“3 — 7’4).

We proceed to show that s = ¢; in every configuration of the solutions in Figure 4.1

and Figure 4.2.

(1) p1 > 0 and r = 4. In this case, f = 0 has four real solutions indexed as ry, < r3 <

ro < r1. Note that
+7T ™
argq, = +—, argqgs = ——.
g4 27 g4z 9
Hence /¢ = q1. Thus s = q.
(2) p1 >0, py > 0and r = 0. In this case, f = 0 has two pairs of complex conjugates
ri=a—1i0,rp =a+1i8, r3 = p+iv and ry, = p — v such that a > u, 5 < v,

£ >0 and v > 0. Simple calculation shows that

@ = +4VB B [(@ = )+ (B+ )] [(@ = ) + (8- v)] i,
g2 = —4V3 B [(a — p)* + (B+v)*] [(a — w)* + (B —v)*] i.
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Then

a T a T
rgq, = +— rgqgo = ——.
gq 27 g42 9

Hence /¢ = q1. Thus s = q;.

(3) p1 >0, py <0andr=0. In this case, f = 0 has two pairs of complex conjugates
ri=a+1i8, ro =a—1i8, r3 = u —iv and ry = p + iv such that o > u, 5 > v,
8 >0 and v > 0. Note that « = p and § = v can not appear simultaneously.
Simple calculation shows that
¢ =+4V3 v [(a — )’ + (B+v)*] [(a = n)* + (8- v)] 4,
¢ = —4V3 v [(a = p)* + (B +v)*] [(a = w)* + (B - v)*] i
Then
7 s
argq, = +§7 aggy = —5-
Hence /¢ = q1. Thus s = q;.

(4) p1 = 0. In this case, f = 0 has multiple solutions. It follows that ¢; = ¢ = 0 and
argqr =0, arggy =0.

Hence /q = ¢q;. Thus s = q;.

(5) p1 <0 and ps > 0. In this case, f = 0 has two real solutions ry, r3 and a pair of
complex conjugates 7, = a + i and r4 = o — i3 such that vy > r3 and g > 0.

Simple calculation shows that
G = +2\/§5(7“1 —13) [(7”1 — )’ + 52} [(7"3 —a)’+ ﬁ2] >0,
@ = —2V3B(r1 —13) [(r1 — a)* + 8] [(rs — a)* + B%] < 0.
Then
argqy =0, arggy =m.
Hence /q = q1. Thus s = ¢.
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(6) p1 <0 and py < 0. In this case, f = 0 has two real solutions ry, 74 and a pair of
complex conjugates r; = a + 1 and r3 = o — 8 such that ro > r4 and g > 0.
Simple calculation shows that

¢ = +2V3B(ra —r4) [(r2 — @)* + %] [(ra — a)* + 8°] >0,
go — —2\/§B<7’2 — 7’4) [(TQ — 06)2 -+ 52} [(7’4 — 06)2 + B2] < 0.
Then
argqp =0, arggy =m.
Hence /¢ = q1. Thus s = q. O

Lemma 4.3.2. t; = w?(ry +74)(ro +73) + wO(ry +73) (re +74) +w(r1 +12) (13 + 14).

Proof. Let ¢ = (pa + 35)/2. Recalling Lemma 4.3.1, substitution and factorization
yield
3
q= [wo(rl +14)(ry +13) Fwl(ry +r3)(ro +14) + wW(ry + 1) (3 + 7“4)]

Let

y1 = (r1+r4)(ra +13),
Yo = (11 +13)(r2 + 14),

Ys = (7“1 +T2)<T3 +7“4),

and note that

Y1 — Y2 = (7"1 - 7”2)(7“3 - 7“4);

h —yz = (11 —73)(r2 — 74),

Y2 — Y3 = (7”1 — 7”4)(7“2 - 7”3)~
Then we have

g = (WY +w'ys + w?ys)®.
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Hence /q is one of the following:

¢ = Wy + wlys + wys,
g = Wy + wWlyp + w'ys,

g = W'y + w’ys + wys.

Let
9(z) = (z —y1)(z — y)(z — y3).

Note that the cubic polynomial g(z) is the resolvent cubic of the quartic polynomial
f(z). The coefficients of g(z) can be found fairly easily using the reduction algorithm

for symmetric polynomials, which yields

g(z) = 2° — 2a92” + (a3 — 4ag + aras)x + (a] + apaz — arasas),

and py, pe of the cubic polynomial g(z) with respect to the coefficients of g(x) as
shown in Theorem 2.1.5 are just the same ones of the quartic polynomial f(z) in

Theorem 4.1.1.

Now we prove that t; = ¢y for every configuration of the solutions.

(1) p1 > 0. In this case, f = 0 has four simple real solutions or two pairs of complex
conjugates. We consider the following three subcases, and prove that vy, y2, y3

are real and can be indexed as y3 < yo < y1.

e r = 4. In this case, four simple real solutions are indexed as ry < r3 < ry <

r1. Hence y3 < yo < v1.

e r =0 and pys > 0. In this case, two pairs of complex conjugates are r; =

a—if, ro =a+if, r3 = p+iv and ry = p — v such that a > u, g <

X
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B >0 and v > 0. Simple calculation shows that

y1 = (a+p)* + (B+v)?
Yo = (a+ p)* + (B —v)?,
Ys = 40[,&,

and

Y1 — Y2 =45v >0,

y1—ys = (a—p)’+(B+v)* >0,

y2—ys = (a—p)*+(B-v)*>0.
Hence y3 < o < 1.

e r =0 and py < 0. In this case, two pairs of complex conjugates are r; =
a+i8, ro =a—183, r3 = pu—1v and r4 = p + iv such that a > u, 5 > v,
B >0 and v > 0. Simple calculation shows that

y1=(a+p)’+(B+v)"
y2 = (a+p)* + (B - v)
ys =4 ap,

and

Y1~y =40v >0,
Y1 —ys = (a—p)* + (B+v)* >0,
Yo —ys = (@ — p)* + (B —v)* > 0.
Hence y3 < 2 < 1.
So g(z) = 0 has three simple real solutions indexed as y3 < y2 < y;. According to

the configuration for the cubic solutions in Figure 3.2, we consider the following

three subcases according to the sign of po, and prove that ¢; = ¢ in each subcase.
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(a) pe > 0. In this case, y» — y3 < y1 — yo. According to the results of Case (1)
in the proof of Lemma 3.4.2 in Section 3.4, we have y/q = ¢;. Since p; > 0
and py > 0, then 07 = +1 and so t; = w™ gy = qo.

(b) pe = 0. In this case, yo — y3 = y1 — y2. According to the results of Case (2)
in the proof of Lemma 3.4.2 in Section 3.4, we have /¢ = g2. Since p; > 0
and py, = 0, then 07 =0 and so t; = w ¢ = ¢o.

(¢) pe < 0. In this case, y; — y2 > Y2 — y3. According to the results of Case (3)
in the proof of Lemma 3.4.2 in Section 3.4, we have {/q = g3. Since p; > 0

and py <0, then oy = —1 and so t; = w™ (Ygg = go.

Thus we have t; = ¢s.

(2) p1 = 0, po > 0 and » = 3. In this case, f = 0 has two simple real solutions
r1, r4 and a double real solution ro = r3 such that r, < r3 = ro < r1. Hence
ys = Y2 < y1. According to the results of Case (4) in the proof of Lemma 3.4.2
in Section 3.4, we have /¢ = ¢;. Since p; = 0 and p; > 0, then oy = +1 and so
th=w'q = g

(3) p1 =0, p2 > 0and r = 0. In this case, f = 0 has two pairs of complex conjugates
rn=a+1p,ro=a—108,r3=p—1tvand ry = p+ v such that « = pu, f =v

and 8 > 0. Simple calculation gives
=40 +45% p=40® y3=4a’.

Then we have y3 = y2 < y;. According to the results of Case (4) in the proof of
Lemma 3.4.2 in Section 3.4, we have ¢/q = ¢q;. Since p; = 0 and p; > 0, then

op=+1andsot; =w g = ¢o.

(4) p1 = 0 and p = 0. In this case, f = 0 has a triple real solution and a simple real
solution or a quadruple real solution. We consider the following three subcases,

and prove that y3 = y» = y; in each subcase.
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(a) py > 0. In this case, f = 0 has a simple real solution r; and a triple real
solution ro = r3 = ry such that ry = r3 = r9 < ry. Hence y3 = yo = y1.

(b) py = 0. In this case, f = 0 has a quadruple real solution ry = r3 = ry = ry.
Hence y3 = y2 = y1.

(¢) ps < 0. In this case, f = 0 has a simple real solution r, and a triple real

solution r; = ry = r3 such that ry < rg =17y = r;. Hence y3 = 4o = y1.

Then g = 0 has a triple solution y3 = yo = y;. According to the results of Case
(5) in the proof of Lemma 3.4.2 in Section 3.4, we have /g = ¢g2. Since p; = 0

and p, = 0, then 07 =0 and so t; = w ¢ = .

(5) p1 =0 and ps < 0. In this case, there are six subcases according to the number r
of distinct real solutions and the sign of p;. We prove that y3 < ys = y; in each

subcase.

(a) ps > 0 and r = 3. In this case, f = 0 has two simple real solutions 1,
ro and a double real solution r3 = 74 such that r, = r3 < ry < r1. Hence
Ys = Y2 = 1.

(b) ps > 0 and r = 1. In this case, f = 0 has a double real solution ry = r;
and a pair of complex conjugates r3 = a + ¢ and ry, = o — i3 such that

a < rp=ryand § > 0. Simple calculation gives

g1 = (o +19)% + 52,
Yo = (Oé+7”2)2 + 527

ys = 4dars.

Hence y3 < y2 = 1.
(¢) ps =0 and r = 2. In this case, f = 0 has two double real solutions r; = rg

and r3 = ry such that r, = r3 < ry =ry. Hence y3 < y2 = y;.
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(d) ps = 0 and r = 1. In this case, f = 0 has a double real solution 3 = r4
and a pair of complex conjugates 1, = a + i and r, = a — i8 such that

a =13 =ry4 and > 0. Simple calculation gives
=40+ 5% p=4a"+p5% y=4a"

Hence y3 < y2 = 1.

(e) ps < 0 and r = 3. In this case, f = 0 has two simple real solutions rj,
ry and a double real solution r; = r9 such that r4, < r3 < r = 1. Hence
Y3 < Y2 = Y1

(f) p» < 0 and r = 1. In this case, f = 0 has a double real solution r3 = ry
and a pair of complex conjugates r; = a + ¢ and r, = o — i8 such that

ry =13 < a and 8 > 0. Simple calculation gives

y1 = (a+14)* + 2
Yo = (« —1—7“4)2 + 32,

ys = 4dary.
Hence y3 < yo = v1.

Then g = 0 has a simple real solution y3 and a double real solution y; = ys such
that y3 < yo = y1. According to the results of Case (6) in the proof of Lemma
3.4.2 in Section 3.4, we have /g = g3. Since p; = 0 and p, < 0, then 0y = —1

and so t; = w ("g3 = ¢o.

(6) p1 < 0. In this case, f = 0 has two simple real solutions and a pair of complex
conjugates, and g = 0 has a simple real solution and a pair of complex conjugates.
Note that the indexing of the cubic solutions ¥, y» and y3 is not the same as in
Figure 3.2 for the configurations of p; < 0. We show the new indexing for the

three cubic solutions in Figure 4.3 for the case p; < 0. From here to the end
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P - 0 +
P
o] le le
— —o—— —2—— ——
2 e 3 3e le 2

Figure 4.3: Another Solution Indexing for Cubic Equation for Case p; < 0

of the proof of this lemma, we use this new indexing for the cubic solutions for
the condition p; < 0. Now we prove that /¢ = ¢o in each of the following two

subcases, according to the sign of py.

(a) py > 0. In this case, f = 0 has two simple real solution ry, r3 and a pair
of complex conjugates 7o = a + ¢ and r, = a — ¢ such that r; > r3 and

£ > 0. Simple calculation gives

y1 = (ary + ars +rirs + o’ + 52) + (ry — r3) 54,
Yo = 2(ry +13),

ys = (ory + arg + rirg + o + §%) — (r1 — r3)Bi.
Let
C=ar +ars+rmrs+a®+ 6%, 6= (r1 —r3)p.

Then y; = ¢ + 140 and y3 = ¢ — 4 with 6 > 0. We will show that /g = ¢ in

each of the following three subcases.

(i) po > 0. In this case, we have ( < y,. Simple calculation gives

G =w'(y—C+ \/§5)7
g2 = w'(y2 — C+ \/55)’

g3 =w(y2 — C+ \/35)
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Thus
+2 +O 2
ar = =T ar = =T ar = ——=Tl.
gaq 3 ) 242 3 ) 243 3

Since ¢ = (p2 +35)/2 > 0, we have argq = 0. Therefore arg ¢/q = 0.

Hence ¥/q = qo.

(ii) p2 = 0. In this case, we have ( = y5. Simple calculation gives

¢ =wV30, ¢ =uw'"V30, ¢5=w?/30.

Thus

+2 +() 2
ar = +—= ar = T ar = —5T.
g4q1 37T> 242 3™ 243 37r

Since ¢ = 35/2 > 0, we have argq = 0. Therefore arg /g = 0. Hence
\3/6 = Q2.
(iii) po < 0. In this case, we have { > yo. Simple calculation gives
¢ =w'(y2 — C+V39),
g2 = w(y2 — C+ V30),

43 = w2(y2 -+ \/55)

Note also that
q=(y2 — C+V30)".
We prove that ¢/q = ¢z in each of the following three subcases.
e 35 — (+/30 > 0. In this case,

+2 +0 2
argqy = +-— argqo = +— argqs = ——T.
g4q1 37T7 £42 37T7 g4qs 37T

Since ¢ > 0, we have argq = 0. Therefore arg /¢ = 0. Hence

\3/52612-

o 4o — (+ /30 =0. In this case, ¢ = ¢ = g3 = 0 and thus

argqp =0, argg =0, arggs=0.
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Since ¢ = 0, we have argq = 0. Therefore arg /¢ = 0. Hence

V= a2
e 4, — ( ++/30 < 0. In this case,

1 3 1
argqr = —3m,  argds = +§7T, arg qs = +§7T-

Since ¢ < 0, we have argq = m. Therefore arg 3/¢ = 7. Hence

\3/5 = Q2.
(b) py < 0. In this case, f = 0 has two simple real solution 75, r4 and a pair
of complex conjugates r, = o + i and r3 = a — 8 such that ro > r4 and

£ > 0. Simple calculation gives

y1 = (ary + ary + rory + o + B82) + (ro — r4) B4,

Yo = 2(ry +14),

ys = (ary + ary + rory + o + B2) — (ry — r4)pi.
Let

C=arg+ary+rory +a+ 8% 5= (ra—14)B.
Then we have y; = ( +id and y3 = ( — id with § > 0. Now we prove that
¥/q = q2 in each of the following three subcases.

(i) p2 > 0. In this case, we have ( < y,. Simple calculation gives

G =w'(y—C+ \/55)7
g2 = w'(y2 — C+ \/55)7

g3 =w(y2 — C+ \/55)

Thus

+2 +O 2
ar = =T ar = =T ar = —=Tl.
gq1 3 ) 242 3 ) g4s 3

Since ¢ = (p2 +35)/2 > 0, we have argq = 0. Therefore arg 3/q = 0.
Hence ¥/q = qo.
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(ii) p2 = 0. In this case, we have ( = yo. Simple calculation gives

q1 = w1\/§57 q2 = wo\/g(;, q3 = w3 6.

Thus

arg g = +§777 argqs = +§7T7 arg qs = —§7T.

Since ¢ = 35/2 > 0, we have argq = 0. Therefore arg /g = 0. Hence
\3/6 = {q2.
(iii) po < 0. In this case, we have { > yo. Simple calculation gives
¢ =w'(y2 — C+V39),
¢ = w(y2 — C+V30),

g3 = w(y2 — C+ \/55)

Note also that

q=(y2 — (+V30)".

We prove that ¢/q = g2 in each of the following three subcases.

e 3, — (++/30 > 0. In this case,

+2 +0 2
ar = =TT ar = =TT ar = ——=Tr.
g4 3 ) g4z 3 ) g4ds 3

Since ¢ > 0, we have argq = 0. Therefore arg /¢ = 0. Hence
V1=
e yo — (+/35=0. In this case, ¢ = ¢» = g3 = 0 and thus

argqy =0, arggy =0, arggs=0.

Since ¢ = 0, we have argq = 0. Therefore arg /¢ = 0. Hence
V9= g
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e 4, — ( ++/30 < 0. In this case,

1 3 1
argqr = —3m,  argds = +§7T> arg qs = +§7T-

Since ¢ < 0, we have argq = 7. Therefore arg 3/¢ = 7. Hence
V1= ¢
Since p; < 0, then 07 = 0 and so t; = w ¢ = ¢o.
Thus the lemma is proved. O
Lemma 4.3.3. ty = w'(ry +74)(r2 +73) + @O (r1 +73)(re +74) + w?(r1 +1r9)(rs +14).

Proof. The proof is essentially the same as that the previous Lemma 4.3.2. One only

has to swap the indices 2 and 4. O
Lemma 4.3.4. k1 =11 +1ry — 13 —14.

Proof. Let ¢ = (p3 — 4w?t; — 4w'ty)/3. Recalling Lemma 4.3.2 and Lemma 4.3.3,

substitution and factorization yield
q=(ri+ro—ry—r4).
Hence ,/q is one of the following:
@ =+ +re—rs—re), q=—(ri+ra—r3—7r4).

We proceed to show that k; = ¢; in every configuration of the solutions in Figure 4.1

and Figure 4.2.

(1) p1 > 0 and r = 4. In this case, f = 0 has four simple real solutions indexed as

ry < r3 < r9 < 7. Note that
argqr =0, argg =m.

Hence /q = q1. Thus k; = q;.
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(2) p1 >0, ps >0and r=0. In this case, f = 0 has two pairs of complex conjugates
rn=a—18,rp=a+18, r3 = pu+iv and ry = p — v such that a > pu, 5 < v,

£ >0 and v > 0. Simple calculation shows that
G =4+2(a—p) >0, @=-2(a-—p <O0.

Therefore
argq; =0, arggy = m.
Since ¢ = 4 (o — p)* > 0, we have argq = 0. Therefore arg,/g = 0. Hence
V4= q. Thus ky = q;.
(3) p1 >0, py <0andr=0. In this case, f = 0 has two pairs of complex conjugates
ri=a+i8, ro =a—18, r3 = u—iv and ry = p + v such that o > pu, 6 > v,

£ >0 and v > 0. Simple calculation shows that
¢ =+2(a—p) 20, ¢@=-2(a—p <0

Therefore
argq; =0, argge = mor 0.

Since ¢ = 4 (a — p)?

V4= q. Thus ky = qi.

> 0, we have argq = 0. Therefore arg,/q = 0. Hence

(4) p1 =0, po > 0 and r = 3. In this case, f = 0 has two simple real solutions rq, 74

and a double real solution r9 = 73 such that r4 < r3 = ro < r1. Note that
argqy =0, argge =.

Hence /g = q1. Thus k1 = qi.

(5) p1 =0, p2 > 0and r = 0. In this case, f = 0 has two pairs of complex conjugates
ri=a+1p,ro=a—108,r3=p—1ivand ry = p+ v such that « = p, § = v

and 8 > 0. Simple calculation gives ¢; = g2 = 0. Hence /q = ¢q;. Thus k; = ¢1.
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(6) p1 =0, po =0 and py > 0. In this case, f = 0 has a simple real solution r and a

triple real solution ry = r3 = r4 such that r4, = r3 = r9 < r;. Note that
argqp =0, arggy =m.

