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Abstract

Mathematical Knowledge Management is a new emerging interdisciplinary field

of research. Its objective is making full use of computer science and technology to

propose new methodologies and develop sophisticated software tools for efficiently

creating, disseminating, sharing, accessing, and processing mathematical knowledge.

As one of the oldest mathematics subjects, geometry embraces a large amount of

knowledge represented in different forms. Specialized methods taking into account

the features of geometric knowledge are needed for efficient management of the

knowledge. Referring to general research ideas and methodologies of Mathematical

Knowledge Management and based on the current state of mechanical geometry

theorem proving techniques and dynamic geometry software development, this thesis

presents a new research direction — Geometric Knowledge Management, explains its

main topics and research challenges, and introduces a series of management methods

and techniques for geometric knowledge acquiring, representation, encapsulation,

classification, organization, maintaining, rendering, transformation, and processing.

Applying these methods and techniques and aiming to improve disadvantages

of traditional textbooks in the form of static documents, we propose, design, and

implement a system for representing and managing (plane Euclidean) geometric

knowledge in the form of dynamic software. This system, called an Electronic Geometry

Textbook, can assist users to construct, maintain, share, and browse customized

geometry textbooks or documents at a detailed granularity, is capable of automatically

checking whether the presentation structure of the constructed textbook is appropriate

for users to read and learn, and whether the contents are complete or redundant.

It also interfaces with external geometry software systems for automatically proving

theorems therein and drawing their dynamic diagrams. To implement these functions,

we study some main problems on Geometric Knowledge Management.

By investigating and analyzing the characteristics of geometric knowledge, we

iii



design and implement a knowledge base that stores and manages multiversion

geometric knowledge data for different applications, together with metaknowledge

data characterizing their relationships and taxonomic hierarchies. We construct

knowledge data for nearly one thousand definitions, theorems, and proofs. This

knowledge base serves for applications in automated geometry deduction and

computation, automated diagram construction, automated translation, equivalent

transformation, and document generation in different versions.

By applying the metaknowledge data stored in the knowledge base, we

implement algorithms for checking the consistency of the presentation structure and

the completeness and redundancy of the contents of each constructed textbook in real

time, so that the system is able to assist users to create and maintain appropriate

textbooks efficiently.

We design a user-friendly formal Geometry Description Language. Adopting it

as an intermediate format, we address some problems on automated processing of

geometric statements in traditional geometry documents, including precise matching

of concepts, automatic discovery of certain relations amongst geometric knowledge

statements, and equivalent transformation of these statements (by applying the stored

definitions), and we also implement interfaces with an external geometry theorem

prover (GEOTHER) and dynamic geometry software (GeoGebra). This language and

related methods efficiently support automatically verifying textbook contents and

creating metaknowledge of geometric knowledge.

Key words: Geometric formulation language, Equivalent transformation,

Dynamic textbook, Geometric knowledge base, Geometric knowledge management

iv
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Ø´�[<�O

<5)û¯K.
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����ïÄ+�,êÆ�£+n´ 2001c 9�3c/|M�Ë�Þ1�1�3ê

Æ�£+nISï?¬ (MKM 2001)þ�²(JÑ5� [17]. Buchberger B.òêÆ�£

+n½Â�“êÆ�£�O�Å9Ï+n”.ù�¬Æ�8®¤õÞ�
Ê3.du/ª

zêÆ�£��{ (l²;���Ü6�p��6a.�õ� λü�)±9w�êÆ�

£��ÝÚ*gØÓ,êÆ�£+n��¹
Nõf+�9Ù�gïÄ�Ä�¯K.3

nã [19]¥, Carette J.Ú Farmer W. M.©Ûo(
�cC 10cêÆ�£+n+��©

z,JÑ
êÆ�£+nïÄ� 6«*:9ÙºX� 25��K.ù
�K�9êÆ�£

�L«!I5!¥y!J�!Å�z!|¢!=z!|�!�o!�p!?n9¦^

�¯K.¦+êÆ�£+nïÄ��ÝØ¦�Ó,·�/� Farmer W. M.3 [41]¥¤�

ã�éêÆ�£?1+n�g´,lêÆ�£����¦^��ÝÑu,òêÆ�£+

nïÄ¤�9�Ì�SNV)�Xen��¡.

• IOz:êÆ�£I��£O!¼�!u¢!uÙ!��!�y¿�^uínÚO

�,Ïd�kIOz�â�±?1�p�6Ú�¯?n.
=òêÆ�£L«�O

�Å�Ö�©��ª (X PDF!PostScript)´Øv±÷vù
A^I¦�.�éØ

Ó�I¦¦^Ü·��óé¤¼��êÆ�£?1Lã¿¦^´uO�Å?n�

�ª5/¤IOz��£êâ´+n�7�^�.

• (�z:êÆ�£�5�´ã��,�§��m¿Ø´�pÕá�
´;��ë�.

êÆ�£Ñ�3uA½êÆnØ��¸�¥.Ïd,I�±Ü·�âÝòêÆ�£

�Nz,¼�§��m�'X¿UÙ(� (�)ÙSÜ�êâ(�ÚnØ�Ü6(

�)?1©a!|�!5y,(��£���!Ü6(����,;��£�P{,

l
��«A^ö�JøÜnk��êâ|±.

• �¯��p:êÆ�£�¦^ö�)<ÚÅì.<�I�^�óä5uÙ!��ê

Æ�£,�é!¼�!�¯¤I��êÆ�£¿èAÙSNÚ(�;O�ÅI�?

n¿¦^êÆ�£±�Ï<�?1gÄ (½�gÄ�)ínÚO�,�yêÆnØ

��(5�.ù
óä�|±éêÆ�£�+n´�'­��.

e¡,·�5�[£ãùn�¡�ïÄ?Ð,ý­uV)Ì��ïÄ¤J±9�'

�^�XÚ.
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1.1.1 êÆ�£�IOz

¼�

3L�,êÆ�£�uyÑ´lêÆg���ÝÑu¿�6uêÆó�ö�ïÄ,

�,Ì�±½Â!½n!ß�!y²�(²�/ª5Lã.,
?\O�Å��±��

y�êÆ�£k���Ü©´5guó§+�,d�êÆó�öl¢SA^�¥o(

Jõ
���.ÙSNÚ/ª�DÚ�êÆ�£�'ké��ØÓ,,
é)û¢S¯

K%u�Xé­���^.�Ð�~fB´A^uO�Å^�¥�êÆ�£.^�XÚ

¢y��«�{¢�þ´±§S�/ª5Lã�êÆ�£.du*gþ��É,êÆó

�ö¿Ø'%ù
êÆ�£.�duy�êÆ�£ºX���Xd2�,¤Ly��ª

Xdõ�,·�Ò�I�*�¼��£���ÚåÝ,Ø=lêÆ���+�,�AT

lêÆ�ó§A^+�5?1È\�*¿,�ØÓ�µ�<�Jø�¡¢^�êÆ�

£]
,¿ÏLyk�EâòÙêiz,¦�<��±�B/����¯.ù´���

Ï�?Ö�´��
��ó§.,��¡,8c�Ü©êiz]
Ñ±©��ü ,¿

± PDF�O�Å�Ö�ªL«êÆ�£,,
i\©�¥�©��´ÊÏ�iÎ,¿

vk�¹'uêÆúª!©�(����Â&E.ù��©��Ud<?1�ÖÚn

),
O�Å%ØU£OÙ¥êÆL�ª�¹Â. Infty�8¦^1ÆiÎ£OEâmu

�êÆ©��ÖXÚ InftyReader�±£O�¹êÆL�ª�©��×£ã�,¿)¤

LaTeX!HTML!XML��ªL«�©� [99].ù«êÆ©����êizEâ�êÆ

�£�¼�Jø
k|�óä,�¦�?�Ú+nyk©zÑ�Ô¥�êÆ�£¤��

U.