Hence /q = q1. Thus k; = ¢i.
(7) pr = 0, p, = 0 and py; = 0. In this case, f = 0 has a quadruple real solution
ry = r3 =19 = r1. It follows that ¢; = ¢ = 0 and

argq; =0, arggs =0.
Hence /¢ = q1. Thus k; = ¢1.
(8) p1 =0, pp =0 and py < 0. In this case, f = 0 has a simple real solution r4 and a
triple real solution r; = ro = r3 such that r4 < r3 = r9 = r;. Note that
argq; =0, arggy =m.
Hence /g = q1. Thus k; = q;.

(9) p1 = 0 and py < 0. In this case, there are six subcases according to the number
r of distinct real solutions and the sign of py. Now we prove that k; = ¢; in each

subcase.

(a) ps > 0 and r = 3. In this case, f = 0 has two simple real solutions 7y, 75
and a double real solution r3 = r4 such that r4, = r3 < r9 < r1. Note that
argqr =0, argg =m.

Hence /q = q:. Thus k1 = q;.
(b) py > 0 and r = 1. In this case, f = 0 has a double real solution r, = r;
and a pair of complex conjugates r3 = a + ¢ and ry, = o — i such that
a <r;=ryand > 0. Simple calculation gives
G=+(r1+1r0—20) >0, @=—(ri+rm—2a)<0.

78



Section 4.3. Proof of the Correctness of the Real Convention

Therefore
argqr =0, arggy=m.
Hence /q = q1. Thus k; = q1.

(¢) ps =0 and r = 2. In this case, f = 0 has two double real solutions r; = rg

and r3 = r4 such that r4 = r3 < ry = r;. Note that
arg q; = 07 arg qs = .

Hence /g = q1. Thus k; = q1.
(d) py = 0 and r = 1. In this case, f = 0 has a double real solution r3 = ry
and a pair of complex conjugates r; = a + ¢ and r, = o — i3 such that

a=r3=ry and § > 0. Simple calculation gives ¢; = ¢o = 0. Then
argq; =0, arggs =0.

Hence \/q = q1. Thus k; = ¢i.

(e) ps < 0 and r = 3. In this case, f = 0 has two simple real solutions r3, 74
and a double real solution r; = r9 such that ry < r3 < ro = r1. Note that
argqr =0, argg =m.

Hence /g = q1. Thus k; = ¢i.
(f) p4 < 0 and r = 1. In this case, f = 0 has a double real solution r5 = ry4
and a pair of complex conjugates r; = a + ¢ and r, = « — i3 such that

ry =13 < o and 8 > 0. Simple calculation gives
G =+R2a—-r3—14) >0, @o=—-2a—r3—14) <O0.

Therefore
argqn =0, argg =m.
Hence /q = q:. Thus k1 = q;.
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(10) p; < 0 and pg > 0. In this case, f = 0 has two simple real solutions r1, 73 and a
pair of complex conjugates ro = o + i and r4 = o — 13 such that r; > r3 and

£ > 0. Simple calculation shows that

@ =+ —r3)+2Bi, q=—(r1—r3)—2pi.

Therefore

m m
0<argq < +§, —m < argqs < —5

Since Imq = 4 B(r; — r3) > 0 (where Im ¢ denotes the imaginary part of ¢), we

have 0 < argq < m. Therefore 0 < arg,/q < /2. Hence \/q = ¢:. Thus k; = ¢.

(11) p1 < 0 and py < 0. In this case, f = 0 has two real solutions 3, 74 and a pair of
complex conjugates 11 = a + 1 and r3 = o — 8 such that ro > r4 and g > 0.

Simple calculation shows that

G =—+(ro—7rs) + 200, qo=—(ry—1r4) — 2.

Therefore
T T
0 <argq <+§, —m < argqgy < 3
Since Im ¢ = 4 f(ro—r4) > 0, we have 0 < argq < 7. Therefore 0 < arg /g < /2.
Hence /g = q1. Thus k; = q;. 0

Lemma 4.3.5. ]{32 =71 —To+T3—Ty.

Proof. Let ¢ = (p3 — 4w’ — 4w5)/3. Recalling Lemma 4.3.2 and Lemma 4.3.3,

substitution and factorization yield
q=(ri —ra+r3—r4)°
Hence ,/q is one of the following:
Q=+ —retr3—r14), qu=—(r1—r2+713—14)

We proceed to show that ko = ¢; in every configuration of the solutions in Figure 4.1

and Figure 4.2.
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(1) p1 > 0 and r = 4. In this case, f = 0 has four simple real solutions indexed as

ry < r3 < r9 < 71. Note that
arggqr =0, argg =m.

Hence /q = q1. Thus ky = q;.
(2) p1 >0, py > 0and r = 0. In this case, f = 0 has two pairs of complex conjugates
ri=a—1if,rp =a+1i8, r3 = u+iv and r4, = p — v such that a > pu, 5 < v,

£ >0 and v > 0. Simple calculation shows that

a=+2wv—-p)i, ¢@=-2wv-7p)

Therefore

m T
ar =4+—., ar = ——.
gq 27 g42 9

Since ¢ = —4 (v — 3)? < 0, we have argq = 7. Therefore arg /g = 7/2. Hence
V4= qu. Thus ky = q;.

(3) p1 >0, py <0and r=0. In this case, f = 0 has two pairs of complex conjugates
ri=a+i8, ro =a—18, r3 = u—iv and ry = p + v such that o > p, 5 > v,

B >0 and v > 0. Simple calculation shows that
G =+2(B-v)i, @=-2(8-v).

If B > v, then

a e a m
rgq = +— g = ——.
gq 27 g4z 9

Since ¢ = —4 (8 — v)? < 0, we have argq = m. Therefore arg /g = 7/2. Hence
\/a = (1. Thus k’Q = (1.

If 8 =v,then ¢y = ¢o = 0 and argq; = argqy, = 0. Since ¢ = 0, we have arg ¢ = 0.
Hence /q = q1. Thus ky = qi.

81



CHAPTER 4. Solution Formulas for Quartic Equations Without or With Constraints

(4) p1 =0, po > 0 and r = 3. In this case, f = 0 has two simple real solutions 7y, 4

and a double real solution r9 = 73 such that r4 < r3 = r9 < r1. Note that

argqp =0, arggy =m.

Hence /g = q1. Thus ky = q;.

(5) p1 =0, p2 > 0 and r = 0. In this case, f = 0 has two pairs of complex conjugates
ri=a+18,ro=a—18,r3=p—1v and ry = p+iv such that « = pu, § = v

and 8 > 0. Simple calculation gives q; = g2 = 0. Hence /g = ¢q;. Thus ky = ¢1.

(6) p1 =0, po =0 and py > 0. In this case, f = 0 has a simple real solution r and a

triple real solution ry = r3 = r4 such that r4, = r3 = r9 < r;. Note that

argqy =0, arggy =m.

Hence /g = q1. Thus ky = q;.
(7) pr = 0, p, = 0 and ps; = 0. In this case, f = 0 has a quadruple real solution
ry = r3 =19 = r1. It follows that ¢; = ¢ = 0 and

argqr =0, argg, =0.

Hence /q = q1. Thus ky = qi.

(8) p1 =0, po =0 and py < 0. In this case, f = 0 has a simple real solution r4 and a

triple real solution r; = ro = r3 such that r4 < r3 = r9 = r;. Note that

argqr =0, argge =m.

Hence /g = q1. Thus ky = q;.

(9) p1 = 0 and py < 0. In this case, there are six subcases according to the number
r of distinct real solutions and the sign of ps. Now we prove that ko = ¢; in each

subcase.
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(a) ps > 0 and 7 = 3. In this case, f = 0 has two simple real solutions 7y, 75

and a double real solution r3 = r4 such that ry, = r3 < r9 < r1. Note that
argq; =0, arggy =m.

Hence /q = q1. Thus ky = q;.
(b) p1 > 0 and r = 1. In this case, f = 0 has a double real solution ry = r;
and a pair of complex conjugates r3 = o + i and ry, = a — i8 such that

a < rp=ryand > 0. Simple calculation gives

@ =+2pi, q=—2p1.

Then

™
argqs = —45-

s
argqr = +4 5

5
Since ¢ = —4 32 < 0, we have argq = 7. Therefore arg,/q = m/2. Hence
V4= qi. Thus ky = q1.

(¢) p4 =0 and r = 2. In this case, f = 0 has two double real solutions r = 79
and r3 = ry such that r4 = r3 < ry = ry. It follows that ¢ = ¢ = ¢o = 0 and

then

argqr =0, arggs=m.
Hence /q = q1. Thus ky = q;.

(d) ps = 0 and r = 1. In this case, f = 0 has a double real solution 3 = r4
and a pair of complex conjugates 1, = a + i and r, = a — 8 such that

a=r3=ry and § > 0. Simple calculation gives

@ =+2pi, q=—2p1.

Then

a —i—?T i
r =4+—, ar = ——.
gaq 27 g4z 9
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Since ¢ = —4 3% < 0, we have argq = 7. Therefore arg,/q = m/2. Hence
\/a =q1- Thus ]{72 = (1.
(e) ps < 0 and r = 3. In this case, f = 0 has two simple real solutions rs, 74

and a double real solution r; = ry such that r4 < r3 < ro = r;. Note that
argqr =0, arggy =m.

Hence /g = q1. Thus k; = ¢i.
(f) p» < 0 and r = 1. In this case, f = 0 has a double real solution r3 = ry
and a pair of complex conjugates r; = a + ¢ and r, = o — i8 such that

ry =713 < o and S > 0. Simple calculation gives
¢ =+2 Bi, g = —2 62
Then

+7T T
ar =+—, ar = ——.
g1 5 g4z B

Since ¢ = —4 3% < 0, we have argq = 7. Therefore arg,/q = m/2. Hence

\/a =q1- Thus ]{72 = (1.

(10) p; < 0 and py > 0. In this case, f = 0 has two simple real solutions 71, 3 and a
pair of complex conjugates 1o = o + ¢ and r4 = a — ¢ such that r; > r3 and

£ > 0. Simple calculation gives
G =+ +r3—2a), @=—(r1+r3—20a).
We prove that ky = ¢; in each of the following subcases.
(a) 13 <a<ryand a —r3 <1 — . In this case,
q >0, g2 <O.

Therefore

argqr =0, argg =m.
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Hence /q = q1. Thus ky = q;.

(b) a <13 <. In this case,

QI>O7 (12<O

Therefore
argqp =0, argge =m.

Hence /q = q1. Thus ky = q;.

(11) p; < 0 and py = 0. In this case, f = 0 has two simple real solutions 75, 74 and a
pair of complex conjugates r; = a+ i and r3 = o — ¢ such that ro > a > ry,

2a =19+ 1y and B > 0. Simple calculation gives ¢ = ¢ = ¢ = 0. Thus
argqr =0, arggy=0.

Hence \/q = q1. Thus ky = q;.

(12) p; < 0 and py < 0. In this case, f = 0 has two simple real solutions 75, 74 and a
pair of complex conjugates r, = o + ¢ and r3 = a — i such that ro > r4 and

B > 0. Simple calculation gives
G =+2a—r2—r1), @=—(2a—r2—r14).
We prove that ky = ¢; in each of the following subcases.
(a) ry < a <ryand o —ry > ry — . In this case,
q >0, g2 <O.

Therefore
argqr =0, argg = .
Hence /q = q1. Thus ky = qi.
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(b) 74 <79 < cv. In this case,
q >0, g <0.
Therefore
argqr =0, arggy =m.
Hence /q = q1. Thus ks = ¢1. O
Lemma 4.3.6. k3 =1y — 19 — 13+ 4.
Proof. Let ¢ = (p3 — 4w't; — 4w?ty)/3. Recalling Lemma 4.3.2 and Lemma 4.3.3,
substitution and factorization yield
q=(ri —ry+r3—r4)°

Hence ,/q is one of the following:

@ =+[(r1—r2) = (rs —14)], q@=—[(r1 —7r2) — (r3 —r4)].

We proceed to show that k3 = ¢; in every configuration of the solutions in Figure 4.1

and Figure 4.2.

(1) pr > 0, py > 0 and r = 4. In this case, f = 0 has four simple real solutions

ry <r3<re<riandrs—ry <ry—ry. Thus ¢ >0 and ¢» < 0, and therefore
argqy =0, argge = .

Hence \/q = ¢;. Sincer > 1 and py > 0, we have 0, = +1 and so ks = (+1)q1 = ¢1.

(2) p1 > 0, py = 0 and r = 4. In this case, f = 0 has four simple real solutions
ry <r3 <ry<ryandrs —ry =1 —rq. It follows that ¢ = ¢4 = ¢o = 0, and
therefore

argq, =0, arggy =0.
Hence /g = go2. Since r > 1 and py < 0, we have 0, = —1 and so k3 = (—1)q2 =

qi.
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(3) pr > 0, py < 0 and r = 4. In this case, f = 0 has four simple real solutions

ry <r3<re<riandrs—ry>ry—1ry. Thus ¢ <0 and ¢go > 0, and therefore
argqp = m, argqs =0.

Hence /g = go. Since r > 1 and py < 0, we have 0, = —1 and so ks = (—1)g, =
qi-

(4) p1 > 0, py > 0 and r = 0. In this case, f = 0 has two pairs of complex conjugates
rn=a—1if, ro =a+1if, r3 = p+iv and r4, = p — iv such that a« > p, g < v,

£ >0 and v > 0. Simple calculation shows that
@ =-2(B+v)i, @=+2(8+v)i

Therefore

e m
argg =~ argde =+

Since ¢ = —4 (8 + v)? < 0, we have argq = . Therefore arg /g = 7/2. Hence

V4 = q2. Since r < 1 and py > 0, we have 0, = —1 and so k3 = (—1)g2 = q1.

(5) p1 >0, py <0andr = 0. In this case, f = 0 has two pairs of complex conjugates
ri=a+1i8, ro =a—1i8, r3 =y —iv and ry = p + iv such that o > pu, 6 > v,

£ >0 and v > 0. Simple calculation shows that
G ="+2(8+v)i, q=-2(+v)i.

Therefore

+7T T
ar =4—, ar = ——.
gq1 5 g4z 9

Since ¢ = —4 (8 + v)? < 0, we have argq = . Therefore arg /g = 7/2. Hence

V4= qi- Since r < 1 and py < 0, we have 05 = +1 and so k3 = (+1)q1 = ¢1.

(6) pr =0, po > 0, g4 > 0 and r = 3. In this case, f = 0 has two simple real

solutions 71, 74 and a double real solution ro = r3 such that ry < r3 =1ry <1
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and r3 —ry <11 —7r9. Thus ¢ > 0 and ¢ < 0, and therefore
argqy =0, argge =m.

Hence \/q = ¢q;. Sincer > 1 and py > 0, we have 0, = +1 and so ks = (+1)q1 = ¢1.

(7) pr =0, ps >0, g4 = 0 and r = 3. In this case, f = 0 has two simple real
solutions 71, r4 and a double real solution ro = r3 such that ry < r3 =17ry <1y

and r3 — ry = ry — 9. It follows that ¢ = g1 = ¢ = 0, and therefore
argqp =0, argge =0.

Hence /q = go. Since r > 1 and py < 0, we have g, = —1 and so k3 = (—1)g, =
qi-

(8) p1 =0, p2 >0, ge =0 and r = 0. In this case, f = 0 has two pairs of complex
conjugates ry = a+1if3, ro = a—if3, r3 = p—iv and r4 = p+iv such that a = p,

B =wv,5>0and v > 0. Simple calculation shows that

@ =+4p1, q=—4p1.

Therefore

4+ I T
argq, = +—, argqe = ——.
g(h 27 gQ2 2

Since ¢ = —163% < 0, we have argq = 7. Therefore arg,/q = m/2. Hence

V4= qi. Since r < 1 and py < 0, we have 0, = +1 and so k3 = (+1)q1 = q1.

(9) p1r =0, po > 0, g4 < 0 and r = 3. In this case, f = 0 has two simple real
solutions 71, 4 and a double real solution ro = r3 such that ry < r3 =17ry <1y

and r3 —ry > 1y — 9. Thus ¢ < 0 and ¢ > 0, and therefore
argqy =m, argge = 0.

Hence /g = go2. Since r > 1 and py < 0, we have 0, = —1 and so k3 = (—1)q2 =
Q-
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(10) p1 =0, po =0, py > 0 and r = 2. In this case, f = 0 has a simple real solution
and a triple real solution ro = r3 = r4 such that r, = r3 =ry < r;. Thus ¢ > 0

and ¢y < 0, and therefore
argqr =0, argge = .

Hence \/q = ¢1. Sincer > 1 and py > 0, we have 0, = +1 and so k3 = (+1)q1 = q1.

(11) p1 =0,p2 =0, py = 0 and r = 1. In this case, f = 0 has a quadruple real solution

ry = r3 =19 = r1. It follows that ¢; = ¢ = 0 and
arggy =0, arggs = 0.

Hence /g = ¢;. Since r < 1 and py <0, we have 0y = 41 and so k3 = (+1)q1 =
qi-

(12) p1 =0, py =0, py < 0 and r = 2. In this case, f = 0 has a simple real solution ry
and a triple real solution ry = ro = r3 such that r4 < r3 =7y =r;. Thus ¢; <0

and g > 0, and therefore

argqy =m, argge =0.

Hence /q = go. Since r > 1 and py < 0, we have g, = —1 and so k3 = (—1)q1 =
qz.
(13) p1 = 0 and py < 0. In this case, there are six subcases according to the number

r of distinct real solutions and the sign of py. Now we prove that k3 = ¢; in each

subcase.

(a) ps > 0 and r = 3. In this case, f = 0 has two simple real solutions 7y, 79
and a double real solution r3 = r4 such that ry =r3 <ry <ry. Thus ¢; >0

and ¢» < 0, and therefore

argqr =0, argg =m.
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(b)

Hence /¢ = qi. Since r > 1 and py; > 0, we have oy = +1 and so k3 =
(+D)a = a1

ps > 0 and r = 1. In this case, f = 0 has a double real solution ry = r;
and a pair of complex conjugates r3 = a + ¢ and ry, = o — i8 such that

a <71y =ryand B > 0. Simple calculation shows that

@ =20, q=+2pi

Therefore

m T
argg =~ Argde =+

Since ¢ = —4 3% < 0, we have argq = 7. Therefore arg,/q = m/2. Hence
V4 = q2. Since r < 1 and py > 0, we have 0y = —1 and so k3 = (—=1)g2 = .
ps = 0 and r = 2. In this case, f = 0 has two double real solutions r; = 79

and 73 = ry such that ry = r3 < ry = ;. It follows that ¢ = ¢1 = ¢2 = 0,

and then

argqy =0, arggy = 0.
Hence /g = go. Since r > 1 and py; < 0, we have 0y = —1 and so k3 =
(—1g2 = q1-

ps = 0 and r = 1. In this case, f = 0 has a double real solution r3 = r4
and a pair of complex conjugates 1, = a + i and r, = a — i8 such that

a =13 =r4 and 8 > 0. Simple calculation shows that
q =+2pPi, q=-2pu.

Therefore

+7T m
ar = - ar = ——.
gq1 27 g4 9

Since ¢ = —4 5% < 0, we have argq = 7. Therefore arg /g = 7/2. Hence

V4 = q1. Since r < 1 and py <0, we have 0, = +1 and so ks = (+1)q1 = q1.
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(e) p4+ < 0 and r = 3. In this case, f = 0 has two simple real solutions rs, 74
and a double real solution 1 = r9 such that ry <r3 <ry=r;. Thus ¢ <0

and ¢o > 0, and therefore
argqp =m, argge = 0.

Hence /q = go. Since r > 1 and py < 0, we have 0y = —1 and so k3 =
(=g = q.

(f) p4 < 0 and r = 1. In this case, f = 0 has a double real solution r5 = ry4
and a pair of complex conjugates r; = a + i and r, = « — i3 such that

ry =r3 < a and § > 0. Simple calculation shows that

G = +20i, q=—2pu.

Therefore

+7T T
argq, = +—, argqy = ——.
gaq1 2a g4 9

Since ¢ = —4 3% < 0, we have argq = 7. Therefore arg,/q = 7/2. Hence

V@ = q1. Since r < 1 and py <0, we have 0, = +1 and so k3 = (+1)q1 = q1.

(14) p1 < 0, p4 > 0 and r = 2. In this case, f = 0 has two real solutions ri, r3 and a
pair of complex conjugates ro = o + ¢ and r4 = a — 13 such that r; > r3 and

£ > 0. Simple calculation shows that

q=+(r1—13) =200, q=—(r1—r3)+2pi.
Therefore
s s
3 <argq <0, —1—5 <argqs < 4.

Since Imq = —45(ry — r3) < 0, we have —7m < argq < 0. Therefore —7/2 <
arg ,/q < 0. Hence \/q = ¢q;. Since r > 1 and py > 0, we have o, = +1 and so

ks = (+1)q1 = a1
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(15) p1 <0, p4 <0 and r = 2. In this case, f = 0 has two real solutions ry, 74 and a
pair of complex conjugates r; = a + 8 and r3 = a — i3 such that ro > r, and

£ > 0. Simple calculation shows that

qlz—(rg—r4)+26i, QQ:+(T2—T4)—2ﬁi.

Therefore

T s
+§ <argq; < 4+, —3 < arggs < 0.

Since Imq = —45(ry — ry) < 0, we have —7 < argq < 0. Therefore —7/2 <
arg,/q < 0. Hence /g = qz. Since r > 1 and py < 0, we have 0, = —1 and so

ks = (—1)g2 = q1. ]

Proof of Theorem 4.1.1. Recalling the previous lemmas, substituting k; = r; +

ro—1T3 — 1y, kg =11 —1r9+1r3 —1r4 and ks =ry — ry — r3 + r4 into x,, we see that

(7“1+7“2+7"3+7“4)+k51+k2+k’3

xlz 4 :T:l?
(ri+ro+rs+714)+ ki — ko — ks

Ty = 4 =T,
(7‘1+7’2+T3+T4)—]€1+k’2—k3

T3 = 4 =73,
(7’1+7’2—|—T3+T4)—/{71—k2+/{73

Ty = =Ty.

4
Thus the theorem is proved. O

4.4 Formulas for Quartic Equations with Constraints

Using the real convention and quartic formula introduced in Section 4.1, we present
the real solution formulas for the general real-coefficient quartic equations under
equality and inequality constraints. Constraints naturally arise in applications such
as geometric constraint solving [63, 131]. The representation of the real solutions
coupled with real constraints are achieved by combining Thom’s lemma [7, p. 50], the

signs of p; and p; and the complex-solution formulas.
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Theorem 4.4.1. Let f(z) = 2* +a32® + axx® + a1x+ag € Rlz] and T'(z) be a formula
composed by A, V, =, and — of polynomial equality and inequality relations in x, the

coefficients of f(x), and other parameters. Then for all x € R,
[f(z)=0AT(2)] <= [x=a1 AT4|V[z =29 AT| V[ =23 AT3]V [z =24 ATy],

where
[j:=3zeR)[f(z) =0AT(z) A®j(x)], j=1,2,34,
®y(z) := [ Z 0OA f'(z) Z 0N (f"(x) 2 0N f"(x) 2 0)]
ViIpt <O0Apy>0A f'(z) > 0],
Oo(z) :=[p1 2 OA f(2) SOA(f"(x) <OV f"(x) = 0)]
Vipt <O0Apys <OA f'(z) > 0],
O3(z) :=[p1 2 OA f(2) Z 0N (f"(2) <OV f"(x) < 0)]
ViIpt <O0Apy>0A f'(z) <0,
Oy(x) = [p1 2 OA f'(2) SOA(f"(2) 2 0N f"(x) < 0)]
Vipt <0Apy <OA f(z) <0

Here xq,x9, 13,24 are the same as in Theorem 4.1.1 given in Section 4.1.

Proof. Note that
Iy =32 €R)[f(z) = 0AT() Ay (2)] = \/ _ 1 € RAT(r,) A Dy(rn).

We need to determine ®;(r;). For this, observe that
fr) = (= r2)(re = r)(re — ra),
f'(r1) =201 —ra)(r1 —r3) +2(r1 —re)(r1 —ra) +2(ry —73)(r1 — 14),
") =40 —re) +4(r —rs) +4(r —14),
f'(ra) = (ra = ri)(ra = rs)(r2 — r4),
fre) =2(rg—r3)(re—r4) +2(rg —r1)(re —14) + 2 (ro — 11)(r2 — 73),

f”/(’f‘g) :4(T2—T1)+4(T2—T3)+4(T2—T4),
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f'(rs) = (rs —ri)(rs —r2)(rs — r4),
f”(’l“g) = 2 (Tg — 7"2)(7“3 — 7“4) + 2(7“3 — 7"1)(’/’3 — T4) + 2(7‘3 — 7“1)(7"3 — TQ),
f”/(Tg) :4(T3—T1)+4(T3—T’2)—|—4(T3—T’4).

For each configuration of the solutions, we can determine the signs of the derivatives
of f at r,, as in Table 4.1 and Table 4.2 (where the blanks are non-real, and the case
marked with x has three possibilities: +, — or 0). From the signs of the derivatives,
it is easy to obtain the truth values of ®; as in Table 4.3 and Table 4.4 (where the
blanks are false).

From Table 4.3 and Table 4.4, we see immediately that
4
I, «— \/k_1 ry € RAT(rp) A®;(ry) <= r; € RAT(r).
Let x € R. Then by Theorem 4.1.1, we have

flz)=0AT(z) <= (x=rVez=rVe=rsVr=ry)Al(z)
< [r=riAr e RAT(r)]V
[z =ro Arg e RAT(12)] V
[z =r3Ars e RAT(r3)] vV
[z =ry Ary € RAT(r4)]

< [l’leArl]V[JZZIQ/\PQ]\/[ZE:J]3/\F3]\/[ZL‘ZZE4/\F4]

The theorem is proved. O]
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Table 4.1: Signs of Derivatives of Quartic Polynomial f (I)

pro ||+ [+ ] —|=]=1-]-1-
p2 | +[0|— +10|—|+]0|— +| 0| —=|+]0]|—
pe | —|— - 0100 (+]|+]+ —|—=[—=]10[0]0

Fror) [+ |+ |+ |+ +

Fr(r) |+ |+ |+ | ]+

Fr) |+ [+ |+ R

Fira) === —[=1=1=1-1- = =|+[+[+][+]|+]+

Frra) | —| = | = e e R S e

Fra) |+ |+ |+ R R Rl b R R s

Filrs) [+ +]+ + + [+ +]+]+]+

frrs) |—|—|+ 0 —|—|—|*|—|—]|=*

Y s e e e e e

I e N e e R

Fr(ra) |+ |+ |+ N I [ O ) [

) o el ol o el I I e A e e
Table 4.2: Signs of Derivatives of Quartic Polynomial f (II)
pr |—|—[—]0[0]0 0/0]0 000

pe |+]0|—=]+|0]|— +10|— |+]0]|—

pa |+ |+ [+ |- ololo |+[+]+

fir) [+|+|[+][+]0]0 +{0({0 |+ |+|+0
) |+ |+ * [+ 0|+ +1 0|+ |+]|+]|++

P |+ FO|+ |
f'(rs) 000 0/0]0 00— ——20
1" (rs) —1 0|+ 10|+ [—=]0]+ 0 — +

1" (rs) — |+ |+ 00|+ |+|—|+ 0 — +
frs) |=|—=|—]10{0|+ ++ 0[{0]0/00[0|0|O0

ffrs) [+ |+ [ +|[—[0]+ 0 — +|—=|0|++|—|0|+

)| == ==+ = = % =]o|o|=0|+|-|-

F'(ra) == 0 —loloo[=]o]o0

F(r4) |+ [+ + +]0[++|+]0 |+

77(r) N e I
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Table 4.3: Truth Values of ®; of Solutions of Quartic Equation (I)

p [+ + +[+ + +][+ + +][- - -]- - -
pp |+ 0 — |+ 0 —[+ 0 -]+ 0 —|+ 0 -
pi |- - -0 0 0|+ + +|- — —]0 0 0

— = e

oS K

—_

true true true|true true true|true true true

S 33
W NN

NN NN

<
—

true true true|true true true|true true true|true true true|true true true

333
= W N

K S S S D K
w w w

w

33
N =

true true true|true true true|true true true

< 3
>~ W

L

—~ e~ o~ o~~~ o~ =~~~ |~~~

S,

N

<
—

~— — [ M e - N S

33
W N

true true true|true true true|true true true|true true true|true true true

<
IS

Table 4.4: Truth Values of ®; of Solutions of Quartic Equation (II)

P1 - - =70 0 0O0}0 O O} 0 0 O
b2 + 0 -+ 0 -7+ 0 -]+ 0 -
2! + + +/ - - =70 0 O]+ + +
®y(rq) |true true true|true true true|true true true|true true true
Dy (rs) true true true true
Dy (r3) true true
Dy (ry) true
Dy (1) true true true true
Dy (19) true true true|true true true|true true true
Dy (73) true true true true true true
Do (ry) true true
D3(rq) true true
D3(rs) true true true true true true
®3(r3) [true true true|true true true|true true true|true true true
D3(ry) true true true true
Dy(ry) true
Dy(rs) true true
Dy(r3) true true true true
Dy(ry) true true true|true true true|true true true
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Chapter 5

Generating Dynamic Diagrams with Inequality
Constraints

The approach of solving geometric constraints involving inequalities proposed by Hong
and others uses triangular decomposition, solution formulas, and quantifier elimina-
tion. In this chapter, we recall the HLLW approach and show that for generating
dynamic diagrams automatically the performance of this approach can be enhanced,
in terms of stability of numeric computation and quality of generated diagrams, when
the used solution formulas of cubic equations are replaced by the real solution formu-
las with equality and inequality constraints introduced in Chapter 3, and also in terms
of adding the quartic case introduced in Chapter 4. Several examples are presented to
illustrate the enhanced approach and demonstrate the advantages and effectiveness
of the new solution formulas. Most of the material in this chapter is taken from the

joint paper [155] with Aubry, Hong and Wang.

5.1 Introduction and Motivation

Dynamic geometric constraint solving is required in modern geometric engineering, in
particular for dynamically producing diagrams of given geometric objects satisfying
given geometric constraint relations. It has been studied extensively in the area of
computer aided geometric design and modeling (see the recent survey [66] and refer-
ences therein), which leads to several approaches based on graph analysis, algebraic
computation, and logic reasoning. These approaches have been developed mainly
for solving geometric constraints that may be expressed algebraically as equalities.
There is little work on solving geometric constraints involving inequalities as well as
equalities. This may be mainly due to the well known inherent practical difficulties
of dealing with general inequality constraints. There are methods (such as cylindrical
algebraic decomposition and others) that can handle, in principle, arbitrarily general
equality /inequality constraints, but the practical complexity is prohibitive for even

moderate size of problems. Therefore it is imperative to develop effective methods
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CHAPTER 5. Generating Dynamic Diagrams with Inequality Constraints

that can directly handle geometric constraints involving inequalities.

The problem of solving real geometric constraints involving inequalities was ad-
dressed first by Hong and his coauthors in [63]. The proposed approach allows one to

MW

handle geometric constraints involving order relations such as “inside,” “external,”
and “between.” We follow this approach (referred to as the HLLW approach) and
place our emphasis on dealing with inequality constraints and on automating the

entire process of dynamic diagram generation (as done in GEOTHER [131]).

The HLLW approach is applicable for solving such geometric constraint problems
that may be transformed into triangular semi-algebraic systems of equalities of degree
less than 5 and inequalities of arbitrary degree with parameters. The degree restric-
tion is posed because of its use of solution formulas of equations by radicals. For any
constraint problem expressed as a semi-algebraic system, the approach works by first
decomposing the set of equality constraints into finitely many irreducible triangular
sets. Then, for each triangular set with inequality constraints, the space of parame-
ters is decomposed into finitely many domains by means of real quantifier elimination,
such that associated with each domain there is a set of explicit expressions of the de-
pendent variables in terms of the parameters (and the previous dependent variables)
with radicals. In this way, the semi-algebraic system is decomposed into finitely many
(weak) solution representations by radicals (or SRRs for short, see [63, p. 184]) such
that the set of real solutions of the system is equal to the union of the sets of real
solutions given by the (weak) SRRs. For any given values of the parameters, if they
satisfy the parameter constraints in some (weak) SRRs, then the values of the de-
pendent variables may be easily computed by direct evaluation of the corresponding

explicit expressions.

In the following, we enhance the HLLW approach by replacing the Ferro-Cardano-
type solution formulas of cubic equations used there with newly introduced Lagrange-
type real solution formulas with inequality constraints and by incorporating new real
solution formulas of quartic equations with inequality constraints. We will recall the
HLLW approach and enhance it with the new real solution formulas involving no
division by small numbers in Section 5.2 and Section 5.3. The process of dynamic
diagram generation using the enhanced HLLW approach is sketched and illustrated

by an example in Section 5.4. We present the results of our studies on three geometric
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configurations, the configuration of Apollonius circles and the dynamic diagrams for
Feuerbachs and Thébault—Taylors theorems, in Section 5.5 to demonstrate the ad-

vantages and effectiveness of the new solution formulas and the enhanced approach.

5.2 Representing Real Solutions of Semi-algebraic Systems by Radicals

Consider the following parametric semi-algebraic system of equations and inequalities

;

(5.1)
Gi(xy,...,x,) &0,
\ Gt(xly . al‘n) 3 07
where Fi,..., F,, Gy, ...,G; are polynomials in zy,...,x, with rational coefficients

and 2 may take any of the inequality operators <, <, >, >, #. We wish to represent
the real solutions of (5.1) by means of explicit formulae with radicals. This is not
possible in general (as it is well known from Abel/Galois theory that the solutions of
polynomial equations of degree greater than 4 in general cannot be expressed in terms
of radicals and field operations), so our objective is to compute such representations
for polynomials of low degree. Once such representations are available, they can be
efficiently instantiated repeatedly for dynamic update of diagrams.

Let u = (uy,...,uq) be a subset of the variables 1, ..., x,. Denote by y1,...,y,
all the other variables z; not in w. Note that uy, ..., ug,v1,..., 9. iS a permutation
of x1,...,z, (so d+r =n and {uy,...,uq,y1,---, 4y} = {x1,...,2,}). We call u
parameters (or parametric variables) and vy, ..., ¥y, dependents (or dependent vari-
ables).

Definition 5.2.1. Let I'(u) be a quantifier-free formula composed of equality and
inequality relations in the parameters u, and h; a rational expressions of v with

radicals for 1 < j <r. We call

F(“)? Y1 = hl(u)’ Yo = hQ(u)v sy Yr = hr(u) (52)
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a solution representation by radicals (SRR) in u.

We want to decompose the semi-algebraic system (5.1) into finitely many SRRs
of the form (5.2) such that the set of real solutions of (5.1) is equal to the union of
the sets of real solutions given by the SRRs.

To compute SRRs, we first decompose the set of polynomials F1, ..., Fy into (irre-
ducible) triangular sets by using the method of characteristic sets or other methods

[128, 130]. Each triangular set T may be written in the form

T = [Tl(uay1)>T2<u>ylay2)a s 7Tr’(u> Y1, - .- 7y1”)]7 (53)

where u, 1, ...,y iS a permutation of x1,...,x, as above. Then the problem is

reduced to considering the following set of constraints for every triangular set

Ti(u,y1) =0, ..., To(u,y1, -, 4r) =0, To(w,y1, oo, 9r), (5.4)

where ' (u,y1,...,y.) =Gy 2 0,...,Gy 2 0,11 #0,...,1. # 0 and where [; is the
initial of T;.

For any given value u of u, one can solve the equations 7} = 0,...,7, = 0
successively for yi,...,y, and then verify which solutions satisfy the formula I', in
the triangular representation (5.4). This simple approach works theoretically but

has two drawbacks for finding real solutions. First, it is possible that real solutions

are found for yy,...,yx (1 < k < r) but there is no real solution for yx,;. In this
case, the computation of the real solutions for yy, ...,y is waste. Second, if a found
real solution of 77 = 0,...,T, = 0 does not satisfy I',., then the computation of this

solution is also waste. How to avoid or reduce such waste? In what follows we explain
how to do so by eliminating the variables v, ..., y; successively from the inequality
constraints in I',. using 7. = 0,...,7T7 = 0 respectively.

Consider first the constraints

T7'<u7y17"'7y7') :07 FT(u7y17"'7yT>7 (55)

In the next section, we will show how to decompose (5.5) into finitely many explicit

root representations of the form

Yr = h'7(~J) (U, Y- .- 7?/7“—1)7 F7(~j—)1a (56)
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such that I ,(f_) , does not contain the variable y,. Then we can deal with the constraints
TT*].(u)yl;"'ay'r‘fl) = 07 Fg‘j—)h (57)

similarly for each j. Continuing this way, we will be able to decompose (5.4) into

finitely many explicit root representations

F(()l)(u)a v = hgz)(u>7 Yo = hg)(uv y1)7 e Yr = h7(~l) (ua Yty - - >y7‘71>7 (58)

with each F(()i) (u) a conjunction of disjunctions of equality and inequality relations in u
and each hﬁi) a rational expression of w,yi,...,y;_1 with radicals. In other words, the
space of parameters u is decomposed into finitely many domains D; defined by F(()i) (u),
such that for any given values u of u, if 4 € D;, then the values of the dependent

variables vy, ..., y, are
T h(i) =\ T h(i) = = 7 — B (G -
hn 1 (u)7y2 2 (u7y1)7"')y7“ r (u7y17"'7y7’—1)‘

Note that a domain D; may be disconnected and two domains may be joined.

We may substitute

Yy = h?) (u),...,y; = hg-i) (W, Y1, Yj—1), (5.9)
into y; 11 = hﬁl(u, Y1, --.,Y;), so that (5.8) become SRRs. In practice, we may wish
to keep the form (5.8) because the substitution of (5.9) into hﬁl may increase the
size of the expression considerably. We call the representation (5.8) a weak SRR. The
method of decomposing a triangular representation of the form (5.4) into SRRs uses
root formulae (as long as the degree of each T; in y; is less than 5) and real quantifier
elimination [32]. From this method, we can easily construct a decomposition of (5.1)
into SRRs as desired.

We say that a polynomial P(z) is composed of polynomials P;(z),..., Px(z) if
P(z) = Py(Pa(-++ Pg(2)--+)). The method sketched above allows us to establish the

following main result.

Theorem 5.2.2. For any semi-algebraic system (5.1) inxy, ..., x,, if the polynomials
in the triangular sets obtained from all the irreducible triangular decompositions of

the involved sets of polynomial equations are composed of polynomials of degree less
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than 5 with respect to their leading variables, then one can decompose (5.1) into q
SRRs
PO@), g1 = h ), 97 = B9 ),y = B ()

(1 <i < q) such that the set of real solutions of (5.1) is equal to

U{ VR @), L., B9 @) | 1O @)y,

where u¥, yy), e yﬁz) 18 a permutation of x,...,x, for each i and the union of zero

sets is carried out after permuting u®, yy), ey yrl) back to x1, ..., x,.