/ªz

êÆ�£I�¦^�ó?1L�ÚQã,�~��B´êÆ��Ö�©z¥¤¦^

�g,�ó.ù«�/ªz��ó (L�þ¿Ø°(�´u<�n))�Ü©/äk/ª

�ó (k°(��{5K)�A�,~XêÆnØ¦^�ÎÒXÚ±9êÆL�ª�Ö

�5K,�ù
/ª�Lã¿ØU���¡/�xêÆ�£�¹Â,ÒXÓ��éf¥

Ñy�¶c=´éf���|¤¤©
®¿ØUL�ù�éf��Ü¹Â.^�óäÖ

�!©Û±9?nêÆ�£,I��Ìî���{5�1�A�§S.�£�Lã�ö
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�Ñ7L�3î�°(�5Ke?1,ÏdI�¦^/ª�ó5éù
5K?1�½.

Ü6��<�íng��êÆ�.,ÏL½Â°(��{5KÚín5K¢y


éínL§��[���,ÏLéÄ�ÎÒ�/ªö�¢y
éÎÒ¤L«�ý¢­

.�n)�@£,Ïd�/ªzêÆ�£Jø
nØÄ:.�âØÓ�Ü6nØ,êÆ

�£�±�/ªzLã¤õ«Ü6�ó,XnØ�yXÚ Mizar [97]¦^�²;��

Ü6,nØ&¢XÚ Theorema [120]¦^���¢cÜ6,y²ÏÃ Coq [34]¦^�

p�a.�6�õ� λü��.Ü6�ó�,L�Uåér,�Ù�{5K���¦

�êÆ�£�LãE,
Ø|u<���ÖÚ¦^.�
¦�/ªzLã�êÆ�£

U
�\g,�bCF~¦^,<��O
�
/ª�ó¿ïÄ
�'�y²nØ,

X AutoMath [101]!Mathematical Vernacular [13]!Weak Type Theory [100].ù
'

uêÆ�/ª�ó�ïÄ¤J¦�3O�Åþ?n�A^êÆ�£¤��U.

L«

êÆ�£I�3O�ÅþL«¤,«�ªâ�±�êÆ�£+nXÚÚóäk�

/ö�Ú?n,X��êÆnØ¥�ún!½Â!½n�L«¤(²�é;k
^u£

ã)û,�¯K��{6§�êÆ�£I�L«¤�{;k�êÆ�£�±L«¤ãL

�/ª,XAÛÆ¥�AÛã/!�ê­�­¡½¼ê�ã�!�ê¥���ã��.

8cêÆ�£�L«�óÏXÚ
É.ØÓ�XÚ�âÙ¦^�/ª�ó�A:9Ùõ

U�¢y�ª,�½
�gØÓ�L«�ó.,	Ñy
�
ÕáuXÚ�L«�ó,=

òêÆ�£w�´�«AÏ�&E,A^&Eï�Eâ,muIOz�L«�ª5£ã

êÆé� (êÆÎÒ!úª�)9Ù�Â,¦�êÆé�°(z!w«z!Ï^z.Ù¥,

MathML (Mathematical Markup Language) [93]��O8�´�
¦êÆL�ª�±

3pé�¥�D4!�Â±9?n,Ò� HTML?n©���. MathML´Äu XML

��ó,�)üaI5:�a´^u3��¥w«êÆSN� Presentation MathML (�

±w¤´ HTML�*Ð);,�a´ÏLI5êÆ�Â&E¦�O�Å�±?nêÆé

�� Content MathML. MathML8c�±��Ü©èAì|± (ÏLSC7����).

��,�«Äu XML��ó, OpenMath [104]ÏLSNI5��{5éêÆé��L

«?1IOz (Ø�ÄÙXÛw«),¿�ÏL Content Dictionaries5�² OpenMath

¤L��êÆÎÒ��Â (½¹Â),¦Ù�±3�Ó��Â�µe3ØÓ�O�Å§S
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½XÚ¥�p¦^l
¢yO�]
����©ÙªO� [64].¦+Ñ´éêÆL�ª

�SN?1I5,üö3�{!°(5±9(�þÑ�3ØÓ. Content MathMLéêÆ

ÎÒ�¹Â)º�´ÏL�/ªz�g,�ó�<?1)º,
 OpenMathK´ÏLJ

øÅì�Ö� Content Dictionaries5½ÂêÆÎÒ�¹Â.

éõXÚÑJø
òg��L«�ó=z¤MathML½ OpenMath�õU,XO

�Å�êXÚMapleÚMathematica,¿�ùü«�ó�m��p=z±9òüöKÜ

å5�Ú��ªIO��½��3?1�¥ [38].

ØÓ�XÚ�âÙSÜ�L«�ªÑJø
�g�êÆ�£Mïóä (authoring

tools)¦�?è�\�BÚN´.du~^�êÆL�ªÏ~´±���/ª (iÎ�

��5ü�)Ñy�,ÏdéõWYSIWYGóä�mu¦�<��±ÏLDÚ��ª5

?6êÆL�ª
Ó���¦^õ«L«�óL«��è,~Xúª?6ìMathDox

formula editor [91]!MathEdit [116]�ÏL¤�=¤���ª5�ïêÆúª¿��

�A�MathML!OpenMath��óL«��è,�k�
óä|^Ã�£OEâ5M

ïêÆL�ª [43].

±þ�IOL«�ó�±²(ÃÜÂ/L«êÆé�,ùÒ¦�<�O�Å½öØ

ÓO�Å§S�m3êÆé���Âþ�¤�£,�´¿vk3êÆ�£��gþ)û

�ÂL«�¯K.¯¢þ,êÆ�£Ñ´3�½�þe© (�¸)¥�n)�,XêÆL�

ª¥¤¦^�ÎÒ½VgI�½Â,½n��3I�únb��cJ.�3Ï~�êÆ

�£Lã¥,ù
�¸¿Ø¬²(/¥yÑ5,
I�<�ÏL�Ö5òêÆ�£0B

¿\±n)5¼�.ù�Lã�êÆ�£¿Ø°(½ö`¿Ø´�±�O�Å¤n)�.