The method explained above and indicated in Theorem 5.2.2 has both theoretical
and practical interests because the explicit SRRs computed may provide an efficient
way for the computation of real solutions of (5.1). We will demonstrate how it can
be applied effectively to solving dynamic geometric constraints involving inequalities
in Section 5.4. For dynamic animation, the computation of real solutions has to be
performed in real time and thus should be kept as inexpensive as possible, while more

expensive symbolic precomputation is acceptable.

5.3 Solution Formulas of Univariate Equations with Inequality Constraints

In this section, we explain how to eliminate the variable y, from the inequality con-
straints in 'y (u, 1, ..., ¥—1,¥-) as in (5.4) by using T.(u, y1, ..., Yr—1,yr) = 0 as in
(5.3), when the degree of T, in y, is small. For notational convenience, we will write

z for y., f(z) for To(u,y1,91,- - Yr-1,¥r), and I'(z) for T'v(w,y1, ..., yr—1,9,). The

linear and quadratic cases are the same as in [63].

Theorem 5.3.1 (Linear Case). Let f(z) = z + ay € R[z] and I'(z) be a formula
composed by N\, V, =, and — of polynomial equality and inequality relations in x, the

coefficients of f(x), and other parameters. Then for all x € R,
[f(z) =0AT(2)] < [z=—ap AT (—ap)l.

Proof. f(x) =0 is equivalent to x = —ag. The proof immediately follows. O
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Theorem 5.3.2 (Quadratic Case). Let f(z) = 2> + a1z + ap € R[z] and T'(x) be a
formula composed by A, V, =, and — of polynomial equality and inequality relations

in x, the coefficients of f(x), and other parameters. Then for all x € R,

f(2)=0AT(2)] < [z=—-a1+ /i ATH]V]r=—a1—/p1 AT,

where
P = a% — 4 ap,
and
I = (32)[[(z) A f(z) =0A f(z) > 0],
I'™ = (32)[[(z) A f(z) =0A f(z) <O

Proof. f(x) =0 is equivalent to

r=—a;+/pP1VIT=—a —\/P1-
Now we make the key observation

T =—a;+ /P = f(x) =0A f'(x) >0,
r=—a; —/p1 = [(x) =0A f'(x) <0.

The proof immediately follows. [l

The real solution formulas with constraints for the cubic equations and quartic
equations were presented in Theorem 3.5.1 and Theorem 4.4.1 respectively.

The real solution formulas for cubic and quartic equations avoid division by small
numbers and thus the numerically unstable case near “0/0” (i.e., both the numerator
and the denominator are close to zero). On the contrary, the conventional solution
formulas used in [63] for f(z) = 23 + asz? + a1 + ag involve quotients of the form
(3a; — a3) /v, where v is the third root of 36 aa; — 108 ag — 8 a3 + 12/=3p; and p;
is the discriminant of f (as in Theorem 3.5.1). It may be easily verified that, when
a1, as and asg contain a common factor depending on the parameters, this expression

leads to the near “0/0” case for some values of the parameters.
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For geometric constraint solving as well as other applications, one needs to solve
polynomial equations with gradually changing coefficients, for which a solution for-
mula with divisions may encounter near “0/0” and thus may result in significant
numeric errors. Therefore, the solution formulas given in Theorems 3.5.1 and 4.4.1
above are computationally better in terms of numeric stability and geometric continu-
ity for dynamic diagram animation. The example of Apollonius circles in Section 5.5
will illustrate the practical advantages of using these new formulas over the previous
ones.

The formulas in Theorems 3.5.1 and 4.4.1 are presented for normalized f (which
has leading coefficient 1). The polynomials in triangular sets may have initials (i.e.,
leading coefficients with respect to leading variables) which are not constants but de-
pend on the parameters. Such initials may appear in the denominators of the solution
formulas. They cannot be zero because in the process of triangular decomposition,
inequation constraints are added to rule out the case in which the initials vanish.
However, the appearance of non-constant initials in the denominators of the formulas
cannot be avoided and may cause problems when the initials are very close to zero.
This can also be seen from the example of Apollonius circles.

In order to use the above theorems, we need to eliminate the existential quantifier
from the formula. This can be done by using any real quantifier elimination procedure
(such as QEPCAD [15, 32|, REDLOG [40, 136], QEQUAD [60], or SturmHabicht
[53, 54]).

5.4 Generation of Dynamic Diagrams

Now we present the main algorithmic steps for automatically generating dynamic
diagrams with inequality constraints based on the enhanced HLLW approach and
give an example to illustrate the approach used in the process of diagram generation.

Let O be a set of geometric objects in a geometric space (e.g., Euclidean plane or
space) and C a set of geometric constraints among the objects in @. The problem of
dynamic diagram generation is to decide whether the objects in O can be placed in
the space such that the constraints in C are all satisfied; if so, construct, for any given
assignment of allowable values to the parameters, one or several static diagrams that

satisfy the constraints. We use inequality constraints to describe order relations of the

104



Section 5.4. Generation of Dynamic Diagrams

PR AN

objects such as “between,” “internal,” and “outside” and use inequality or inequation
constraints to rule out degenerate cases in which diagrams cannot be properly con-
structed. For dynamic animation, parametric values are given successively with small
changes, static diagrams are constructed accordingly, and their motion may then be
shown on screen.

Denote by x4, ..., z, the coordinates of points and other geometric entities involved
in the objects of O; then the set of C of constraints together with the conditions to
exclude some degenerate cases may be expressed as a semi-algebraic system. The
geometric constraint solving problem then reduced to solve this semi-algebraic system.

Sometimes, constraints may be specified as quantified formulae. In this case, we
may eliminate the quantifiers to obtain quantifier-free formulae using known methods
such as PCAD (partial cylindrical algebraic decomposition) [32]. So we can assume
that the geometric constraint solving problem under consideration may be formulated
algebraically in the form (5.1).

By the method presented in the previous two sections, we can decompose the

semi-algebraic system (5.1) into finitely many weak SRRs

INQINON y@ — h@ (u®),
ys = B (u®, y ),

(5.10)
y) =y ),
where u(i),y§i), e ,yf«? is a permutation of zy,...,z, for each i. System (5.1) has a

real solution if and only if there exist an i and a set @) of real values of u() such
that '™ (%) holds true. In case there is no parameter, we will either end up with
the conclusion that (5.1) has no real solution, or find the radical expressions of all
the real solutions, yielding finitely many diagrams.

If there are infinitely many real values @ of u such that I';(@;) holds, then the
diagrams are dynamic. In this case, from each weak SRR and the identification of
parameters and dependents we can determine which points in the geometric objects
are free, semi-free, or dependent points. If the geometric constraint solving problem
is well formulated, then all the SRRs should have the same set of parameters. We
may assume that this is the case.

To generate a dynamic diagram, we implement the weak SRRs into the drawing
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program. For initialization, a random set u of real values for u is chosen so that some
I';(@;) holds. Then the real values of u (corresponding to the free or semi-free points)
change continuously by the user, for example, using mouse dragging. For any chosen
values u of u, the program verifies whether some I';(u;) holds. If no such I'; exists,
then the values @ are not allowed and the diagram remains unmoved. Otherwise,
I';(@;) holds true for some . In the case, the corresponding values for the dependent

variables
g = @), 5 = hg @050, ) = @ g )

are computed. The diagram is then redrawn according to these values that determine
the new locations of the geometric objects in the diagram.

Using the HLLW approach enhanced with the real solution formulas in Theo-
rems 3.5.1 and 4.4.1 to solve parametric semi-algebraic systems, the process for au-
tomated generation of dynamic diagrams involving inequality constraints consists of

the following steps (see [63] and [129)]).

1. Assign coordinates to the points involved in the geometric objects and introduced
other variables if necessary; so that the geometric constraints are expressed as a

semi-algebraic system of equalities and inequalities of the form in (5.1).

2. Decompose the system (5.1) into finitely many weak SRRs using the enhanced
HLLW approach.

3. Determine the free and semi-free points according to the identification of the

variables x1, ..., ,, into parameters and dependents.

4. Randomly choose a set of real numerical values for the parametric variables sat-
isfying the constraints and compute the values of the dependent variables from

the corresponding weak SRRs.

5. Check whether all the points with the current values of coordinates are within
the given window range and no two of them are too close. If not, then go back

to Step 4.

6. Draw the geometric objects and label the points with the current values of vari-

ables in the window(s) to obtain one or several static diagrams.
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B

A

Figure 5.1: Steiner Configuration

The animation of the drawn diagram may be implemented by the following two

additional steps.

7. Update the values of the free coordinates of the free or semi-free points being
moved with mouse dragging and recompute the values of the dependent variables

according to the corresponding weak SRRs.

8. Redraw the geometric objects and relabel the points with the updated values of

variables in the window of the static diagram.

The following example illustrates the enhanced HLLW approach used in the pro-

cess of diagram generation with our preliminary implementation.

Example 5.4.1 (Steiner Theorem). Given an arbitrary triangle ABC, draw three
equilateral triangle ABC,, ACB;, and BCA; all outward or all inward. The well-
known Steiner theorem claims that the three lines AA;, BB, and C'C' are concurrent.

To ensure that the triangles are drawn all outward, we need to use inequalities.

Without loss if generality, let the coordinates of the points be assigned as follows:!
A(O7 0)7 B(17 0)7 O(ula u2)7 Cl(xla IQ)? Bl(x37 .I'4), Al(x57 I'ﬁ).

Then the geometric constraints may be expressed as the following equalities and

'Note that coordinates may also be assigned automatically, see, e.g., the function Coordinate in
GEOTHER [131].
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inequalities:

e
Fi=22z-1=0, (|ACH| = |BCh)
Fr=x+22—-1=0, (|JAC,| = |AB|)
Fy =2 +a3 —uj —ui =0, (|AB:| = |ACY)
Fy = 2upwy + 2uyw3 — u3 — u? =0, (|AB:| = |CBy))
Fs=a%+22—2x5 —ud —ul +2u; =0, (|lBA,| = |BC|)
Fs = 2upwe + 2uyws — 225 —us —ui +1 =0, (|BA;| =|CA|)
G = uyUs — UsTg — uTs + us < 0, (BCA; outward)
Gy = —uguyzy + udrs < 0, (AC B, outward)

\ Gs = ugxy < 0. (ABC, outward)

Assume that C' is a free point, so that uy, uy are free parameters. The set of poly-
nomials {F71,..., Fs} may be decomposed over Q(u;,us) into four triangular sets.
However, three of them turn out to be inconsistent with the inequality constraints.

So we get only one triangular set [17,. .., T§]

T1:2$1—1, T2:4$%—3, T3:2$3—2U21’2+U1,
T4:2$4—2U1£L‘2—U2, T5:25L‘5—2U,21‘2—U1—1,

T6 = 2I6 —2U11'2+21L‘2+’UQ.

From the triangular set, we can obtain the following weal SRRs:

“0 1 V3 1 N 1
U2 , I 9 T2 5 x3 2U1 U2, Ty 5 2 122,
L —i—l L +
= — — — Tg=—Uy — T UL
Ts 2U1 U2 9 6 B 2 2 1T2;
- 1 V3 1 N 1
Ug , I 9 X2 95 xs3 2“1 U2, Ty 5 2 1L2,
L —i—l +
= — — T —, Tg = Uy — X U1T2.
Ts 2U1 U2 9 6 B 2 2 122

With these representations, the dynamic diagram as shown in Figure 5.1 can be drawn

and animated efficiently.
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Figure 5.2: Apollonius Circles

5.5 Examples of Geometric Configurations

In this section, we report our studies on three well-known geometric configurations,
the configuration of Apollonius circles and the dynamic diagrams for Feuerbach’s and
Thébault-Taylor’s theorems. These configurations are used as examples to show the
advantages of the new real solution formulas of cubic and quartic equations with
inequality constraints and to demonstrate the effectiveness of the enhanced HLLW
approach. The configurations are formulated unambiguously with inequality con-
straints and thus cannot be handled by other existing methods and software packages

designed for solving constraints involving equalities only.

5.5.1 Apollonius Circles

The problem is to construct circles that are simultaneously tangent to three given
circles and it has applications in geometric modeling, biochemistry, and pharmacology.
The construction and drawing of Apollonius circles have been studied extensively
(see, e.g., [50, 63, 71, 87]). However, most of the studies of the problem are based on
algebraic formulations using equalities only, so internal contact and external contact
of circles cannot be clearly distinguished. For many applications, what is of real
interest is actually the case of external contact. The use of inequality constraints
allows one to exclude the case of internal contact of circles.

The configuration of Apollonius circles has already been studied in [63] using

the HLLW approach. Here we revisit the configuration in order to compare some
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of the solution representations in the SRRs computed using the Ferro-Cardano-type
solution formulas and the new Lagrange-type solution formulas. For this purpose, let
us use the same assignment of coordinates and the same algebraic formulation as in
[63].

If the coordinates are chosen as
01(0,0), T1(1,0), O2(0,1), To(u1,v2), O3(us,xs), T3(uz,v3), O(x1,0),

then the constraints for the four circles to tangent externally may be expressed alge-
braically as

(

Fi=x20 — 21 +up =0, (O, Oq, Ty collinear)

Fo=—23+ 2wz, — 221 +us+1=0, (Ty, T, on O)

F3=—2%+2uyxry — 211 —ui+1=0, (Ty, T3 on O)

Fy = —x124 + uoxy — v1203 — uzwsz = 0, (O, Oy, T, collinear)

§ Gi=3M) A >0A N < 1A Nz =1], (O, O; ex-tangent)

Go = (TN)[Aa > 0N Ay < T A gy = g (O, Oq ex-tangent)
A —=Xg + 1 = x5,

Gs = (FN)[ A3 >0A A3 <TA (L= A3)zy = 23 (O, O3 ex-tangent)
A Agzy + (1 — A3)us = ug).

\

First, we decompose the quantified variables Ay, Ay, A3 to get a semi-algebraic sys-
tem and then compute an irreducible triangular decomposition of {F1, ..., Fy} over
Q(uy, ug, uz) with respect to variable order z; < - -+ < x4. The decomposition consist

of only one triangluar set [17,...Ty] with

Ty = —2upxd + 223 + uda? — 2ugzy + ui,
Ty = 1179 — 11 + Uy,
15 :x§—2u2x1 —2x1—|—u§— 1,

Ty = 2124 — Uy — T1X3 + U3T3.

Following the HLLW approach as in [63] but using the new solution formulas instead

of the old ones, we can compute six weak SRRs, of which two are listed as follows:

Ay (ur,ug,ug), 1 = Xi1, T = Xo, 3 = X3, x4 = Xy;

AQ(u17u27u3)7 €Ty = X127 To = X27 T3 = X37 Ty = X47
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where

Ay(ug,ug,uz) s ug —1>0Aud —12u; +12 > 0 Auf +36ud —90u; + 54 > 0
Ay —1>0A[[Q>0AQy <OAQy>0Aus —uy > 0]V I[Qy
>0ANQ3<0ANuz—ux >0]V[Qs>0AQs <0Auz—uy <0]
VIQ1 < 0AQs > 0AQs < 0Aug—uy < 0]];

Ag(uy, ug,uz) : ud 4+ 2ud + 11wy — 16 <O A uf +36u? —90u; + 54 < 0 A ug—
I>0A[[QL>0AQ<0AQ5>0 Aug—uy > 0]V [Qs < OA
Q4>O/\U3—U2>0]\/[Q3>O/\Q5<0/\U3-U2<O]\/[Q4
<O/\U3—'LL2<O]],

Q1 = uyul — ud — u? +ud + 3ugul — 3ud — 2utug + Tugug — 3ug — Suf + H5uy — 1,
Q2 = 3ugui — 3ui — 2uluy + 6 ugus — 6uy — 2ut + Tuy — 3,
Q3 = 2ugus — 2u3 — udud + 2uguy — u?, Q4= 6ujuy — 6uy — u?,

2 2 2
Qs = 3uju; — 3u; — ujus + uy,

and
ui wier | woy uf w?er | wle
X1 = L X, — 1
B 6(1—1)+ 3 T30 2 6(u1—1)+ 5 T3
Xzzl_ﬂa X3:\/QUQ331—2331—U§+1, X4:—x1x3_u3x3’
1 L1 — U2
—uf —2uf — Huj+ 164  5dul —125ud 4 720}

pr= 4(uy — 1) N PR R

and ¢q, ¢, w are the same as in Theorem 2.1.5 of Section 2.1.3.

The representation corresponding to Xi; given in [63] is

/5 uf — 12u? + 12, uf

X = + :
M6 (u — 1) 6(up — 1) %/ 6 (up — 1)

where
0 =d+6v3Duy(u; — 1), d=u$ + 36uf —90u? + 54 u?,

D =u$ +8uj —36u} +43ud — 16 ;.
X1, may encounter the unstable “near 0/0” case when u; = 0 or u; ~ 1.115749397.
When the diagram is animated by gradually changing values of the parameters, it

will be out of shape (e.g., some of the geometric objects disappear) if u; is near 0

or 1.115749397. However, X;; = 0 when u; = 0, and X;; ~ 1.068695857 when
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uy ~ 1.115749397, so “near 0/0” does not occur. Note that the denominator u; — 1,
which is the initial of the first polynomial in the triangular set, cannot be avoided.
Although the conditions Aj(u;) and Ag(uq) ensure that u; — 1 does not vanish, X4
will be very large when w; is close to 1. We have also considered other cases of circle
contacts, such as three internal contacts, one external and two internal contacts,
and one internal and two external contacts, by changing the inequality constraints.
Similar phenomena have been observed.

To further highlight the role of inequality constraints, let us look at the two
diagrams, one with three external contacts and the other with two external contacts
and one internal contact of circles, shown in Figure 5.2. With inequality constraints,
we can generate any of the two diagrams with the specified numbers of external and
internal circle contacts and during dynamic animation of the generated diagram the
numbers of circle contacts will remain unchanged. Without inequality constraints,
one does not know a prior: which of the two diagrams will be generated and during
dynamic animation two externally tangent circles may become internally tangent,

and vice versa.

5.5.2 Feuerbach Theorem

The circle passing through the feet of the three altitudes of an arbitrary triangle also
passes through other six meaningful points and thus is called the nine-point circle of
the triangle. Feuerbach’s theorem [37] states that the nine-point circle of any triangle
is tangent internally to the inscribed circle and externally to the three escribed circles.
We want to draw part of this configuration: a dynamic diagram for the nine-point
circle (with center N) to be tangent to the inscribed circle (with center I). To specify
the incenter I as an intersection point of angular bisectors, we need to ensure that
the bisectors are all internal, which cannot be done by using polynomial equalities

only. We can do so by using inequalities.

Let the coordinates of the points as shown in Figure 5.3 be assigned as follows:

A(0,0), B(l,O), C(u1,1)7 ]([L’l,l’g), D(ZEhO),
Ai(z3,24), As(ws,6), As(x7,0), N(zs,z9).
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Figure 5.3: Feuerbach Configuration

The geometric constraints for the configuration may be specified as

;

Fi =22+ (210 — 2u1my — 2)11 + 2 U129 (tan ZOBI = tan ZABI)
— x5 —213+1=0,

Fy =23+ 2uyzym9 — 23 = 0, (tan ZC Al = tan ZBAI)

Fs =223 —u; —1=0, (A; midpoint of BC')

Fy=20,—1=0,

Fs =225 —u; =0, (As midpoint of AC)

F6:2.’L'6—1:O,
F7:2.T7—]_:O,

Fy = 2x528 + 22 — 22708 — 2 + 21679 — 72 = 0,

A3 midpoint of AB)
[N As| = [NAs)
[N As| = [NA)
I inside AABC)

Fg = 21’31’84‘1'%—21'7(138 —.T§+2$45L’9 —.Ti = 0,

(
(
(
Gy = —x1 +usxyg — 29+ 1 >0, (

Gy = T — UgTe > 0,

G3:$2>0.

\

First we compute an irreducible triangular decomposition of {F1, ..., Fo} over Q(uy)
with respect to variable ordering x; < ... < xg. The decomposition consists of only
one triangular set [11, ..., Ty] with

Ty =4z]—8x% — (4u? —4du)z? + (4ud +4)z; — 1,

To=(2u; +2x; —2)wg — 211 + 1,

T3 =2x3 —u — 1, Ty=2x4—1,
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T5:2x5—u1, T6:2ZL’6—].,
T7:2.’L'7—1, T8:45138—2(133—U1,

Tg = 41’9 —4ZE8+4CL’8U1 —u%

Then the semi-algebraic system may then be decomposed by using the enhanced

HLLW approach into the following two weak SRRs:

2{131—1 1 (51 1 (51 1
21 — 1 <0 =X = = -4 = = S i
Uy y X1 11, T2 2(u1+x1_1)7x3 2+ 27$4 y L5 27x6 2a
1 U1+SU3 +u%
7 27 8 4 27 9 8 w1 47
2!E1—1 ]_ Ui 1 Ui ]_
29 — 1 >0 =X = = _ 4 = = S —
Uy , X1 12, T2 2(U1+[L‘1—1)7x3 2+ 271’4 27‘7;5 27376 27
1 U1+373 +u%
Ty ==, =—+ —, Tg = Tg — Tgly + —
7 2, 8 4 2, 9 8 8u1 4a

where

X11:(2+k1—]{32—k53)/4, X12:(2—k1+1{?2—]{33)/4,
F1f <1,
09 =
1 if >,
r = number of distinct real roots of 77 € {0, 1,2, 3,4},
pr = 4ul® — 200 + 57 — 108u] + 158 ub — 180w} + 165 ud — 116 3
+ 64u? — 24uy + 4,
p2=2ul —6u} —3ui +16u} — 27uf + 18wy,
p3 = 8u? — 8uy + 12,

ki, ko, ks are the same as in Theorem 4.1.1 of Section 4.1, and 77 (the first polynomial
in the only triangular set) is quartic in z; with u; as parameter.?

The dynamic diagram generated automatically using the above weak SRRs is
shown in Figure 5.3, on the left-hand side; the diagram shown on the right-hand side
is generated by changing the order relation to “I is outside AABC”. And without

inequality constraints, the two diagrams will both appear during dynamic animation.

2The number r of distinct real solutions of T} can be determined by using the discrimination
system (see Section 2.2): first produce the discrimination sequence [Dy, ..., Dy4] = [1,ps3,ps,p1] of
Ty with parametric coefficients, where ps = 2u$ — 6 uf + 13u} — 16 u3 + 17u? — 10u; + 6, and then
for any given value of w1, construct the sign list and the revised sign list of sequence. If the number
of sign changes of the revised sign list is v and the number of non-vanishing members in the revised
sign list is {, then r =1 — 2 v [147].
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A

Figure 5.4: Thébault—Taylor Configuration

5.5.3 Thébault—Taylor Theorem

The Thébault conjecture of 1938, confirmed by K. B. Taylor in 1983, has an interesting
history itself and in the recent evolvement of automated theorem proving in geometry
(see, e.g., [130, pp.130-131], [152], and references therein). Its configurations, if
specified unambiguously with order relations, present a challenge for dynamic diagram
generation. Given a triangle ABC and any point D on BC, one version of the problem
is to draw the inscribed circle and the circumcircle of the triangle and two additional
circles, each tangent to AD, BC, and the circumcircle, such that their centers and
the incenter of the triangular are collinear. The Thébault-Taylor theorem implies
that this configuration is always drawable.

An unambiguous algebraic formulation of the problem requires polynomial in-
equalities and computing the SRRs of the semi-algebraic system is nontrivial. We
have tried the enhanced HLLW approach in a brute-force way without success. Here
we consider a special case of the problem by assuming that D is the perpendicular

foot of the line AD to BC'. The coordinates of points are assigned as follows:
A(1,1), B(0,0), C(u1,0), D(1,0), O(xy,xs),
O1(z3,14), E(z3,0), F(l,z4), G(z5,26), Oo(x7,28),
M(z7,0), H(l,zs), J(x9,210), I(11,712), K(x11,0).

Even though the problem is considerably simplified in the special case, the compu-

tations involved in the HLLW approach still cannot be completed within one hour.

The corresponding quantified formulas contain large polynomials in several variables,

115



CHAPTER 5. Generating Dynamic Diagrams with Inequality Constraints

which makes quantifier elimination difficult. Therefore, we try to split the problem

into subproblems of construction, following the basic idea of the graph-analysis ap-

proach. For our special problem, it is easy to observe that the constructions of the

three circles I, Oy, and O, are completely separate, so we can divide the problem into

three subproblems. For each subproblem, it is not very difficult to compute the SRRs

of the corresponding semi-algebraic system using the enhanced HLLW approach.

Subproblem 1. Construct circle Oy with the specification of geometric constraints

that can be expressed algebraically as:

;

Fy =2xu; —u? =0, (O circumcenter of AABC')
Fr=2xy4+22,—2=0,
Fs3 = —x4x5 + 2471 + Tox5 + T376 (O, 01, G collinear)
—XoT3 — T1xg = 0,
Fy=2}—224+223—1=0, (|O1E| = |O1F))
Fs = —22 +2m305 — 22 + 2426 — 22 =0,  (|O1E| = |01G))
Fs =2xx5 — 22 + 22916 — 72 = 0, (JOB| = |0G))
Gi=24>0, Go=x4—1<0, (O inside the rectangle
\ Gs=23—1>0, Gi=x3—u <0. with AC' as diagonal)
The set {F},...,Fs} of polynomials may be decomposed over Q(uq,us) into two

irreducible triangular sets. However, one of them turns out to be inconsistent with

the inequality constraints. So we get only one triangular set [71, ..., Tg|, where

T1:—2131+U1, T2:2$2+U1—2,
T3 =23+ 4ules —u? — 2uled + 2uyal — 423 — dwguy + 423,
T4 =4 — T3+ 1,
Ts = wiws — 2uixs + 2 +ugzi—4 — 4 x323 + 4503
5 = U1T5 U1Ty ToU1T4 U153 U1T5T3 XT3To T5T3
+Adxsrd + Adadrs — 223 — 8xowswy + 413707y,

Ts = 2uswg — 25 + 2w5u; — u? —ui + 1.

Then the corresponding semi-algebraic system may be decomposed into one weak

SRR

Uy

Uy
Aj(w), 21=—, 20 =——+1, 253 = X135, 1y =23 — 1, x5 = X5, 6 = X;

2 2
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with Aj(uy) holding for infinitely many values of u; and five other weak SRRs holding

for only finitely many values of u;, where

Aj(u): up —1>0A[Tud —32u; +32#0Vu —2 <0,

and
% 2u 3 — 29Uy Ty — u T2 + 4375 — 43704 + 2735
b 42k —dujxs +ud + 425 — 8wyxe + 423 ’
X 22500 + ULy — 22309 — 2 T5%4
6 — )

UL — 223
Xiz=(4—Fki + ko — k3) /4,
{ +1 if r<1,
oy =
1 f >,
r = number of distinct real roots of T3 € {0, 1,2, 3,4},
pr= 256110 — 1536 + 435218 — T168u] + 7168 uS — 4096 w3 + 1024 u?,
po = 16u8 — 48 u3 — 48 u + 320 u? — 480 u? + 384 u; — 128,
p3 = 16u? — 16u; + 16,

k1, ko, ks are the same as in Theorem 4.1.1 of Section 4.1, and r can be determined

by the discrimination system of T3 (see Section 2.2).

Subproblem 2. Construct circle Oy with the specification of geometric constraints

that can be expressed algebraically as:

(

Fy =2xu; —u? =0, (O circumcenter of AABC')
F2:2£E2+2$1—2:0,
Fr = —xgxg + 2371 + Toxg + 77710 (O, O, J collinear)

—T7Te — T1T10 = 0,

Fy=a%—22+22;,—1=0, (|09 M| = |O2H|))

Fy = —22+2x7m9 — 22 + 228710 — 73, =0, (|02 M| = |04J|)

Fip = 2x1m9 — 3 + 229010 — 73, = 0, (JOB| =10J))
Gs=23>0, Gg=u25—1<0, (O4 inside the rectangle
Gr=2;—1<0, Gg=uxz7;>0. with AB as diagonal)

\
Note that here Fi, Iy are the same as in Subproblem 1, we just use them to eliminate

x1, xo from the constraints, but do not change the value of x1, zs.
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The set {F1, Fy, Fr, ..., Fio} of polynomials may be decomposed over Q(uy,us)
into two irreducible triangular sets. However, one of them turns out to be inconsistent
with the inequality constraints. So we get only one triangular set [T1, Tz, T, . . ., Tio],
where

T = —2x +uq, Ty =2x9 +up — 2,

Ty =23 —dwad — u? + 2ule? — 2uyr? + 423 + dxquy — 422,

Ty = 2g + 27 — 1,

Ty = uixg — 2 x§u1 —4durrrrg + uw? + 28U Ty — 8 TgToTo + 4 T3Tg
—dxir; +4xivg + 4advg — 223 + 4 agrrms,

TIO = 2[E81'9 — U1 — 2?[721‘9 — 21‘71’10 + 2ZE7JZ2 “+ U1T10-
Then the corresponding semi-algebraic system may be decomposed into three weak
SRRs

O©,(w), x7=Xj7,28 = —x7 + 1,29 = Xg, 210 = X190, j=1,2,3,

with ©,(u;) holding for infinitely many values of u; and four other weak SRRs holding

for only finitely many values of u;, where
@1(U1) LU — 1 S O,

@Q(Ul)l u — 1 <0AYy >07
@3(U1) oup > O,

and
222U — 25U e + 228 — il + 422 — dagarx
X, = 2% gUIT2 7 — urry 5%7 8T7T2
422 —dxpuy +ud + 422 — 8wgxe + 423 ’
rguy — 21’8379 + 2 Tolg — 2.1’7372
XlOZ )

up — 2x7
Xi7=Auy — 44k + ks + k3) /4,
Xor = (duy — 4+ k1 — ko — k3) /4,
Xar = (duy —4 — k1 + ko — k3)/4,
r = number of distinct real roots of Tr € {0, 1,2, 3,4},
pr = 256110 — 1536 uf + 4352 — 7168wl + T168 ub — 4096 w3 + 1024 u?,
Po = —16u8 + 4845 + 48 ut — 3204 + 480u? — 384wy + 128,
p3 = 32u% — 80 u; + 80,
pa = 32u} — 128 uf + 192wy — 128,
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k1, ko, k3,09 are the same as in Theorem 4.1.1 of Section 4.1, and r can be determined
by the discrimination system of 77 (see Section 2.2).

Subproblem 3. Construct circle I with the specification of geometric constraints
that can be expressed algebraically as:

(

Fiy = a2y — 2%, + 2x11019 = 0, (tan ZC'BI = tan ZIBA)

Fip =22, —2zpuy +ud — 2211019 + 2710u1 (tan LACT = tan ZICB)
+ 2u1x19011 — 2x12u% — xf2 =0,

Go = urx11 — urr1e > 0, (I inside AABC)

2 2
GlO = Uuj + U119 — UL L1 — T12U| > O,

G11 = U12$12 > 0.

\
The set {Fy, Fy, Fr, ..., Fip} of polynomials may be decomposed over Q(uy, uy) into
two irreducible triangular sets. However, one of them turns out to be inconsistent
with the inequality constraints. So we get only one triangular set [T, T3, 1%, . .., Tig],

where
TH = 4I1111 + 4U%SL’%1 + 4U1I%1 — 4:171111% — 8.73?111/1 — 8.%%1 + 81311114 — U%,
Tio = —up +2210u1 + 2211 — 2219 — 2211 210.

Then the corresponding semi-algebraic system may be decomposed into two weak

SRRs:

—2%11—{—’&1
u —2<0Au 0, z11 = Xi11, x12 = :
1 e 11 111, 212 -2+ 2w
—25611+U1
uy — 2 >0, r11 = Xo11, T12 = ,
1 11 211, L12 o rn—2+2u

where
X = (2uy + by — kg — k3) /4, Xoyn = (2ur — ki + ko — k3) /4,
{ +1 if r<i,
oy =
1>,
r = number of distinct real roots of T}, € {0,1,2, 3,4},
p1 = 4uf —32u] + 112uS — 224 uf + 272 uf — 192 u? + 64 u?,
p2=—2ub +12u} — 30u] +40u? — 12u? — 24 uy + 16,
p3 = 4u? — 8uy + 16,

k1, ko, k3 are the same as in Theorem 4.1.1 of Section 4.1, and r can be determined

by the discrimination system of 71, (see Section 2.2).
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CHAPTER 5. Generating Dynamic Diagrams with Inequality Constraints

For all the three subproblems, solutions formulas of quartic equations with in-
equality constraints need be used for computing the weak SRRs. Combining these
weak SRRs, we obtain 1 x 3 x 2 = 6 weak SRRs for the original problem in the special
case (see Table 6.1 for the computing time). The dynamic diagram shown in Figure

5.4 has been generated automatically, making use of the computed SRRs.
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Chapter 6

GeoDraw: A Software Package for Automated
Generation of Dynamic Diagrams

The original and enhanced HLLW approach for solving dynamic geometric constraints
involving equalities and inequalities has been explained in the previous chapters. We
have developed a software package GeoDraw for drawing dynamic diagrams, which
implements the process of generating dynamic diagrams automatically by using the
enhanced HLLW approach. In this chapter, we discuss the design and implementation
of GeoDraw, point out the functionalities and features of the current version, provide
several examples to show the usage of GeoDraw, and present some empirical data in
table form to show the performance of the package for generating the diagrams of 15
theorems in plane Euclidean geometry. Most of the material in this chapter is based

on the paper [153].

6.1 Introduction and Motivation

Dynamic diagrams have features of interaction, intelligence and real time. By observ-
ing the animation of dynamic diagrams, we can learn the relations of the involved
geometric objects more directly or even find out new geometry theorems, thus bring
learning and study of geometry into a new era. There are many dynamic geometry
software systems, which can be divided into two types: constructive type and declar-
ative type. Most of the systems can draw configurations of constructive type, that
is, each geometric object is constructed from the previously constructed objects. For
example, Cinderella, GCLC, GeoGebra and Super Sketchpad, these systems allow
the users to draw geometric diagrams interactively. The others can draw configura-
tions of declarative type, which is solving the corresponding semi-algebraic system
with respect to the geometric relations among the objects and generating the dia-
grams according to the geometric elements with certain coordinate values, such as

GEOTHER, Geometry Expressions and JGEX. The approaches for solving dynamic

121



CHAPTER 6. GeoDraw: A Software Package for Automated Generation of Dynamic Diagrams

geometric constraints in these software systems are based, e.g., on numeric or sym-
bolic computation, or both combined. Note that most of the approaches are proposed
to deal with geometric constraints involving equalities only, despite that inequality
constraints occur very frequently in real-world problems of geometry, such as internal
or external tangent of the circles, internal or external bisection of angles, etc. This
may be mainly due to the fact that dealing with inequalities would greatly increase
computation difficulty and complexity, and cost much computation time and space.
Therefore, it is meaningful to develop effective methods that can deal with geometric
constraints involving inequalities.

The original and enhanced HLLW approach introduced in the previous chapter
can directly tackle geometric constraints involving inequalities as well as equalities.
We have developed a software package GeoDraw for drawing dynamic diagrams auto-
matically from the predicate specification of a given set of geometric relations among
a set of points. This package implements the enhanced HLLW approach, which is
independent of GEOTHER and the previous implementation of the HLLW approach
therein. However, GEOTHER only provides some demos for generating diagrams
with equalities of degree less than or equal to 3 and inequalities. GeoDraw is more

general and can deal with problems of equalities of degree 4.

6.2 Design and Implementation

In this section, we describe the design principles of GeoDraw and the concrete imple-

mentation of generating dynamic diagrams with inequality constraints.

6.2.1 Design Principles

According to the original and enhanced HLLW approach explained in the preceding
chapters, the whole process of generating dynamic diagrams automatically is a com-
bination of symbolic and numerical computations, and how to handle the relations
between these two parts directly influences the efficiency of the diagram generation.

We bring in symbolic computation in order to tackle geometric constraints involv-
ing inequalities as well as equalities, and also to generate more complicated diagrams

that the dynamic geometry software systems for drawing diagrams constructively
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Diagram Visualizing Module

Command

Editing Module Visualization Animation
Diagram Constructing Module
Command
Analyzing Labeling of Geometric
Letters Objects €
Module
Numerical Computation

Algebraic Expressions of Semi-algebraic System Explicit Repres'entations
the Geometric Relations Solving Module of Real Solutions by
@ Radical
Triangular Real Quantifier
Decomposition Elimination

Figure 6.1: Architecture of GeoDraw

(or interactively), which is only based on numerical computation, can not handle .
The automated incorporation of non-trivial symbolic expressions computed to gen-
erate diagrams can be very time-consuming, especially when the polynomials are of
high degree with many parameters. However, in a specific dynamic diagram drawing
problem, not all geometric objects are involved in inequalities. Thus we can enhance
drawing efficiency by dividing the set of geometric objects into two sets: the ones
appearing in inequalities, and the others. Hence the number of geometric objects
involving symbolic computation would be reduced to the least.

Geometric objects involving inequalities can be further split into several com-
pletely separated components when the objects in each component are relatively in-
dependent, so that variables and constrains in each component could be decreased (see
Example 6.5.4). The purpose of doing these is to reduce the difficulty and complexity
of symbolic computation. The software package GeoDraw can draw configurations of
constructive type based on numerical computation and configurations of declarative
type based on the combination of both symbolic and numerical computations, and al-
lows the diagrams to be generated with several independent components and enables

users to choose drawing types flexibly to improve the efficiency.
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GeoDraw includes three layers and five modules. Three layers refer to user, control
and operating layers and five modules include command editing module, diagram
visualizing module, command analyzing module, diagram constructing module and
semi-algebraic system solving module (see Figure 6.1).

The user layer, which includes command editing module and diagram visualizing
module, provides a graphical interface for users and accepts operations by users. The
control layer, which includes command analyzing module and diagram constructing
module, analyzes the drawing commands from the users, determines to use the con-
structive type or the declarative type to draw the diagram, performs some simple
numerical computations with the received expressions, constructs the diagram with
the geometric objects, communicates with the user layer in real time and reconstructs
the diagram according to the new data provided by the users. The operating layer,
which is an optional part decided by the analyzing module, computes explicit repre-
sentations of real solutions of the corresponding parametric semi-algebraic system by

radicals based on symbolic computation.

6.2.2 Implementation Issues

GeoDraw is implemented in Java with interface to the Epsilon library [130] in Maple
and the QEPCAD program [15] in C. The main part of the program is written in
Java, one of the most convenient programming languages for graphics, animation,
web, and interface implementation. It provides a graphic user interface which allows
the user to input the predicate specification of the geometric constraints of a diagram
and to animate and fine-tune the generated diagram by mouse click and dragging.
According to the inputs of the users, the system will determine the type for drawing
diagrams automatically.