Ïd,+nêÆ�£I�²(/L«êÆ�£�þe©,=¤¦^�VgÚÎÒ�¹Â,

Ü6ínL§¥¤¦^�b�cJ�,��kù�,^�óäâ´���,â�±k�/

©Û¿?nêÆ�£.e¡Ò0�ÏLéêÆ�£?1(�z��{5)û�¸L«�

¯K.

1.1.2 êÆ�£�(�z

êÆ�£¿Ø´�á�,
I���uA½�êÆnØ�¥,�ÙJø�¸.ùÒI

�ò¤¼��êÆ�£�n|�3�å¿3puêÆ�£��gþ5©Ûïá¦��

m��«'X,l
�ß²(/L«Ù(�.

òêÆ�£(�z��{éõ.�õê�/eêÆ�£�|�uXêÆ��Ö�
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©��“Ù-!-ã”(��¥,¿ÏL��Ú^5�L«Æ�£�m�'X.�ù«��

Ú^�âÝ'�o÷,¿ØU[���/�xêÆ�£�(�. OMDoc [75]´�«Ä

u XML�I5êÆ©��IO�ó¿�ÑÖuÅ�zínXÚ�m��p.§ÏL

Xen��géêÆ�£?1(�z:é� (A^ Content MathML½ OpenMathL

«), �ã (X½Â!½n!~f!y²�), nØ (L«ØÓnØ�m��\!�¹Ú

N��'X).A^�¬z (Schema)�g�, OMDocé©�S��Ü©UìØÓ�g

?1y©I5,,�ÏL��Ú^��ª5²(/![âÝ/L«©��(�.ÏL

� OMDoc©���Ú\�A�a±9ù
a��g(�Ú5�,�x OMDoc©�

�Â��N��Mï [80]. MathDox [90]´�«ÏL�Üõ«®k� XML�ª (�

) DocBook!OpenMath!MONET!XForms!JellyÚ XInclude)5L«Ú(�z�

pªêÆ©��IO�ª.ù«©��±�=z���¿ÏL3¶4þ�Ä�ü�5ü

«�{!ÿÁ<��êÆEU±9)ºêÆVg.

éõXÚÑ�ï
�5��êÆ�£¥,¿�âØÓ�8�¦^ØÓ��{5¢

yéêÆ�£�|�Ú(�z. ~X ActiveMath [3] ´��Äu Web �g·A�p

ªÆS�¸,ÙÆS]
�L«Äu OMDoc�ª,ÏLO\��Æ�'�á5Ú'

X (metadata) �I55¢yÙSN�|��(�z [96]. y²ÏÃ Coq #N^rM

ïêÆ½ÂÚäó,�Ï�EÚÅ�z/�yù
äó�/ªy²,¿�±l¥Ä�

�&?�O�§S. ^u+n/ªz��ê�©Û�£��5�©Ùª Coq �£¥

(C-CoRN)®²��ï [36]. DLMF (Digital Library of Mathematical Functions) [102]�

8�´�ïA�c5���ó§<
À�IOë�Ãþ� Handbook of Mathematical

Functions [2]�3���±9éÙSN?1*¿,¿ÏLMï LaTeX?è�©�,¦^

AÏ�÷5)¤Ãþ��<��±9Ä���Àz�� [39, 88]. HELM (Hypertextual

Electronic Library of Mathematics) [8, 9]�8I´ïÄ�@�ïáÚ�oJ[�!©Ù

ª�!�©��Ú/ªz�êÆ�£¥
I��Eâ,ÏLMï LaTeX½ö Coq�ó

?è�©�,¿òÙ=z� Content MathMLL«¦�êÆ�£�±ÏL�äèA9|

¢. ÄuMathDox�ªL«��È©Ú�5�ê+���pª©�®²�muÚ+n

¿�A^�3���ä�Æ�ÿÁ¥ [4, 135]. MBase [77]´ÄuWeb�©ÙªêÆ�

£¥,�ïu OMDoc�þ,æ^uÐãEâé�5���£?1(�z. MML (Mizar

Mathematical Library) [97]´�c��5��/ªzêÆ�£¥,È\
CZ��±
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�Mizar�yìgÄ�y�Mizar article (�¹
¦^Mizar�{L��½Â!½n!

y²�),l
¢y
êÆ�£�­#�E [132]. MOWGLIXÚ [92]ÏL�Ü^u+

nÚuÙêÆ©��®kIO�ª (MathML!OpenMath!OMDoc)5L«Ú|�5

gu Coq�£¥±9Äu LaTeX� Living Reviews in RelativityÏr©Ù¥�êÆ�

£,¿¦^ØÓ� XMLEâ (XSLT!RDF)5|±ÙSN��äèA!¥y!¢Ú!3

���!|¢9gÄ (½Å�z)ín [10, 57].I[�£Ä:�� (Nation Knowledge

Infrastructure,{¡ NKI) [20, 142]´��
��!�����£+N,§Ø=8¤
�

�Æ��ú��£,
��K\
;[�£,ù
Æ��)�Æ!�¯!Ôn!êÆ!

&E�Æ�,��ï!�Æ!�ÊÚ�£ÑÖJøk��Ä:,¦�£��¤��U.

NKIÏL.��±Vg'X�.�nØÄ:ïáå5��Æ��äN�£±93dÄ

:þ�Æ��;��£�N5é�£?1|�Ú(�z. TheoremaXÚ [120]�êÆï

Ä���L§ (JÑ#�VgÚß�,y²½n,J��{,���Ñ#�nØ(J)Jø


���Ü��¸,Ø=�±^u?6êÆ©�
��±Ó�?1O��y² (/Ïu

Mathematica),¿æ^I\�·¶�m�(Ü��ª5(�zêÆ�£ [113].

�
�ï(�z�êÆ�£,<��Omu
�'�Mïóä¿¢y
ØÓL«�

m�=z.~X TheoremaXÚ¦^�I\+nóä [107]¦�^r�±wª/òêÆS

N©�Ù!!!ã,¿��½SN�a.�&E (X½Â!½n�); ActiveMath¦^�

jEditOQMath [69]ÏL�Üõ�óä5�ï¿+nÄu OMDoc�êÆ�§©�; sTeX

KÏL½Â�þ��Â÷�¢y
¦^ LaTeX�{5Mï OMDoc©��õU [71].

�ïêÆ�£¥�,I��þ�ó�,,
duêÆ�£�5�Åì*�,êÆ�

£¥¥�êÆ�£k�U�3XP{�y�,=�Ó�êÆ�£�U��ïüg.'u

´ÄAT�±�£¥��5 (=�ØP{)�¯K, [55]ÏLé�
�/�?ØJÑ
ù

«�£�­E3éõ�/e´Ün��´7I�,ù��êÆ�£¥��ï��oJø


#�g´.