When drawing configurations of constructive type, the real values of the coordi-
nates of the points in geometric objects are computed successively according to the
geometric relations among these objects by only numerical computation, and then
construct the diagram step by step in accordance with the values of the coordinates.

When drawing configurations of declarative type, which implements the process
of diagram generation sketched in Chapter 5, the input specification of the geometric

constraints is parsed and translated in Java into a parametric semi-algebraic system
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of equalities and inequalities. The decomposition of the set of (equality) polynomials
into irreducible triangular sets requires extensive polynomial operations, including
factorization over successive algebraic extension fields, and thus cannot be easily
implemented from scratch in Java. Therefore, we decided to use an external computer
algebra system in which basic polynomial operations can be well implemented. Our
choice of Maple is mainly due to the fact that the Epsilon library [130], containing
an implementation of several efficient triangular decomposition methods, has been

developed in the system.

Epsilon library is a unique and rich library for triangular-set-based polynomial
elimination, and no other similar library is available publicly. Its functions for zero
decomposition are all Grobner free, and the CharSets package is still one of the most
complete, comprehensive, and widely available implementations of the characteristic

set method.

In our Java program, a piece of Maple code is generated and then Maple is invoked
to execute the code. In Maple, the set of (equality) polynomials is decomposed into
irreducible triangular sets by using one of the Epsilon functions and QEPCAD is
then invoked to eliminate quantifiers from the real solution formulas of polynomial
equations in the triangular sets with inequality constraints. The computed SRRs are

written into a file for the Java program to read in.

QEPCAD [15] is a powerful C program for quantifier elimination based on par-
tial cylindrical algebraic decomposition [32]. It has been widely used to deal with
decision and computation problems involving inequalities over the reals. We have
also considered other programs for real quantifier elimination, including REDLOG
40, 136], QEQUAD [60], and SturmHabicht [53]. From some example tests, we have
observed that QEPCAD takes less computing time and outputs simpler formulas in
general. For Apollonius circles problem, REDLOG cannot finish the required quanti-
fier elimination within one hour, while QEPCAD can do it in 83 seconds on the same

computer (see Section 5.5.1 and Table 6.1).

The main Java program parses the SRRs read from the file, chooses a set of
real values satisfying the conditions in the SRRs for the parameters, computes the
corresponding values of the dependent variables according to the SRRs, draws a

static diagram according to the values of the variables, and updates the diagram with
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new values of the variables, when the values of the parameters are changed (e.g., by
mouse dragging), by recomputing the values of the dependent variables according to
the SRRs.

With the interfaces between Java, Maple, and QEPCAD, the entire process of dy-
namic diagram generation is fully automated. For the involved symbolic and numeric
computation, there are two main stages: preprocessing and updating. The prepro-
cessing stage, carried out only once for each problem, computes symbolically the
SRRs of the semi-algebraic system. Usually, it involves heavy algebraic computations
and is time-consuming. The updating stage, which may be carried out repeatedly,
evaluates numerically the values of the dependant variables for changing values of the
parameters according to the (same) SRRs. Updating can be repeated reliably and
efficiently for real-time dynamic animation because the involved numeric evaluations

of the SRRs are computationally fast.

6.3 Functionalities and Features

GeoDraw is the geometry software that can generate dynamic diagrams with both
equality and inequality constraints. The drawn diagram may be animated and fine-
tuned by mouse click and dragging with the given geometric relations maintained.
GeoDraw can be used to draw configurations of both constructive type and declara-
tive type. The whole process of drawing dynamic diagrams making use of symbolic
triangular decomposition, symbolic real quantifier elimination with parsing, numerical
computation, graphic drawing, and letter labeling in Java is completely automated.
GeoDraw provides a graphic user interface (see Figure 6.2) which allows the user
to do many operations, such as inputting the predicate specification of the geometric
constraints of a diagram, checking information of the geometric objects, animating
the drawn diagram with mouse, etc. The graphical interface in Figure 6.2 includes

four windows, with the following functions.

1. Input window (bottom left), in which users can input the drawing commands.
When the constructive type is adopted, input the commands in order to construct
the diagram directly (see Example 6.5.1); when the declarative type is adopted,

use key words of Define, Constrain and Display. The commands in the Define
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Figure 6.2: Graphic User Interface

part are used to assign the coordinates of the points; in the Constrain part are
used to describe the geometric relations among the points; and in the Display
part are used to draw the configurations of the diagrams. Note that in Display
part, predicates for geometric relations of constructive type can also be carried out

and users can add the geometric objects that do not need symbolic computation.

Command Prompt Window (bottom right), which shows all commands (i.e. pred-
icate specification) carried out by the software. Users can click the commands

directly and add them into the input window.

Output Window (top left), which shows the drawn dynamic diagram. When the
arrow button in the toolbar is clicked, the free points are shown in green, the
semi-free points in yellow, and the dependent points in red. One can drag any of
the green and yellow points, and the diagram changes accordingly in real time,
satisfying the given geometric relations. Users can also choose the background

with axis or not.

Information Window (top right), which shows free, semi-free and dependent el-

ements in the drawn diagram, and the current real values of all parameters and
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variables. When the diagram changes, the value would alter accordingly.

GeoDraw also implements some common functions, such as zoom in, zoom out,
save, open, etc. One more function is remarkable which is implemented for the feature
that the symbolic computation is very complicated and time-consuming during the
process of dynamic diagram generation: the import and export function. Users can
export a diagram generation instance as a XML file with script and solution formulas
according to the corresponding semi-algebraic system, and import it to generate the
diagram again without repetitive symbolic computation.

Features that distinguish GeoDraw from other dynamic diagram drawing software

systems are

1. Capability of generating dynamic diagrams with inequality constraints;

2. Combination of drawings for configurations of constructive and declarative types,

flexible choice of drawing types for enhancing drawing efficiency;

3. Combination of symbolic and numerical computations, capable of complex dy-
namic diagram generation by invoking computer algebra systems for symbolic

computation.

6.4 Predicate Specifications

We have implemented a number of predicates, and each of them contains a standard
set of information entries. As introduced in Section 6.2.1, GeoDraw can do drawings
for configurations of both constructive type and declarative type. The information
entries of the predicates in these two types are different.

For the predicates for geometric relations of constructive type, which can be used
with key word Display or without any key word, the information entries include:
English meaning and geometric information. Consider, for instance, the predicate
circumcenter(A,B,C). Then the corresponding entries are: compute and draw the
circumcenter of the triangle ABC, where A, B and C are the existing points
constructed in the previous steps. These information entries allow the program to
compute the coordinates of the points by numerical computation and draw geometric

objects like points, lines and circles passing through certain points.
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For the predicates for geometric relations of declarative type, which should be
used with the key word Constrain, the information entries include: English meaning
and algebraic expression (when the points are assigned coordinates). Consider, for
instance, the predicate collinear(A,B,C). Then the corresponding entries are: the

three points A, B and C are collinear,
A.B, + B,C, + C, A, — A,C, — B,A, — C,B,,

where (A;, Ay), (Bs, By), (Cy, Cy) are the coordinates of A, B, C respectively. These
information entries allow the program to translate the predicate specification of a
geometric problem into algebraic expressions (equalities and inequalities) automati-
cally.

The assignment of coordinates can be done in Define part using the function
point (see the Example 6.5.2 for Steiner Theorem) by the user. It is also recommend
that the user could identify the parametric and dependent variables from the specifi-
cation, for example, u; for the parameters and z; for the dependents, where 7, j are
natural numbers.

We list the predicates for geometric relations of constructive type in Appendix A,
and for geometric relations of declarative type in Appendix B. The sets of predicates
are not exhaustive and may be easily enlarged; it is easy to implement a new predicate

and add it to the different sets according to the information entries of the predicate.

6.5 Examples and Analysis

GeoDraw can be used to draw configurations of constructive and declarative type.
Note that, sometimes, we can combine these two types for drawing diagrams more ef-
ficiently. For the declarative type, the generation of a diagram can also be divided into
several completely separated components in the Constrain part as explained above.
Therefore, in fact, there are four typical ways to draw diagrams: the constructive
way, the declarative way, the combination of the both, and the way of splitting the
generation of a diagram into several components. According to the input of the users,
the system will choose the corresponding way to construct the diagram automatically.
Several examples are given below to illustrate how to draw diagrams through these

four ways by using the different predicate specifications as input. The computations
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Figure 6.3: Simson Configuration

in the examples were done on an x86_64 under Linux 2.6.18 and the times are given
in CPU seconds.

Example 6.5.1 (Simson Theorem). If the points A, B and C' are arbitrary, the point
D is on the circumcircle of the triangle ABC, P is the perpendicular foot of the line
DP to the line AB, (@ is the perpendicular foot of the line D@ to the line AC, and
R is the perpendicular foot of the line DR to the line BC', then the three points P,
@ and R are collinear.

The geometric relations in this theorem can be algebraically expressed as equalities
only. It is also not difficult to construct the diagram step by step according to the
geometric constraints among the objects. The dynamic diagram as shown in Figure
6.3 can be drawn automatically in the constructive way with the following predicate

specification as input

A=point (), B=point(), C=point(), D=pointon(circle(A,B,C)),
perpline(segment(A,C),D,Q), perpline(segment(A,B),D,P),

perpline(segment(B,C),D,R), segment(Q,P), segment(Q,R)

where A, B, C are three arbitrary points in the plane. Note that, in general, the
diagram is not uniquely determined: some points may be free or semi-free. Therefore,

the diagram drawn is actually an (randomly yet adequately chosen) instance.
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The diagram can be animated and fine-tuned by mouse click and dragging with

the given equalities of the geometric relations maintained.

Example 6.5.2 (Steiner Theorem). See the description and inside process of symbolic
computation of Steiner Theorem in Example 5.4.1 of Section 5.4.

To ensure that the triangles are drawn all outward, we need inequalities to repre-
sent the geometric constraints in this theorem. Therefore, we choose the declarative
way to draw the diagram shown in Figure 5.1 of Section 5.4 with the following pred-

icate specification as input

Define:
A=point(0,0), B=point(1,0), C=point(ul,u2),
Cl=point(x1,x2), Bl=point(x3,x4), Al=point(x5,x6)

Constrain:
equidistance(A,C1,B,C1), equidistance(A,C1,A,B),
equidistance(A,B1,A,C), equidistance(A,B1,C,B1),
equidistance(B,A1,B,C), equidistance(B,A1,C,A1),
pointondiffside(A,B,C,C1), pointondiffside(A,C,B,B1),
pointondiffside(C,B,A,Al)

Display:
triangle(A,B,C), triangle(A,B,Cl1), triangle(A,B1,C),
triangle(A1,B,C), segment(A,Al), segment(B,Bl1),

segment (C,C1)

where C' is a free point and the predicate equidistance specifies a geometric rela-
tion that can be translated algebraically as an equality, and pointondiffside as an
inequality. The diagram can be animated by mouse click and dragging with the given

equalities and inequalities of the geometric relations maintained.

Example 6.5.3 (Napoleon Theorem). Draw an arbitrary triangle ABC', three equi-
lateral triangles ABC,, ACB;, and BC'A; all inward or outward from AABC, and
the circumcenters Oy, O,, and O3 of AABC,, AACB;, and ABC A, form another

equilateral triangle.
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Figure 6.4: Napoleon Configuration

Note that the first part of the theorem is just the same as Steiner Theorem in
Example 6.5.2 where the geometric constraints involve inequalities. However, in the
second part, the coordinates of the three circumcenters can be directly computed
with respect to the real values of the other points by simple numerical computation.
Therefore, we choose the combination of constructive and declarative way to draw the
diagram shown in Figure 6.4 with the following predicate specification by replacing
the Display part in Example 6.5.2, and keeping the Define and Constrain parts

unchanged.

Display:
triangle(A,B,C), triangle(A,B,Cl), triangle(A,B1,C),
triangle(A1,B,C), Ol=circumcenter(A,B,C1),
02=circumcenter(A,C,B1), 03=circumcenter(B,C,Al),
triangle(01,02,03)

We can also draw the diagram by using the declarative way only with three more
predicates adding to the Constrain part, i.e. add six equalities to the corresponding
semi-algebraic system of Steiner Theorem, which will increase the complexity of the
symbolic computation and reduce the efficiency. By using the combination way, we
can generate the diagram in 28.701 seconds, while the declarative way can do it in

58.613 seconds on the same computer.
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The process of solving the corresponding semi-algebraic system by the declarative
way only is represented in Example C.2 of Appendix C, while the process by the

combination way is the same as Steiner Theorem shown in Example 5.4.1.

Example 6.5.4 (Thébault-Taylor Theorem). See the description and inside process
of symbolic computation of Thébault-Taylor Theorem in Section 5.5.3.

As explained before, we split the problem into three completely separated subprob-
lems of construction for simplification, following the basic idea of the graph-analysis
approach. For each subproblem, it needs inequalities to express the geometric rela-
tions among the involved points. The diagram shown in Figure 5.4 of Section 5.5.3

can be drawn with the following predicate specification as input

Define:
A=point(1,1), B=point(0,0), C=point(ui,0),
D=point(1,0), O=point(x1l,x2), 01=point(x3,x4),
E=point(x3,0), F=point(1,x4), G=point(x5,x6),
02=point (x7,x8), M=point(x7,0),H=point(1,x8),
J=point(x9,x10), I=point(x11,x12), K=point(x11,0)

Constrain:
equidistance(E,01,F,01), equidistance(E,01,G,01),
equidistance(B,0,G,0), circumcenter(A,B,C,0),
collinear(0,01,G), inrectangle(A,C,01)

Constrain:
equidistance(M,02,H,02), equidistance(M,02,J,02),
equidistance(B,0,J,0), circumcenter(A,B,C,0),
collinear(0,02,J), inrectangle(A,B,02)

Constrain:
equiangle(C,B,I,A,B,I), equiangle(A,C,I,B,C,I),
pointonsameside(A,B,C,I), pointonsameside(A,C,B,I),
pointonsameside(C,B,A,I)

Display:
circle(0,A),circle(01,E), circle(02,M),
triangle(A,B,C), segment(A, D), segment(01, 02)
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where each Constrain part can be parsed as a semi-algebraic system with equalities
and inequalities. The diagram can be animated by mouse click and dragging the
semi-free point C'. The generation of the diagram takes 67.943 seconds. However, if
we combine these three parts into one, the time for generating the diagram will be

more than 20000 seconds.

Table 6.1: Data and Timings for 15 Examples

Theorem Para | Dep | Max | Ineq | TD QE Time
No | No | Deg | No | Time Time
Apollonius 3 4 3 3 10.228 82.761 84.927
Butterfly 4 7 2 1 0.085 42.530 44.100
Feuerbach 3 9 4 3 1 0.100 12.580 14.780
Morley 2 6 2 9 ]0.711 | >20000 | >20000
Napoleon 2 12 2 3 0.154 57.657 58.613
Pappus 6 2 1 6 | 0.081 1.516 2.397
M. Paterson 3 7 1 3 |0.133 2.252 6.185
Steiner 2 6 2 3 10.132 27.863 28.701
Steiner Square 3 5 1 3 |0.126 39.763 40.690
Thébault-Taylor 1 12 4 11 | 0.988 61.997 67.943
Example C.7 2 4 3 3 10485 | 3132.425 | 3133.737
Example C.8 3 4 1 1 ]0.071 4.722 4.803
Example C.9 3 5 2 3 10.134 11.312 11.617
Example C.10 2 8 2 4 10.152 10.368 10.601

Para: Parameter; Dep: Dependant Variable; Ineq: Inequality

More examples are tested, and Table 6.1 reports the number of parameters, the
number of dependent variables, the highest degree of equalities, and the number of
inequality constraints for 15 semi-algebraic systems expressing the hypotheses of 15
well-known geometric theorems. It presents the respective timings for triangular de-
composition, quantifier elimination, and the whole process of computing the SRRs of

each semi-algebraic system. The details of these examples are given in Section 5.4,
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Section 5.5, and Appendix C. All the computations were performed on an x86_64 un-
der Linux 2.6.18 and the times are given in CPU seconds. The quantifier elimination
time includes not only the time of computation with QEPCAD, but also the time
for invoking QEPCAD and translating the formulas into the QEPCAD input format.
The latter depends on how many times QEPCAD is called in the problem, with each
call costing less than one second. From Table 6.1, one sees that quantifier elimination
using QEPCAD is the most time-consuming step of the (enhanced) HLLW approach.
This is not a surprise because it is known that inequality constraints are difficult to
handle.
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Chapter 7

Conclusion and Future Work

In this thesis, we have studied the problem of generating dynamic diagrams with
inequality constraints as well as equality constraints. The generation of dynamic di-
agrams amounts to producing a segment of program that implements the process of
solving the corresponding parametric semi-algebraic system and visualizes the geo-
metric configurations corresponding to the real solutions of the system for changing
values of the parameters. The problem of solving real geometric constraint involving
inequalities was addressed first by Hoon and coauthors. The proposed approach (re-
ferred to HLLW approach) is applicable for solving such geometric constraint problem
that may be transformed into triangular semi-algebraic systems of equalities of de-
gree less than 5 and inequalities of arbitrary degree with parameters. We have shown
that for generating dynamic diagram automatically the performance of the HLLW
approach can be enhanced in terms of stability of numeric computation and quality
of generated diagrams. The used Ferro—Cardano-type solution formulas of cubic and
quartic equations therein involve divisions, which may encounter a numerically un-
stable case (i.e., “near 0/0” case), when both the numerator and the denominator are

close to zero.

In order to enhance the HLLW approach, we are concerned with the real solution
formulas for cubic and quartic polynomial equations with real coefficients. A real
convention (for square and cubic roots) which provides correct interpretations of
the Lagrange formula for all cubic polynomial equations with real coefficients has
been provided. Using this convention, we have also presented real solution formulas
for the general cubic equations with real coefficients under equality and inequality

constraints.

We have generalized the solution formulas from the cubic to the quartic equations.
With a lot of investigations and experiments, we have adjusted the Lagrange-type
solution formula for the real-coefficient quartic equations. The real convention has

been proved that it can also provide correct interpretations of the adjusted formula

137



CHAPTER 7. Conclusion and Future Work

for all quartic polynomial equations with real coefficients. Using this convention, we
have also presented real solution formulas in radicals for the general quartic equation
with real coefficients under equality and inequality constraints. The extension of the
solution formulas from the cubic to the quartic case is not straightforward and needs
some quite sophisticated techniques including the theories underlying Sturm-Habicht

sequence and discrimination systems.

The real convention we found is a uniform convention that does not depend on
the coefficients of the polynomials and that can always yield correct interpretations
of the Lagrange-type formulas for all cubic and quartic polynomial equations with
real coefficients. The new real solution formulas with constraints we given avoid
divisions by small numbers and thus the numerically unstable “near 0/0” case. They
are computationally better in terms of numeric stability and geometric continuity for

dynamic diagram animation.

The HLLW approach has been enhanced by replacing the Ferro—Cardano-type
solution formulas of cubic equations used there with newly introduced Lagrange-
type real solution formulas with inequality constraints and by incorporating new
real solution formulas of quartic equations with inequality constraints. The enhanced
approach has been illustrated and the advantages and effectiveness of the new solution

formulas have been demonstrated by several examples with experimental data.

The enhanced approach consists of two stages: preprocessing and updating. Dur-
ing the preprocessing stage (which is carried out only once), we compute, symboli-
cally, explicit representations (radical expressions in parameters) of the solutions of
the semi-algebraic system representing the geometric constraints. During the up-
dating stage (which is carried out repeatedly), we evaluate, numerically, the radical
expressions. Once the preprocessing has been done, the repeated updating can be
carried out reliably and efficiently since it only involves evaluating radical expressions,

yielding correct and dynamic (real-time) animation.

We have developed a software package GeoDraw for drawing dynamic diagrams
automatically based on the predicate specification of a given set of geometric relations
involving inequality constraints. This package has implemented the process of gener-

ating dynamic diagrams by using the enhanced HLLW approach, and can be used to
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draw configurations of constructive type based on numerical computation, and con-
figurations of declarative type based on a combination of both symbolic and numeric
computations. GeoDraw allows the diagrams to be generated with several indepen-
dent components and enables users to choose drawing types flexibly to improve the
efficiency. The system includes three layers and five modules. Three layers refer to
user, control and operating layers and five modules include command editing module,
diagram visualizing module, command analyzing module, diagram constructing mod-
ule and semi-algebraic system solving module. The whole process of dynamic diagram
generation combining triangular decomposition in Maple, real quantifier elimination
in QEPCAD with parsing, numerical computation, graphic drawing, and letter label-
ing in Java is completely automated. GeoDraw allows the user to input the geometric
constraints of a dynamic diagram with predicate specification and generates the di-
agram automatically for the user to animate and fine-tune using mouse click and
dragging.

To end the summary of our work, we highlight the following main contributions

of this thesis:

e A real convention which provides correct interpretations of the Lagrange-type

formulas for all cubic and quartic polynomial equations with real coefficients;

e Real solution formulas without divisions by small numbers for the general cubic
and quartic equations under equality and inequality constraints which are given

as some existentially quantified subformulas;

e An approach for automatically generating dynamic diagrams, which is distinct
from other existing approaches by its capabilities of dealing with inequality con-

straints and ensuring numeric stability in diagram animation;

e A software package GeoDraw for drawing dynamic diagrams automatically, based
on the predicate specification of a given set of geometric relations involving in-

equality constraints.

Although the preprocessing stage in the approach carried out only once, it can be
very time-consuming when the involved polynomials are of high degree with many

parameters. Hence an important challenge for future work is to improve the speed
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of the preprocessing stage, in particular, real quantifier elimination. It is well known
that general real quantifier elimination is intrinsically difficult. However, it seems
that the formulas arising in the context of geometric constraints are not arbitrary,
but have certain special structures. Therefore, one should investigate how to exploit
those structures in order to develop specialized and thus more efficient real quantifier
elimination methods, and solve more difficult parametric systems of geometric con-
straints to generate dynamic diagrams specified with order relations, e.g., for Morley’s
and Thébaut—Taylor’s theorems without ambiguity. It is also meaningful to study the
numeric stability of solution formulas and the geometric continuity of dynamic dia-
grams when some denominators are close to zero.

In addition, for solving polynomial equations, the following questions still remain

for future investigation.

(1) Whether there is a convention that yields correct solutions for all cubic and quartic

polynomial equations with complezr coefficients.

(2) Whether Theorem 3.5.1 and the result in [136] can be combined to obtain a more
efficient formulation. This insightful question was raised by an anonymous referee
who also suggested that there should be a strong connection between the solutions
u; in the second part of the present paper and the symbolic solutions ~; and real
types of polynomials in [136]. We have investigated the issues and indeed there is
a strong connection. However, we are not yet able to combine them into a better
formulation due to various technical subtleties. We agree that it is worthwhile to

pursue this as future work.

(3) How to simplify the result in Theorem 4.4.1. The real quartic solutions coupled
with real constraints which are not only the derivatives but also two polynomi-
als with respect to the coefficients. According to Thom’s lemma, there exists

representations of the constraints only with derivatives.

(4) How to generalize the solution formulas from the quartic to the case of degree
more than 4. Though there are no general solution formulas in radicals for the
polynomial equations of degree more than 4, there might be other simple repre-

sentations of the solutions, such as trigonometric functions.
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Appendix A

Predicates for Geometric Relations of Constructive Type in

GeoDraw
Predicate Instance Meaning
angle(3) angle(A,B,C) Generate an angle ABC.
bisectorline(2) | bisectorline(A,B) Generate the perpendicular bisector
of the line AB.
centroid(3) centroid(A,B,C) Generate the centroid of the triangle

ABC.

circle(2-3)

circle(A,B,C) /circle(A,B)
/circle(A,r)

Generate a circle with three points, or
with the center A and through B, or

with the center A and radius r.

circumecenter(3) | circumcenter (A,B,C) Generate the circumcenter of the tri-
angular ABC.
fixedpoint(2) fixedpoint(x,y) Generate a point with the fixed coor-
dinates.
inbesector(3) inbesector(A,B,C) Generate a random point on the inner
bisector of the angle ABC.
intersection(2) | intersection(line,line) Generate the points intersected by
intersection(circle,circle) | two lines, two circles or a line and a
intersection(line,circle) circle.
line(2) line(A,B)/line(A,r) Generate a line by two points, or by
a point and the slope.
midpoint(2) midpoint(A,B) Generate the mid-point of the point
A and the point B.
onperpbesector | onperpbesctor(A,B) Generate a random point on the per-

(3)

pendicular bisector of the line AB.
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orthocenter(3) | orthocenter(A,B,C) Generate the orthocenter of the trian-
gle ABC.

paraline(2) paraline(line,A) Generate a line which is parallel to
the given line and through the given
point A.

perpfoot(2) perpfoot(line,line) Generate the perpendicular foot of
two lines.

perpline(2) perpline(line,A) Generate a line which is perpendicu-
lar to the given line and through the
given point A.

point(2) point(x,y) Generate a free point with the given
initial value.

pointin(1) pointin(circle) Generate a point inside the circle.

pointon(1) pointon(line/segment Generate a random point on a line, a

/circle) segment or a circle.

pointondiffside | pointondiffside(line,A) Generate a point which is on the dif-

(2) ferent side of the given line with the
point A.

pointonsameside pointonsameside (line,A) | Generate a point which is on the same

(2) side of the given line as the point A.

pointout(1) pointout(circle) Generate a point outside the circle.

reflection(2-3)

reflection(A,B,C)
/reflection(line,C)

Generate the reflection point of the

point C with respect to the line AB.

rotate(3) rotate(A,Bn) Rotate the point B with respect to the
point A anti-clockwise by degree n.
segment(2) segment(A,B) Generate a segment by two points.
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tangentline(2) | tangentline(circle,A) Generate the tangent line of the circle
through the point A (A is on or out
the circle).
tangentpoint(2) | tangentpoint(circle,circle) | Generate the tangent point of two cir-
/tangentpoint(line,circle) | cles, or a line and a circle.
triangle(3) triangle(A,B,C) Generate a triangle ABC.
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Predicates for Geometric Relations of Declarative Type in

GeoDraw
Predicate Instance Meaning

area(3) area(A,B,C) Compute the area of the triangle
ABC.

centroid(4) centroid(A,B,C,D) The point D is the centroid of the tri-
angle ABC.

circumecenter(4) | circumcenter (A,B,C,D) | The point D is the circumcenter of the
triangular ABC.

cocircular(4) cocircular(A,B,C,D) The four points A, B, C and D are
cocircular.

collinear(3) collinear(A,B,C) The three points A, B and C are
collinear.

concurrent(6) | concurrent The three lines AB, CD and EF are

(A,B,C,D,EF) concurrent.
equal(2) equal(A,B) The point A is equal to the point B.
equiangle(6-8) | equiangle Two times the angle ABC is equal to

(AB,C.D,EF,2,3)

three times the angle DEF.

equidistance(4) | equidistance (A,B,C,D) | The distance between the point B and
the point A is equal to the distance
between the point C and the point D.
extangent(4) extangent(A,B,C,D) The circle centred at A and pass-

ing through B is external tangent to
the circle centred at C and passing

through D.
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inbesector(4) inbesector(A,B,C,D) The point D is on the inner bisector
of the angle ABC.

intersection(5) | intersection(A,B,C,D.E) | The two lines AB and CD intersect at
the point E.

inrectangle(3) | inrectangle(A,B,C) The point C is inside the rectangle
with AB as diagonal.

midpoint(3) midpoint(A,B,C) The point C is the mid-point of A and
B.

oncirc(3) oncirc(A,B,C) The point C is on the circle centred
at A and passing through B.

oncircle(4) oncircle(A,B,C,D) The point D is on the circumcircle of
the triangle ABC.

online(3) online(A,B,C) The point C is on the line AB.

onperpbesector | onperpbesctor(A,B,C) The point C is on the perpendicular

(3) bisector of the line AB.

orthocenter(4) | orthocenter(A,B,C,D) The point D is the orthocenter of the
triangle ABC.

parallel(4) paraline(A,B,C,D) The line AB is parallel to the line CD.

perpendicular | perpendicular(A,B,C,D) | The line AB is perpendicular to the

(4) line CD.

perpfoot(5) perpfoot(A,B,C,D,E) The point E is the perpendicular foot
of the line AB to the line CD.

pointondiffside | pointondiffside The points C and D are on the differ-

(4) (A,B,C,D) ent side of the line AB.

pointonsameside pointonsameside The points C and D are on the same

(4) (A,B,C,D) side of the line AB.
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reflection(4) reflection(A,B,C,D) The point D is the reflection point of
the point C with respect to the line
AB.

sdistance(2) sdistance(A,B) The square of distance between the

two points A and B.
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Geometric Configurations

In addition to the examples given in the main text, this appendix lists 10 examples

with details used for experimental test.

Example C.1 (M. Paterson) Three similar isosceles triangles, A; BC, AB;C, and
ABCY, are erected internally on the three respective sides, BC', CA, AB, of a triangle
ABC, then AA;, BB; and C'C'; are concurrent.

To ensure that the triangles A; BC, AB;C, and ABC are drawn all inward, we
need to use inequality constraints. Without loss of generality, let the coordinates of

the points be assigned as follows:

A(O7O)7 B(u4a0>7 C(UQ,’LLg), Cl(mlaul)a Bl(x37$2)7 Al($5,$4).

Then the geometric constraints may be expressed as the following semi-algebraic
system of equalities and inequalities:

p

F1 ZQU41‘1—UZ21:O, (|A01| = |BCl|)
Fy = —ujmoug — ujus®s + ugligty + ugusTs — ugus
— T1U3T3 + T1UsUs + T1Us Ty — T1UgXo = 0, (tan ZBAC) = tan ZCBA,)

F3 = -2 U3 + UZ + QUQ[L';; - u% + 2[L‘2U3 - ug == 0, (|AlB| = |A10|)

Fy = —ujzqus + wui — uguezs + ujul
< — T1U3Ts + T1uowy = 0, (tan ZBAC, = tan ZAC By)
Fs = 2upws — ul + 2wqu3 — u3 =0, (|AB:1| = |CBy))
G = —uzzoul — udzsuy + uiul + uswouzuy > 0, (BCA; inward)
Go = uguz(ugws — ugxy) > 0, (AC'B; inward)
| Gs = uzuyut > 0. (ABC} inward)
Assume that B, (] are semi-free points and C' is a free point, so that wuy,...,uy
are free parameters. The set of polynomials {F},..., F5} may be decomposed over
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C1

C
—Né
Figure 1: M. Paterson Configuration

Q(uy, . .., uy) into one triangular set [17,...,T5] with

T, =221 — uy,
T2 = 2U1U2 — QU4U1 + usuz — 2U4l’2,
T3 = —2U1T9U3 — 2 U U2T3 + 2 U UL U4 + 2UqU4T3 — 2 ului — U4U3T3
2 )
+ ujus + UgUaTo — UGT2,
T4 = 2ZE4 — 2U1I2 — U9,

T5 = 2ZE5 —2U2I2 — Uy — 1.

From this triangular set, using the solution formulas of linear equations with inequal-
ity constraints, and eliminating the quantifiers, we obtain the following weak SRR:

Uy —2uqu1 + 2uius + uqus
A(ul,...,u4), .%'1:?, To =

—2uyui + udug + 2ugug sy — uiTe — 2 U1 ToUz + UsToly

’

2164

T3 =
-2 UgUy + 2 U1U2 + UgUs ’
2 U Uy — UglUs UpTyUy — 2uyTauz + 2ugul + 2 ugul
.T4 = I’s =
2 Uy ’ 2 Ui Uy + Uqus ’

Aug, ... ug) 0 ug 7 0A2uguy + ugus # 0 A 2uguy — 2uguy + ugug # 0
/\[(Ug >0 Aug >O)\/(U3 <0 AU <O)]
With these solution representations, the values of x; may be easily computed for any

given real values of uq,...,us and the corresponding dynamic diagram as shown in
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Figure 1 can be drawn and animated efficiently.

Example C.2 (Napoleon Theorem) Draw an arbitrary triangle ABC| three equilat-
eral triangles ABCY, ACB;, and BC'A; all inward to or all outward from AABC,
and the circumcircles of AABCY, AACB;, and ABCA;. Connect the centers of the
three circles.

The Napoleon theorem states that the three circumcenters O;, Oy, and O3 form
an equilateral triangle. To express the order relation that AABC;, ANACB;, and
ABCA; are all inward to or all outward from AABC, we need to use inequalities.

Without loss of generality, let the coordinates of the points be assigned as follows:
A(0,0), B(1,0), Cluy,uz), O1(z1,22), Oz(x3,24), O3(xs,76),

Ci(27,78), Bi(wg,710), A1(211,212).
Then the geometric constraints may be expressed as the following semi-algebraic

system of equalities and inequalities:

p

Fi=2x—-1=0, (O; circumcenter of AABCY)
Fy =2x127 — 224 —x$+2m2x8 —m§+ 1=0,

F3 = —2z3u; + u} — 2uswy + ui =0, (Oq circumcenter of AACBy)
Fy =2x319 — 273U — T3 4+ Ul + 234710 — 2upzy — T3 + ud =0,

Fs =25 —1—2x5u; +u? — 2uswg + us = 0, (O3 circumcenter of ABC Ay)

— 2 2 2 2 _
F6 = 2I5$11 —2$5U1 — I +u1 +2[E6I12 - 2U2I6 — T2 +U2 = 0,

Fr=2x,-1=0, (JAC,| = |BC}))
Fy=22+22—-1=0, (|AC:| = |AB|)
Fy=a3+ 23 —ud —ul =0, (|AB| = |AC|)
Fio = 2ugm10 + 2u1wg — u3 — u? =0, (|AB| = |CBy))
Fiy=a% 423 — 2z —ud —ud +2u; =0, (|BA;| = |BC|)
Fio = 2usmis + 2ugzyy — 22 —ud —ud +1=0 (|BA;| = |CAy))
G = ugUs1s — UsT1o — UdTyy + U3 < 0, (BCA; outward)
Gy = —ujusTig + udzy < 0, (AC'B; outward)
| G3 = ugrs < 0. (ABCy outward)
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Assume that C'is a free point, so that uy, uy are free parameters. The set {Fy, ..., Fio}
of polynomials may be decomposed over Q(uy, uz) into four irreducible triangular sets.
However, three of them turn out to be inconsistent with the inequality constraints.

So we get only one triangular set [717, ..., Ts], where

T1:2.§L’1—1, T2212.CE%—1, T3:2I3—U1—2U2$2,

Ty = 2uswy + 2 w301 — ud — ul, Ty =225 4+ 2usxs — uq — 1,
T6:2u2x6—2x5+2:€5u1—uf—u%—i—l, T7:233'7—1,
Ty = 4xoxg — 1, To = (2usws — 2U1T4)Tg — UST4 — 2 UsT3Uy + UITy,

_ 2 2
Tho = 2x10us + 2U129 — Uy — U3,

T = (2ugxs — 2ug — 2u1T6 + 226)T11 — 2UaT5U — T + UST — USTE + 2 UpUs,
T12 = 2u2x12 — 23311 + 2u1x11 - ’LL% - Ug + 1.

From this triangular set, using the solution formulas of linear and quadratic equations
with inequality constraints, and eliminating the quantifiers, we obtain the following

weak SRRs:

1 V3 1
up <0, 55125, '732:?, r3 = X3, 14 = Xy, 15 = X5, 16 = Xo, 557:5,
1
Ty = ——, Tg = Xog, T10 = X109, T11 = X11, T12 = X195
433'2
1 V3
up > 0, TI=5 T2 =T r3 = X3, 14 = Xy, 15 = X5, 16 = X, T7 =13,
1
rg = ——, Tg = Xg, T190 = X109, T11 = X11, T12 = X2,
4.T2
where
1 —2uxs + ui + u?
X3 = -up + us, Xy = )
2 2uy
1 1 2x5 — 2uyrs +ud +us — 1
X5 = sup — usra + , X6 = L 2 ,
2 2 2 Uo
2 2 2 2
—U5T4 — 2UsT3U + UTTy —2u1rg + ui + uj
Xg = ; X0 = )
2(—ugx3 + u1T4) 2 U
¥ —u%xﬁ — Xg + 2U1Us — 2 UsT5U7 + u%xﬁ
1=
2(U2 — UoT5 + UL Tg — ZE(;) ’
2.T11 + U% — ZU1[E11 +U% -1
X12 == .

2U2
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With these solution representations, the values of x; may be easily computed for any
given real values of uq,us with us # 0 and the corresponding dynamic diagram as

shown in Figure 6.4 can be drawn and animated efficiently.

Example C.3 (Square Steiner) On the three sides AB, AC and BC of triangle ABC,
three squares ABIH, ACDE and BCFG are drawn outward.

To ensure that the squares ABIH, ACDFE and BC'F'G are drawn all outward, we
need to use inequality constraints. Without loss of generality, let the coordinates of

the points be assigned as follows:

A(uq,0), B(ug,usz), C(0,0), D(0,x1), E(uy,—uy), F(xa,x3), H(x4,x5).

Note that here we do not assign the coordinates of points G' and I. The reason is
that once the real values of the points A, B, C, F' and H’s coordinates are given,
it is easy to compute the coordinates of the reflection points G and I by numerical
computation only. Therefore, we do not involve the computation of the coordinates
of G and I in the symbolic computation. Then the geometric constraints may be

expressed as the following semi-algebraic system of equalities and inequalities:

[ Fi— i — a3 -t =0, (IBC| = [CF))
Fy=12 —u? =0, (ICD] = [AC))
F3 = —xous — x3u3 = 0, (CFLBCQC)

Fy = —2ujug +u3 + uj + 2uyry — 23 — 22 =0, (|AB| = |AH|)

F5 = ugy — ugty — uymy + ut + uzzs = 0, (ABLAH)

Gy = uiTsuzuy — UiTsU3 — u1x4u3 + u1u3 <0, (ABIH outward)

Gy = uzriut < 0, (ACDE outward)
| G3 = —uyx3uguy + uyzeui < 0. (BCFG outward)

Assume that A, E are semi-free points and B is a free point, so that wuy, wus, u3
are free parameters. The set of polynomials {F},..., F5} may be decomposed over
Q(u,uz,u3) into eight triangular sets. From these triangular sets, using the solution

formulas of linear and quadratic equations with inequalty constraints, and eliminating
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G

D E

Figure 2: Square Steiner Configuration

the quantifiers, we obtain the following two weak SRRs:

A1<U1,UQ,U3), Ir1 = Uy, 9 = U3, Tz = —Uy, Ty = —U3 + Uy,

—UpTy + U Uy + U Ty — U3
T5 = )

Uus
Ag(uy, ug,ug), T3 = —uy, To = —us, T3 = U, Tq = Uz ~+ Uy,
—UgXy + Ul + UTTy — U%
Ty5 = )

Uus

where
Ay (ug,ug,ug) s (ul >0Au3 <0)V (ul <0Au3>0);

Ag(ug,ug,ugz) : (ul >0Au3>0)V (ul <0Au3 <D0).
With these solution representations, the values of x; may be easily computed for any
given real values of uq, us, u3. The coordinates of G and I can be directly computed

with the values of u; and z;, and the corresponding dynamic diagram as shown in

Figure 2 can be drawn and animated efficiently.