1.1.3 �£��¯��p

êÆín�y²

ín��´êÆuÐ�Ì�Äå,
½ny²K´êÆín�Ì�SN.l.�x

.d!îAp��F�ËA!Ù�nÄ,êÆy²���Ñ�@�´ÄuúnüÌ�í
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n,=lúnXÚÑu,Uì�½�Ü6ín5K?1k�Úö�
��½n�L§.ê

Æy²�Ì�A��)ü�¡:�(5Ú�n)5.y²�Å�z��´<�J¦�n

�./ªy²nØ�ù�8I�¢yC½
Ä:./ªy²´�^°(ÃÜÂ�/ª�

óÖ��y²,¤¦^�ÎÒÚi1LÑk²(�½Â,z��y²Ú½Ñvk¢¦,¿

�Ñ�3Å�z�§S5u�Ù´ÄÎÜín5K,ÏL(�z�Ú��(55ä½�

�y²��(5.x��Ø��½n�Ñ?Û��/ª�XÚÑ�3Ø�y²�ý·K,

ÏdêÆ�/ªz�{¿Ø´ÊH·^��{,ØUy²¤k�ý·K.¦+¿Ø�{,

/ªy²�,u�X­���^,¤��y²´�±�Å�z�y$�gÄ)¤�,¿

��(5´�±��y� (3O�Å?È��(5±9$1ù�§S�M���þ��

&?�¿Âe).C��cp,<�A^O�Å/ª/y²
éõÄ�½n,X�È©Ä�

½n (1996)!�êÆÄ�½n (2000)!oÚ½n (2004)!�ê½n (2008)� [59].

/ªy²�,�y
ín�î��(,�duÙg�Lu�¡,±�uL§��


êÆ¿Â¦<Jun).�/ªy²´·Üg,�óÚêÆúª5L��<�±n)�

y²,Ï~Ñy3��Ö!Ïr�©z�¥.�'u/ªy²,�
Ü6ínÚ½��Ñ,

~£5�£½(J���^uy²¥,éuAÛÆ�+�,�*��½��±�Ú\�

y²�¥,ù
Ï�¦��/ªy²��(5�U��+�;[5�ä,�X8c�þ

êÆØ©�(JÌ�ÏL"v;[?1"�.nØþ,�/ªy²´�±=z�/ªy

²�,
¢Sþ,ùA�Ø�U¢y.8c,éu/ªy²�{9nØ�ïÄE,´9:,

­%3uæ�ò¥��{5ïÄêÆy²,��¡(�y²���y5,,��¡�±

y²��n)5.

<�mu
éõêÆínXÚ,duín¤¦^��{ÚnØkØÓ§Ý���,

¤±ØUî�/éù
XÚ?1©a.�UìínL§�ý­ØÓ,ù
XÚ���±

©�±eoa:

• Ü6gÄy²XÚ:l+�únÑu,Uìín5KgÄ)¤,�½n�y²,X

Otter [106];

• nØ&¢XÚ:ògÄy²XÚ�êÆ�£¥(Üå5,Uìgþ
eÚge
þ

�üÑ,ÏL¦^�£¥¥®k�êÆ�£ (½Â!Ún!½n!íØ�)5gÄ

uy#�êÆ�£,¿òÙ|��êÆ�£¥¥,)¤�y²�'uÜ6gÄy²

XÚ�g,,�{á,X HR [33]!MATHsAID [95]!Theorema [16];
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• �pªy²XÚ:ÏL<Å����ª5�Ey²,¿�±(�y²�L§´��

Ú�(�,X Coq [34]!HOL light [60]!Isabelle [66]!Matita [5]!Ωmega [103];

• y²/nØ�yXÚ:�y�½y²½êÆnØ��(5½Ü6��5,Ø�)#

�y²,XMizar [114]!Scunak [12].

�E5êÆ�O�

Ù�nÄ�/ªz�{�,­�,�|^“êÆ(�”ØUÚ���êÆ,Ï�Ñy

�5�õ��O��'�êÆ©|J±B\Ù¥,~X|ÜêÆ.ÄuO���E5ê

Æ�XO�Å�Ñy��
ã��uÐ,<�muNõO�Å�êXÚ�Ï)ûêÆO

�¯K,X GAP!Magma!Maple!Mathematica!Singular�.�êÆO��'��

{Ú�{�êÆ�£éêÆ�uÐu�X�5�­���^.Ï
,êÆ�£+n�ï

Ä��)ò½ngÄy²�O�Å�êXÚ(Ü,l
�\�¡ÚXÚ/|±êÆïÄ,

�)ME#�VgÚß�,¦^O�Åòß�=z�½n¿¦�U/?1gÄy²,l

y²¥Ä�Ñ�{ (½ö��´Ü©�),ÏLÑ\êâ$1�{�Ñ#�(J,?�Ú�

)#�ß�¿­Eþ�L§,~X Coq [34]!Theorema [16].

êÆ�£�u¢�èA

êÆ�£�u¢�èA´êÆ�£+n���­��ïÄ�K. 8c¦^

�2��u¢�ª´Äu'�c��^8u¢, ~X MathSciNet!Zentralblatt

MATH!MathSearch. ù«u¢�ª=¦^ÚêÆ©��'é��&E, 
Ø�Ä

êÆ�£��Â.�
¦êÆ�£�u¢�O(!��¡!��U,�«ÄuêÆ�£

�(�ÚSN�u¢�ª�JÑ¿ïÄ,ÙL§�9�©�u¢,�ª��,{ü�í

n,$�½ny².ù«u¢�ª�±uyêÆ�£�m��d'X,Ü6�Ñ'X�,

éêÆ�£�(�z±9êÆ�£¥��ïÚA^�åX­���^ [14].êÆ�£�

èA�9�êÆ�£�©a�Ê,±9XÛÏLDÚ��ª5¥y.êÆ�£�u¢�

èAóä�mué�§Ýþ�6uêÆ�£�L«�ª.8c�Ü©®k�êÆ�£

u¢�{É��Â�Eâ�K�,òêÆ�£u¢w�´&Eu¢���A~,Äu¦

^�ÂI5�óL«�êÆ�£¥,ÏLmu�A���óä5¢yêÆ�£�u¢,

¿ÏL�OØÓ��ªL5w«êÆSN,~X ActiveMath [86]!DLMF [141]!Math
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Web Search [76, 78]!MOWGLI [92].d	,�
XÚ�éÙ�£�L«�ªJø;�

�u¢�óÚóä,~X MML¦^�u¢�ó MMLQuery [11]±9u¢óä Most

of Mizar Matches (MoMM), Coq Ú HELM ¤¦^�Äu metadata �.�|¢Ú�

Whelp [6, 7].

1.1.4 ¿ÂÚ­�5

glþ­V 50c�±5,êÆ�£�Nþ¥�¿ªO�.êÆ�£Ø=�¹êÆó

�ö�ïÄ¤J,��¹ó§Eâ<
3)û¢S¯K¥o(MEÑ5��{Ú�{�.

êÆ�£�L«!(�z!u¢�¿Ø´#�ïÄ�K,��XÙ5��5�
�,/

ª�5�õ�,I�ïÄ#��{,&¢#�å»±Ï�Üõ«õU,�¡XÚ/�<�

Jø�õ�ÑÖ,;�Å��­ENÄ.3O�ÅÚÏ&XÚÊH¦^��¹e,+nê

Æ�£I�#�ÃãÚóä±·A&EEâ�=C.O�Å�±�Ï<�ín�O�,

�ä�±�Ï<�uÙ!�¯�¼�êÆ�£.Ïd,�OmuU
Mï/ªzÚ(�

z�êÆ�£,ä�èAÚu¢õU,Jøín�O�ÑÖ�+nêÆ�£�XÚÚó

ä,âU÷v<�FÃO��é�Ç��¦.êÆ�£+n+�´3&EEâC���

µeïáå5�,¿�òUC<�éêÆ�êÆ�£3DÚ¿Âþ�*gÚ@£,Ïd

éuêÆ�uÐ�ò�)���K�.a,��Öö�ë� [74]?�Ú
)êÆ�£+

n+��uÐyG.

1.2 AÛÆÅ�z�Ä�AÛ

¦^Åì�O<aNÄ��´<�Zzc5���.üzõcc��|ó��·¦

�<al�­�NåNÄ¥)�Ñ5,¿¦<a{¤Ú\��#��;�dÓ�,é<a

MåNÄ)��J¦E3?1X.êÆ,��g,�Æ�Ä:,�X{�MåNÄ,¤�

NõêÆ[!óÆ[�J¦Å�z�8I.

êÆ¹ÄÌ��)ü«/ª:êÆO�Ú½ny².¤¢êÆÅ�z,¢�Ò´±�

E5½�{z��ªl¯êÆïÄ,¦êÆ�O�ÚínU
Uì5½�k�Ú½Å�

/�¤.<�²LZzc�êÆïÄÈ\
�þ'uêÆO��Å�z�{,~X\~

¦Øm�$�,�5�ê�§|� Gauss��{�.,
y²�Å�z%��´��J

K,���Ï3uy²�9�Nõ�
Ø��E|5Æ,ÃX²�!�£;�!�ú(

a�.
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Euclid�²;¶Í5AÛ��6JÑ�AÛÆïá�@únXÚ,ÏLA^ù
½

Â!ún?1Ü6üÌ5Øy·K��½n,l
/¤��Ü6î��AÛnØ.ù«

únz�{��y�êÆïÄD��ÆïÄ��{ØC½
Ä:.3ù«únzg��

�Úe,êÆy²Å�z������±J�� 17­V� Leibniz G. W..¦JÑÏLê

Æ��{ïÄÜ6,¦ínL§�\°(BuO�.du����¬^�,ù���vU

¢y,�r?
Ù��ê!ênÜ6�Æ��ïÄ,´y�ênÜ6��Þ.,��¡,

Descartes R.ME5/òAÛÆ¥�“/”��êÆ¥�“ê”ùü�3���@�´éá

�é�Ú�å5,Má
)ÛAÛÆ,8�3uòAÛ¯K8(��ê¯K,^�ê��

{?1O�l
)ûAÛ¯K.¦+ù�¦êÆ3g��{þ�)��=ò�nØvk

¢yAÛÆ�Å�z,�%�Ù�Ñ
,�^�´.

Ç©dk)3 [138]¥�Ñ,êÆÅ�z�ý�5Eö´ Hibert. Hilbert�²;Í

�5AÛÄ:6�îAp�AÛïá
�@����!Õá�!�N��'�î��

únXÚ,JÑ
/ªún{,AÛé�����
�p�Ä�,��X{Å��Ü6ü

Ì5ïáAÛÆnØ,l
;�
îAp�únXÚüÌín¥�“�*”Ú“²�”�Ø

î�Ï�.¦+ù«��ún�/ªüÌín�{é¤k½n?1Å�zy²����

5� GödelØ��½n¤Ä½,� Hilbert�ãåx)
��#�Æ�——ênÜ6.

,��¡, Hilbert35AÛÄ:6¥Ð«
XÛÏLÚ\,«êX¦Äuún�Ü6ü

Ì½ny²=z�Äu�IXÚ��êO�½ny²,¿JÑ
�^½n,�±é�a

�¡�X{��:½n (Hilberta)?1Ú�/�½,l
�²
AÛ½ny²Å�z

��´:�¦^��Ï^�O��{5y²AÛ½n,½n�y²Ø´�é,��½n,


´�é,�a½n.

þ­V 40c�O�Å�Ñy4�/íÄ
AÛ½ny²Å�z�uÐ. 1950c

Tarski A.JÑ
�éÐ�AÛ (±9Ð��ê)ù����·K?1Å�z�½��«

Ï^�{,��
Í¶� TarskiÅ�z½n:Ï~¿Âe�Ð�AÛ´�±Å�z�.,


, Tarski��{5­��5,l
��L§E,,�Ç$e,±�u�y3��U¢y3

O�Åþy²k¿Â�AÛ½n.

C 30c5,'uAÛ½nÅ�zy²�{�ïÄE3UY,�'ÆöJÑ��þ

#�{¦�AÛ½ngÄy²¤�gÄín+��¹��©|.oNþw,ù
�{E

Î�ÌXü^g´:�^g´´A^únz�{?1AÛ½ny²,�¡��“AI (<ó
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�U)�{”;,�^g´´òAÛ½n�y²¯K=z�,«�ê/ª£ã�¯K,,

�ÏL�êO�±��y²½n�8�,�¡��“�ê�{”.�e5,·�Uìùü

^g´©O{ü/0�Ù¥'�¤õ��{.�uù�¡�nã©Ù [27, 28, 125]!;

Í [26, 29, 138]'�õ,�©é��{�[!Ø�°(�0�,
X­u�{�Ä��n,

k,��Öö�ë�©¥�äN©z.

1.2.1 Å�zy²�nØÚ�{

�I�ê{

AÛ½nÅ�zy²�{��â»5�?Ð�8õuÇ©dk)�mM5ó

� [136].¦3¥I��êÆpÝ�E5!�{zÚO�5�éueJÑ
AÛ½nÅ�

zy²�{——Ç�{.T�{�Çp,�¢�1,4�/íÄ
AÛÆÅ�z�uÐ.

Ç�{Ì�©üÚ.1�Ú´AÛ½n��êz,=ÏLÚ\,�A��"��þ

��IXÚ,ò¤Iy²�AÛ½n¥�AÛNÚAÛ'X^�êL�ªÚ�ê'Xª

L«.~^�AÛ'XéA��êL���9�õ�ª�/ª.ù�3Ð�AÛ¿Âe

��Ü©AÛ½n���±L«¤/X {HT , CT}�/ª,Ù¥ HT ´b�Ü©,L«�

|õ�ª�§, CT ´(ØÜ©,L«�� (½õ�)õ�ª�§.½ny²�¯K3ên

Ü6þ���/¡��½¯K,�y²��AÛ½n´Ä¤á,3�ê�{eÒ=z�

�½ CT ´Ä´ HT �Ü6(Ø�¯K,=Ïéb�Ü©õ�ª�§|":8¥�,�

Ü©,¦�(ØÜ©õ�ª�§3ù�Ü©þ¤á.

Ç�{�1�Ú´31�ÚòAÛ½n�êz�Ä:þ,Uì�½5K¦^b�Ü

©�õ�ªò(ØÜ©õ�ª¥�C�Å��� (�Ø).XJ���(J (�{ª)� 0,

K½n¤á,ÄK2�?�Ú?n.ù«õ�ªC����L§��´�{z�,�±3

O�ÅþÅ�/�¤.

Ç�{�±k�/y²Ð�AÛ¥��Ü©½n (½n�b�Ú(ØÜ©�ê'X

ªÑ�^'u,���õ�ª�ª�§5L«),¿�3dL§¥U
gÄ)¤�
�ê

/ªL��N\^�.½n´3÷vù
N\^��cJe¤á�.Ï~�AÛNÚA

Û'X3únÚ½n¥�£ãÑÛ¹/b�§�´?u�~����/,
Ø´,«A

Ï�òz�/,~X�`ü^��²1�,ÒÛ¹X§�Ø¬­Ü��^��;�`��

n�/�,ÒÛ¹Xn�º:Ø¬���.
A^Ç�{���ù
N\^�¥�Ü©
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��N
�AÛ½n��òz^�,=AÛ½n´3Û«¿Âe¤á;,�Ü©üØ


AÛ½n3�cü��Lãe¦�½nØ¤á�@
�/5 1 . [26, 127]0�
òc�Ü

©�ê/ªL��N\^�gÄ�È¤AÛ¿Âþ�òz^���{.

Ø
�±y²AÛ½n,Ç�{��±^ugÄuy���AÛ'X,gÄuy#

�AÛ½n,gÄí�AÛ;,�.éõÆö
)�
Ç�ó��,ªªÆS¿ïÄU?

Ç�{,Ï
Ñy
NõÄuT�{�U?�{ [73, 124, 130, 131].Ç�{ù«Äuõ�

ª���5y²AÛ½n�g�Úå
gÄín+�Æö�4�,�,éõïÄö}Á

Xr®k��ê�{A^�AÛ½nÅ�zy²¥,¿m©&¢#�Å�z�{,~X

GröbnerÄ�{ [79]!(ª�{ [140]±9é¹kØ�ª�AÛ½n?1y²�A½�

{ [139]�.

±þ�{¤?Ø�AÛÑ´3Ç¿Âe�Ð�AÛ (=ÏLÚ\ê�Ú�IXÚ�

êz��AÛ,
�¿vkÚ\�©$�),ÏLé±�I�C��õ�ª�O���y

²AÛ½n�8�,Ïd¡��I�ê{.oN5`,ùa�{ÏLòAÛ¯K½5�(

J=z��ê¯K½þ�E,,k�/òAÛ½ny²Å�zí�¤õ,�´��r�

�k�Ç��{.�´,duy²�L§®²=z�'u�IC���êO�,y²Ô�


AÛ¿Â,é<�5`´��ç�.<��U��·K¤á�Ä��½(J,
Ã{l

AÛ��Ýn)y².3Ç�{��,�
Æölþ�­V 80c�ÒÁã�OÄu¥þ

O��Å�zy²�{,±Ï�±)¤¤��,{ü�$�´�Ö�y²,¿��
¤õ.

ùa�{�y²L§�´Äu,«�êO�,�Ø´'u�IC�
´'u�
kAÛ

¿Â�þ,Xål!¡È!NÈ!�þ!��,Ïd�±¡§����I�ê{.

��I�ê{

A^¡È�:5y²AÛ½n��{ (¡�¡È{)´dÜ!±!p�ÆöJÑ

� [29, 143].T�{�Ì�g�´¦^²1�ã�'Ç!¥þ¡ÈÚ Pythagorean�ù

n�Ä�AÛþ�O�I,ïá�
Ä�·K5£ãAÛN½AÛ'X�ù
AÛþ�

m��p'X,¿òù
·K��ín��â.y²AÛ½n�Ä�L§¦^ù
Ä�

·Kò½n�b�Ü©Ú(ØÜ©©OL«¤'uÄ�AÛþ��ª'X,,�Å�z

5 1Ï~ù
½n3AÛ�.þ¬Ñyõ«�/,Xü����¹S�Ú	�ü«�/,
����¦^

�êØ�ªé§�?1«©.
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/^b�Ü©¤�¹��ªò(ØÜ©�ª¥�:�g�� (Ï�Ä�AÛþ´¦^:

��Ä�ü�5L«�,���L§¯¢þÒ´�þO��L§),XJ��U����

ð�ª,@o½ny²¤õ.

¡È{���`:´y²�z�ÚÑk²(�AÛ¿Â,´1��r��p�/g

Ä)¤�Öy²�AÛ½nÅ�zy²�{.A^¡È{<�®²¤õ/gÄy²


500õ�Ø²��AÛ½n,$�k
y²'AÛÆ[�Ñ�y²��{á [44],��{

�·^��vk�I�ê{@���z.¡È{®²�í2�Ù§AÛ+��½ny²

¥,XáNAÛ!MinkowskianAÛ!Bolyai-LobachevskyAÛ!RiemannianAÛ.

Äuaq�g�,��#�AÛþ——���Ú\�AÛ½ny²¥5 [30].��

{�,vk¡È{r�,�é,
E,�AÛ½nU
)¤'¡È{�{á¤��y².

Richter-Gebert J.3 [112]¥JÑ
��^uy²�KAÛ½n�Äu)Ò�ê�

�{. T�{�Ì�g�´r½n�b�Ü©Ú(ØÜ©L«�'u)Ò��ê'X,

l
r½n�y²=z�é)Ò��êO�.�KAÛ¥éõ(J�½nÏLd�{Ñ

�±y²,
�y²L§�é{á.

AI�{

Ø
þãÄu�êO���{	,�k,�aAÛ½nÅ�zy²�{—— AI�

{.ùa�{�Ì�g�5guúnz�{,òAÛún��y²�AÛ½n^Ü6�

ó/ªz/L«,,��âÜ6ín5K,ÏL|¢ún8�­�Eâ5�ïy²ä¦

�¤k��!:Ñ´ún8¥�úª.ù«�{¯¢þ´½ny²�Ï^�{,¿�Û

�uAÛ½ny².

3¢SA^�¥,<�ïÄ��*�,�k�Ç��ª.ù�¡�@�ó��u 1960

c Gelernter H.��©Ù±9¦��O�AÛÅì,¤¦^��{�¡��íó{.ò

�y²�AÛ½n�(Ø��8I,ÏL|¢ïáÐ�AÛún8é�U
í�Ñd8

I�b�,òù
b���y²�f8I­Ec¡�L§,�����f8IÑTÐ´

�y²½n�Ñ�b�.�5<�qJÑcíó{,=lb�Ñu|¢�UíÑ�(Ø.

Nevins A. J.òcíóÚ�íó(Ü (­:´cíó),�,éy²�{�
NõU?,�

E�Uy²�
{ü�½n.Cc5, Balbiani L.�Æö?1
�þïÄ,ò�­��Ü

6üÌínEâA^�AÛ½nÅ�zy²þ5,¿y²
�
�é{ü�AÛ½n.
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Fèvrer²;���Ü6Ú�êO��{�(Üïá
·ÜínXÚ [42]¿�±)¤N

´n)�y².

±�ÆöòüÌêâ¥EâA^�AÛ½ny²¥¿��
é�¤õ,Ø=y²


éõXMiquel½n (T½nJu^�ê�{y²)�E,AÛ½n,
��UgÄuy

#½n [31].T�{�±uyAÛ�.¥�ØÄ:,=U�â�½��|5Kuydù


5Kí�Ñ5�¤kAÛ5�,l
Jp
�{ª���Ç.Ó�ÏLòüÌêâ¥(

�z�� �
Ù5�,l
¦|¢�k�Ç.

1.2.2 �'^���8

C 35c5,NõÄ� (�pª)AÛ^� (Dynamic Geometry Software)��
2�

�ïÄ�mu.�â^�¤Jø��ã�-5 1 ,^r�±¦^àI3¶4þ±�°(�

÷vA½�å'X (X²1!R��)�AÛã/,¤k��EÚ½Ñ�P¹e5¿�±

��­#�E.¤���ã/Ø´·��ã¡,
´Ä��,=�^àIöÄã/¥�,


é��,��ã/ò¢�/¯�/­#±�¿�,�±Ù¥�AÛ�å'X.�´d

uù«ã/�Ä�5Ú°(5,·��±�*/*	�§Cz�,Ù¥�,
é�´Ä

E,÷v,«'X,l
-u<��g����'�ß�.�Ü©Ä�AÛ^�¤Jø�

�ã�ªÑ´�Eª�,=AÛã/�)¤I�UìgS�Ú�Ú/�1�A��ã�

-,z�Ú�EÑ��6uþ�Ú�(J;k�
Ä�AÛ^�K�±ÏLéAÛ�.

¤%¹��å'X¦)gÄ)¤�A�Ä�AÛã/,X GEOTHER [127]!Geometry

Expressions [50]!JGEX [67].Ø
îAp�²¡AÛã/	,k
Ä�AÛ^���±

�EáNAÛã/ (X Cabri 3D [18]),�îAÛã/ (X Cinderella [32]),¿Jø��

?§�÷*ÐõU,�E©/AÛã/ (X Cinderella!GeoGebra [46]!GCLC [45]).,

	,�X�ä�Ê9,Nõ^�ÑJø
Web��,ÄuWeb���ªèAì²��Ä

�AÛ^���A$
),X JSXGraph [70].

Ø
)Ä/w«Ä��AÛã/�	,Ä�AÛ^����äkAÛO��ín�

õU,~X Geometry Expressions�±�â�å'XéAÛþ?1ÎÒO�; GeoGebra

�±?1AÛþ�Ýþ; Cinderella�±?1�îAÛO�¿¢y
)Ò�ê�y²�

{; GCLC¢y
¡È{; Geometry Explorer [49]¢y
��{¿òy²L§ÏLã

)��ª5w«; GeoProof [51]¢y
¡È{¿ÏL¦^ CoqXÚ�pª/�EAÛ

5 1�©¥��ã�-´�Ä�AÛ^�¤¦^�ã/±�·-,�ã�-��1¡��E.
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½n�/ªy²; GEX (Geometry Expert) [48]9Ù Java�� JGEX [67]¢y
c©¤

ã�ý�Ü©AÛ½nÅ�zy²�{,�)Ç�{!GröbnerÄ�{!¡È{!�

�{!üÌêâ¥{�¿3ã/þÄ�/w«y²L§;Üµ¥�¬�mu��?x

� [144]¢y
AÛ�ÎÒO�!ê�O�±9üÌêâ¥{�Ãõín�{,�±k

�/y²9&¢AÛ½n.

Äuã/�Ä�w«Úr��O�õU,éõ^��JøÙ§´L�õU,X�E

AÛC�,)¤;,,Ä�w«¼êã�±9ã/�Äx�J,Ôn�[,)¤p©EÇ

�ã¡�.Ä�AÛ^�¦�ã/C��\)Ä,¿�ØÛ�uAÛ�.�¥y,Ïd3

NõÆ����ÚïÄ¥Ñ��
2��A^.�?x�´8cõU��¡Úr��Ä

�AÛ^�,§^�U��ã�ª�O
��Ä�AÛ^�¥èüª��ã�ª,¦�

AÛ�ã��{',
�Jø
r��ã/w«�O�õU,�pªínõU,§SÚ©

�?��¸������Jø
k��óä.�?x�¤�AÛ!êÆ!Ôn!VÇ�

Æ��Æ�­�9Ïóä,kX�~2��A^.éuz«^�¤¢y�õU'�,a,

��Öö�ë� [87].

8cÄ�AÛ^�®²��´L,¤Jø�õU����õ.�
�8K'5XÛ

òAÛ½n½ (y²)¯KIOz,¿ïá�øØÓ^����­^�AÛ]
¥.

GeoCode [54] ´��Ï^�^uy²AÛ½n�Lã�ó, GeoProver

[52] � ± ò ¦ ^ ù « � ó L ã � ½ n � È ¤ Ø Ó O � Å � ê X Ú

(Maple!Mathematica!MuPAD! Reduce) ¤L«��ê/ª, ?
¦^�I�ê

�{?1Å�zy².T�8Â8
 250�¦^ GeoCodeLã�AÛ½n.

GEOTHER [127]´��ÄuMaplemu�?1Å�zy²Ú?nAÛ½n�^�

�.§Jø
�«IO�¢c�ó5éAÛ½n?1Lã,Ó��Lã�±�gÄ�È

¤g,�ó (Ç�½=�)Lã,��Ü6�óúª½ö^Maple�óL«��êL�/

ª,¿��±gÄ)¤Ä��AÛã/,¦^õ«�I�ê�{?1Å�zy²,¿ò(

JÑÑ�©�±B�<.T^��Ó�ïá
���L�¹õ�½n�Lã.

GeoThms [109]´���Ü
Ä�AÛ^� (GCLC!Eukleides)!AÛ½ny²ì

(GCLCprover)9AÛ¯K¥��äµe.^r�±N´/èA¯K�L (�)¯K��

ã!~f!y²�),¿3Ú��µee¦^½ny²ì,Ä�AÛ^�5&¢AÛß�,

¿r§�V\�¯K�L¥.
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Gool [83]´�«ÎÒzAÛO��ín�¡�AÛé��ó.§Õáuã/
¦^

(½�êâ½Ø(½�ÎÒ5�E²¡½Ù¦AÛ�m¥�é�,¿��±¢�/?U

ÎÒ¤L«�AÛé��ëê��,�ã§��m��p'X.Äuù«�ó�XÚ�

±éØÓ��/?1«©,Ó�æ^Ü6ü�,�êz{�Ãã5?1î�°(�AÛ

O�Úín,y²ÚuyAÛ½n,uÿAÛ�å��N5�.

INTERGEO [65, 121]´���Ï 3c�î³�8,8�3uïá��IO�,ªØ

ÓÄ�AÛ^��,ªØÓ�ó�,ª©z�AÛ�Æ]
��²�.§Jø
��£ã

Ä�AÛã/�IO�ª [1, 40]¿�dd¢y
ØÓÄ�AÛ^��m��p,ÏLé

¤M��Ä�AÛ�Æ��?1�§&EI5¿mu�A�AÛ�N GeoSkillsÚ|¢

Ú�¢y
]
��� [85],Ó��^�Jøö!]
Mïö!���Æ)ïá
�6

?Ø�"��¸±Or²�$1�¢^5.

TGTP (Thousands of Geometric problems for geometric Theorem Provers) [118]

´��ÄuWeb��ÿÁÚµ�ØÓAÛ½ny²ì
ïE�IOAÛ¯K¥XÚ.

TXÚò¯K�LãgÄ=z��ÿÁy²ì�SÜL«,¿�éz��¯K|8


¦^ØÓy²�{¤Ñ¤��m,¤õ�Ä�êâ,ÏLéù
êâ?1ÚOO�5'

�ØÓy²ì�`�ÚA:.8cT¯K¥®²�¹
 170�AÛ½n¿é Coq (¡È

{)!GCLCprover (¡È{!Ç�{!GröbnerÄ�{)�
ÿÁ�©Û.

ù
�8�,�9�êÆ�£+n¤'5��
¯K (XAÛ½n!¯K!�.�

IOz),�ÙÑu:Ñ±)ûAÛ¯K�Ì�8� (XÓ�Lã�±¦^ØÓ�AÛ½

ny²ì?1Å�zy²,�±¦^ØÓ�Ä�AÛ^�5¥yÚ?n�),¿vklA

Û�£��ÝÑu5ïÄAÛLã5 1�IOz.,	,�£+n¤'5�NõÙ§�¡

�vk�9,XAÛ�£�(�z!�Î!èA�.

1.3 �©ïÄ�ÄÅ!(J9¿Â

1.3.1 Ì�SN

AÛÆ�����P�êÆ©|®²uÐ
üZõc,<��È\
�þ´L�A

Û�£.,
�8c��,<�'5�õ�´N�A^O�Å5)ûAÛÆ¥�¯K,X

AÛ½n�Å�zy²,AÛ�.�Ä�¥y.¯¢þ,<��ò��´ME5ín,


5 1�©¥�AÛLã´�¦^AÛ�ólAÛ¿ÂþéL�é���ã.
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O�ÅK�u+n.êÆ�£+n+��3¹��uÐ�¥,�ïÄ�é�8¥u��

z�êÆ�£,¿vk'5�;��AÛ+�.AÛÆïÄ�´ly¢­.Ä�Ñ5�

k“/”é�,¿��±Ú\Ä��“þ”5£ãù
é��m�'X.ùÒ¦�AÛ�£

Pk«OuÙ§êÆ�£�AÏ5:Q�¹
äN�“/”q�¹
Ä��“þ”.�'u

Ù§êÆ+�,O�Å��±Ó�u�Ù3ã/w«�O��¡�r�õU.,��¡,

AÛÆÅ�z�ïÄ�,�M,k�/|^®k��{Ú^�óä�ò�AÛ�£�+

nJøkå�^�Ú�Ï.Ïd,·�I�m8#�g´,ïÄ#��{5+nAÛ�£.

êÆ�£+n���Ì�8I´�A^�'�nØ�{mu�õ�+nóä±÷

v<�éuêÆ�£��Ú¦^��¡�I¦.Ïd,I�ïÄ<�éuêÆ�£Ñk

=
I¦,�JøN���ªéêÆ�£?1+n±÷vù
I¦.cÙéuAÛ�£,

I�&¢XÛÜn/�ï9k�/|^AÛ�£]
9Ù(�,ÏLÛ«�ª5�ÜA

Û�£�yk�AÛ^�XÚ½óä.

�¤ù���8I¿ØN´.Äk,duAÛÆ�ïÄÓ��¹“/”�ín�“þ”�

O�,AÛ�£�Ï~�¹õ��¡,äkØÓ/ª,ÏdI��¡/�n�©ÛAÛ�

£3ØÓ�¸e�Lã�ª,±B�¢SA^Jøkå�êâ|±;Ùg,AÛ�£I�

±Ün��ª?1|��(�z,±B�u¢!èA!©��ï�A^Jø|±.Ïd

I��	§��m¤�3��«'X,¿âd?18a�n!|�5y,¦�AÛ�£

Uì�½�(�uÐ*¿,l
�±k�/éÙ?1���ö�.

AÛ�£I��/ªz±BuO�Å?n.AÛ�£�LãÄu�þ�AÛVg,


AÛVgÏ~�6uäN�ã/5ïáÙ²(�¹Â,ÏdI�éAÛVg��\�

©Û,éØÓ�/�Ñ²(�«©±Ï{øéã/��6,l
��/ªz�8�;,�

�¡,AÛ�£�9�þ�m��ê$�,ÏdòAÛ�£/ªz�I�ïÄXÛòA

Û����ê��3Ú��µeeLã,l
?1k�/?n;AÛ�£Ï~Ñ´�é

AÛ�.�,
AÛ�.�±ÏLü«�ª?1Lã:�«´�Eª,=���Ä�AÛ

^�¥¤¦^��E�ª;,�«´�åª,=Ø©gS/�ãÙ¥¤�¹�AÛ�å

'X.Lã��ªò��K��ÙéA�AÛã/�Ä�w«±9AÛ¯K�)û�{,

ÏdòAÛ�£/ªz�I�ïÄXÛò�Eª��åª�AÛ�.3Ú��µee

Lã,¿�/ªz�LãA�¦�U�F~¦^�L��ª�C±Bu<���Ö!¦

^�n).
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Ï~AÛ�£�LãÑé{',ù´du§A^
�þ�éE,�AÛVg.
3

AÛ¯K�)ûL§¥,I�òÙ¤A^�AÛVg^Ù§ÓÂ� (½�d�)Lã5�

Ol
ò¯K=z�´u?n�/ª,ù«¯K=z�g�3F~�êÆïÄ¥�²~

¦^.¯¢þ,AÛÅ�zín��Ü©�{�´Äuù«g��,~X�I�ê�{´

òAÛ¯K=z�'u�IC���ê��¯K,��I�ê�{´òAÛ¯K=z�

'uAÛþC��O�¯K.AÛÆ�Å�z�{�±9Ï<�?1AÛín,)ûA

Û¯K.X [54]¤�Ñ�,¦+<�Ï~¦^J{“AÛ¯K�gÄ)û”,�l<Å�p

���L§5w, “Å�z�{”¿Ø´“gÄzín” (Ç3 [138]¥�rN
ù�:) ,Ï

�<�3DÚAÛ©z¥¤����