Example C.4 (Butterfly Theorem) Given a circle O and A, B, C, D four points
on the circle. FE is the intersection of line AC' and line BD. Through E draw a
line perpendicular to OF, meeting AD at F' and BC at G. The theorem states that
FE =(GE.
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Figure 3: Butterfly Configuration

To express the order relation of the points and make the diagram like a butterfly,
we need to use inequalities. Without loss of generality, let the coordinates of the

points be assigned as follows:
E(Oa 0)7 O(uly 0)7 A(“Qa Ug), B(x17 U4), O(l’g, 'I?)v D(fL’5, ZL'4), F(Oa .flf@), G(()? 3:6)‘

Then the geometric constraints may be expressed as the following semi-algebraic

system of equalities and inequalities:

(

Fi =} — 2upuy +u3 — 23 + 21wy —ui =0, (JOA| =|0B|)
Fy = u3 — 2upuy +ui — 25 + 2x3u; — 23 = 0, (|OA| =1]0C))
F3 =u3 — 2ugu; +u3 — 22 + 2x5u; — 23 =0, (JOA| =1|0D|)

F4 = U3T3 — UT9 = 0,

A, C, FE collinear)
s = ugxs — w1204 = 0, B, D, E collinear)
Fy = xgx5 — usxs + usxy — usxg = 0, A, D, F collinear)

Fr = 2713 — uyx3 + 11100 — 11207 = 0,

(
(
(
(
(
(
(B, C, G collinear)
(

Gy = ugzou? < 0, A, B, C, D ordered)

G2 = U4JZ4U% < 0.

\
Assume that A is a free point and B, O are semi-free points, so that uq,...,uy
are free parameters. The set {F,..., Fr} of polynomials may be decomposed over
Q(uy ..., uyq) into four irreducible triangular sets. From these triangular sets, using

the solution formulas of linear and quadratic equations with inequalty constraints,
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and eliminating the quantifiers, we obtain the following two weak SRRs:

Al(ul...,u4), $1:u1—|—X1, $2:X2,...,1'7IX7;

Ag(ul...,U4), xlzul—Xl, $2:X2,...,$72X7,

Ar(up.oug): up Z0Auz 0 Auy #0AUZ+ud—2uus >0AQ <0
AlQa >0V (ugy >0AQ3<0)V (us < 0AQyu > 0)
V(Qi>0AQ3>0)V (uy >0AQy <0)
V(ug <OANQs>0)V(Qs <O0OAQy<O0);
Ag(uy...,ug): up #0Auz #0Auy #0AUZ+ui—2ujus >0AQ; <0
ANQa< 0V (ug>0AQ3<0)V (u3 <0AQy>0)
V(Qi>0AQs>0)V (ug >0AQ4 <0)
V(ug <OANQs>0)V(Qs <OAQy <0,

Q1 =ul —ui —ud+2ujuy —u?, Qo = ugul + wyui + ud — uyu3,
Q3 = u§u4 + uduy — ug — uduz + 2 uusus,
Qq = uuy + udug + ud + uduz — 2ujusus,

and

2 2
U3(—U +2U2U1 — U )
_ 2 2 2 2 _ 2 3
Xl—\/u1+u2—2u2u1+u3—u4, Xy = ,

2 2
usz + uj
Ua Ty ud(u3 — 2 uguy + u?) T1T4
X3 - ) X4 - 2 P ) X5 = )
U3 —uj + 2ugu; — uz — 211U Uy
—U3T5 + U2y —U4T3 + T1T2
Xg=—"""— X;=—-"7-—.
—T5 + U2 —T3 + X1

With these solution representations, the values of x; may be easily computed for

any given real values of uy, ..., us that satisfy the conditions and the corresponding

dynamic diagram as shown in Figure 3 can be drawn and animated efficiently.

Example C.5 (Pappus Theorem) Let three points A, B, C' be incident to a single

straight line, where B is between A and C', and another three points D, F, F incident
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Figure 4: Pappus Configuration

to anther straight line, where E is between D and F'. P is the intersection of line AE
and line BD. (@ is the intersection of line AF and line C'D. R is the intersection of
line BF and line C'E. Then P, (), R are collinear.

To express the order relation of the points, we need to use inequalities. Without
loss of generality and to give a concise presentation of the results, let the coordinates

of the points be assigned as follows:
A(O, 1)7 B([El, U5), C(Ul, UQ), D(O7 0), E(l‘g, U6)7 F(Ug, U4).

Then the geometric constraints may be expressed as the following semi-algebraic

system of equalities and inequalities:

( Fy = —usuy +ug + xyus — 1 =0, (A, B, C collinear)
) Fy = —uguz + xouy = 0, (D, E, F collinear)
(
(

Gi=u >0Ax >0Ax <u, B between A and C)

Gy =u3z>0Axy>0A 29 < us. E between D and F')

\
Assume that C', F' are free points and B, F are semi-free points, so that uq, ..., ug
are free parameters. The set {F}, F5} of polynomials may be decomposed over

Q(uy, - .., ug) into one irreducible triangular set [T7, T], where

Ty = usuy — uy — T1ug + T,
TQ = UgU3 — T2Uy4.
From this triangular set, using the solution formulas and eliminating the quantifiers,

we obtain one weak SRRs.

Uy U5—1 UgUs3
Q; Ty = —,

A(ula"'7u6>7 I = Uy — 1 s
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Figure 5: Morley Configuration

where

Aug,...yug): ug >0Aug—1#0Au3 >0Auy #0
A(us —1>0ANus; —us <0 Aug>0Aus—uy <0)
Vi(us —1>0Au; —uy <0Aug <0Aug—uy >0)
Vi(us =1 <O0Aus—uy>0Aus>0Aug—uy <0)
Vi(us —1 <0Aus—uy>0Aug <0Aug—uy >0)].
With these solution representations, the values of x; may be easily computed for

any given real values of uy, ..., ug that satisfy the conditions and the corresponding

dynamic diagram as shown in Figure 4 can be drawn and animated efficiently.

Example C.6 (Morley Theorem [128, 140]) The neighboring internal trisectors of the
three angles of an arbitrary triangle ABC intersect to three points P, (), R, which
form an equilateral triangle (see Figure 5 which is taken from Wikipedia).

To ensure that the trisectors are all internal, we need to use inequalities. Without
loss of generality and to give a concise presentation of the results, let the coordinates

of the points be assigned as follows as:
A('IZa I1)7 B(ula 0)7 C(u27 0)7 P(07 1)7 Q(xﬁa I5)7 R<$47 l’g).
We use the formulation of the theorem from [128], where the hypothesis consist of

/ABC =3/PBC, /ZACB =3/PCB, /CAB =3 /RAB,
/ABR=3/PBC, /JACQ =3/PCB, /BAR =3 /QAC.
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We add the following inequality hypothesis to ensure that the trisectors are all internal
P inside AABC, @ inside AABC, R inside AABC.

The hypothesis can be expressed as 6 polynomial equations and 9 inequality con-
straints, with the highest degree of 3. The set of hypothesis-polynomials can be
decomposed over Q(uy,us) into two irreducible triangular sets. For each triangular
set with the inequality constraints, we want to compute the SRRs. However, the
computations do not finished within 20000 seconds during the real quantifier elimi-

nation part.

Example C.7 Given two circles O; and Oy and an arbitrary line AB, construct
another circle O which is tangent to line AB at point B and tangent to circles O,
and Oy, both externally, at points 77 and T5 respectively.

To express the order relation of external tangency, we need to use inequalities.
Without loss of generality and to give a concise presentation of the results, let the

coordinates of the points be assigned as follows:
A(73,0), B(uy,74), O(21,0), 01(0,0), T1(1,0), O(0,1), To(uz,x2).

Then the geometric constraints may be expressed as the following semi-algebraic

system of equalities and inequalities:

Fy = —x129 + 71 — ug = 0,

O, O, Ty collinear)
FQZ—JZ%+2U2ZE1—2$1—’U%+1:0, |OT1| = |OT2|)
ng—xi+2u1x1—2x1—u%+120, |OT1|:|OB|)

Gi=x1—1>0, O, O ex-tangent)

(
(
(
Fy =22 + 103 — uyrs —wyzy +u? =0, (OBLAB)
(
(

Gy=129>0, Gz=120—1<0. O, O, ex-tangent)

Assume that B and T5 are semi-free points, so that wuy, us are free parameters. The set

{F},..., Fy} of polynomials may be decomposed over Q(uy,us) into one irreducible
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Figure 6: External Tangency

triangular set [T7, ..., Ty, where

Ty = —2uox? + 223 + uda? — 2uowy + ul,
Ty = x1wy — 1 + U2,
T3 = T1T3 — U1T3 + U1T1 — 2&31 + 1,
T4 = SL’?} — QU1$1 + 23?1 +u% — 1.
From this triangular set, using the solution formulas and eliminating the quantifiers,
we obtain six weak SRRs. We list two of them below:
Ai(uy, ug), 11 = X11, 12 = Xo, 13 = X3, 14 = Xy;

Ao (ur,uz), &1 = X2, ¥2 = Xo, 23 = X3, x4 = Xy,

where

Aj(up,ug): up —1>0AQ1 —2T<0AQa<0AQ3>0
ANus—u; >0V I[Q1 >0ANQs <0V [Q1 <O0AQ5 <0]
VIQs >0A Q4 <0}
Ag(up,ug): up —1>20ANQ1 —2T<0ANQ<0ANQ3<0

ANMQs<0VQR; >0V [Q1>0ANQ5=0]V[Qs <0AQs<0]},

Qr=ud—ul—u —4, Qy=ud+2ud+11uy—16, Q3 =uj+ 36u3—90u, + 54,
Q4 = utul + 2ugu3 + 5ui — udug — 3uug — Tugug — Sug +ud + 3uf + 3uy + 1,

Qs = uiud +ud — 2uduy — 2ugus +2ud, Qg =2ud +2ud +5u; — 11,
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and
U2 wlcl w202 U2 w201 wlcg
Xi1 = L+ + = Xpp= 2 +—,
"6 (ue—1) 3 3 2T 6(us—1) 3 3
23 — -1
Xp=1- "2, Xy= 20T X o 2w 2w — 1,
X Ty — Uy
) :16u§—ug—2ug—11u‘21 ) :54u§—125u§+72u§
! 4 (uy —1)2 P 2 4 (uy — 1)3

with ¢;, ¢o, w the same as in Theorem 2.1.5 of Section 2.1.3.
With these solution representations, the values of x; may be easily computed for
any given real values of uy, us that satisfy the conditions and the corresponding dy-

namic diagram as shown in Figure 6 can be drawn and animated efficiently.

Example C.8 In a triangle ABC, let p and ¢ be the radii of two circles through A,
touching side BC' at B and C, respectively. Let R be the radius of the circumcircle
of the triangle ABC. Then pg = R%.

To avoid the degenerate cases, we need to use inequalities. Without loss of gener-
ality and to give a concise presentation of the results, let the coordinates of the points

be assigned as follows:
B(0,0), C(u1,0), A(ug,uz), O(x2,21), Q(0,23), P(u1,z4).

Then the geometric constraints may be expressed as the following semi-algebraic

system of equalities and inequalities:

(

Fi = —2mu; +u? =0, (|JOB| = |0CY)
Fy = —2xqus +u3 — 2z1uz +ui = 0, (|JOB] =|0A|)
F3 = u} — 2z3u3 +u3 =0, (|QB| = |QA|)
Fy = u} —2z3u3 + u3 =0, (|PA| = |PCY)
G1 = uzuy # 0, (A, B, C not collinear)

Assume that A is a free point and C' is a semi-free point, so that uy, us, ug are free

parameters. The set {F1, ..., F4} of polynomials may be decomposed over Q(uy, us, us
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Figure 7: Configuration of Example C.8

into one irreducible triangular set [T}, ..., Ty], where
Ty = uiug — u2 + 2 — u?
1= U1Uz — Uy T1Uu3z — Uz,
Ty = —2x9 + uy,
Ty = u3 — 2 x3usz + u3,
Ty = u? — 2uqug + u2 — 2 x4us + u’
4 — W 12 2 443 3-

From this triangular set, using the solution formulas and eliminating the quantifiers,

we obtain one weak SRRs.

u3 — ujug + ul 1 uj + u3
y Lo = y T3 =
2u3 2U1 ZU:J,

2 2 4 .2
ui — 2uug + ujy + uj

u #0Auz #0, z1 =

Y

Ty =
2%3

With these solution representations, the values of x; may be easily computed for
any given real values of uy,us, u3 that satisfy the conditions and the corresponding

dynamic diagram as shown in Figure 7 can be drawn and animated efficiently.

Example C.9 Let incircle (with center I) of triangle ABC' touch the side BC at X
and let A; be the midpoint of this side. Then the line A;I (extended) bisectors AX

To specify the incenter I as an intersection point of angular bisectors, we need to
ensure that the bisectors are all internal, which need to use inequalities. Without loss
of generality and to give a concise presentation of the results, let the coordinates of

the points be assigned as follows:

B(0,0), C(Ul,O), I(Ug,Ug), A(JTg,l’l), Al(o,l’g), X(UQ,O), 0(1‘5,234).
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Figure 8: Configuration of Example C.9

Then the geometric constraints may be expressed as the following semi-algebraic

system of equalities and inequalities:

(

Fi = —z1u? — 2 ugusws + 2 uzugus + 2 sty Ty (tan ZBC1T = tan LACT)

— 2ugu? + udzy — 2upmiug + ulxy =0,

Fy = z1u3 + 2 uzusxe — udzy = 0, (tan ZCBI = tan ZABI)

F3 =223 —u; =0, (A; midpoint of B and C)
S Fy = z4us + usws — 1304 — T5U3 = 0, (O, Ay, I collinear)

Fs = —usxy + 125 + Taus — Toxy = 0, (O, A, X collinear)

Gy = ugziu? > 0, (I insideAABC)

Gy = Upu 23 — uzu1 T 39 > 0,

G3 = —Upu1 T3 + Usu 1 To — uzT1u2 + T3u? > 0.
\

Assume that [ is a free point and C' is a semi-free point, so that wuy, us, uz are free pa-
rameters. The set {F}, ..., F5} of polynomials may be decomposed over Q(uy, uz, u3)

into one irreducible triangular set [T}, ..., Ts], where

Ty = 2usuyUs — UsT Uy + T1U3 + udTy — 2uzus,

Ty = 213 + 2 ugtamy — 2UzuyUs — 2UzUy Ty + 2Uzu? — U3y + 2UsTiUy — U3 Ty,
T3 = —2x3+ uq,

Ty = —2ususxy + 2U3TaUs — 2U3ToT4 + 2 X1 X4Us + T1ULUZ — T1UL Ty,

Ts = 2x4Ug + Uz — U T4 — 2 TxUs.
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From this triangular set, using the solution formulas and eliminating the quantifiers,

we obtain one weak SRRs.
Uy
A(Ul,UQ,U:J,), I = Xl, To = ng T3 = E, Ty = X4, Ty = X5.
where

A(uy,ug,uz) i up #0Aug —up #0A2uy —up # 0 Auz #0Aui+ud —ujug #0

Alui +u3 —ujug <0V (ug > 0Aug —uyp >0)V (ug <0Auy —uy <0)],

and

_ 2uguy(—uz +up)

Xl 2 2 )
—U3 — Uy + UgUq
. T1u3 — 2uguiuy + 2uzu? — udTy + 2 upTiuy — uiT
2 — )
2 U3(—UQ + Ul)
X, — rruz(—2ug + uy) X 2 UyTy + Ul — ULy
4= s =
—2UsUs + 2U3Ty — 2UsTy + T1Uy 2 us

With these solution representations, the values of x; may be easily computed for
any given real values of uy,us, u3 that satisfy the conditions and the corresponding

dynamic diagram as shown in Figure 8 can be drawn and animated efficiently.

Example C.10 (Kosnita Theorem) Let point O is the circumcenter of an arbitrary
triangle ABC. Points O, O,, O3 are the circumcenters of the triangles ABO, ACO
and BC'O. Then lines CO;, BO; and AO3 are concurrent.

To avoid degenerate cases, we need to use inequalities. Without loss of generality
and to give a concise presentation of the results, let the coordinates of the points be

assigned as follows:

A(an); B(1;0)> C(U1,U2), O(x17x2)7 01(133,374), 02(5557336), 03($7,SL’8)-

Then the geometric constraints may be expressed as the following semi-algebraic
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Figure 9: Kosnita Configuration

system of equalities and inequalities:

Fy=2xu; —2x —ul + 1+ 2z9us — u3 = 0,

F4:2:U3x1—2x3—xf+1+2x4x2—x§:(),

_ 2 2 2 2 _
Fs =2x501 — 22501 — 27 +ui + 22622 — 2U26 — 25 + uj3 = 0,

Fy = 2x7x) — 2x7u; — 2% 4+ u? + 22809 — 2upws — 735 + us = 0,

G1:u27é07

Gs = —usxs + w1z # 0,

G4 = —U2X7 + U2 + ULrg — Iy 7é 0.

Assume that C'is a free point, so that uy, ug are free parameters. The set {7, . .

A, B, C not collinear)

A, C,; Os not collinear)

Fi=1-2xz,=0, (O circumcenter of AABC')
F3=1-223=0, (O; circumcenter of AABO)
Fs = —2x5u; + u? — 2ugwe + us = 0, (O3 circumcenter of AACO)

Fr =27 —1—2x7u; +u? — 2upag +u3 =0, (O3 circumcenter of ABCO)

(

Gy =14 #0, (A, B, O not collinear)
(
(

B, C, O3 not collinear)

'7F8}

of polynomials may be decomposed over Q(u1, us) into one irreducible triangular set
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[Ty, ..., T3], where

T1:—1+2I'1, TQZ_UI+U%_2:C2'U2+U%, T3:—1+2LE3,

Ty=—1—8xyzo+ 4123, Ts=4usxs — Uy — dUs®s — 8T5u1T9 + 4uixs + dudns,
Te = —2x5u; + u? — 2uswe + u3,
Ty = —4x7us + 3uy — 4ugxd + 879 — 419 — 8T7uiTo + 4usTo + 4ulTo,

Ty =27 — 1 — 2x7u; + u? — 2upwg + ul.

From this triangular set, using the solution formulas and eliminating the quantifiers,

we obtain one weak SRRs.

1 1
A(Uhuz), T = 5, Ty = Xy, T3 = 5, Ty =Xy,..., 28 = Xg.

where
Aug,ug): ug Z0Au —1#0Aus ZO0AUS+ud —up #0Augy +up #0

Aug —uy +1#0AUE+us+uf —uy Z0Auy —ug #0

Aug+up — 1 # 0Au3 —uy +ul —uy #0,

and
X, — —u1+u12+u22’ X, — —1—1—491:%7 X, — 4u%x2—u2—4u2x§+4u§x2’
2U2 8.’13'2 4(—UQ + 2u1x2)
. —2upxs + u? + ul o —4 39 + 3uy — 4ugxi + dudno + 4ulzy
6= 2U2 ’ [ 4(’&2—21’2—{—2%1152)
217 — 1 — 2x7uy +ud + u3
ng
2U2

With these solution representations, the values of x; may be easily computed
for any given real values of uy,us that satisfy the conditions and the corresponding

dynamic diagram as shown in Figure 9 can be drawn and animated efficiently.
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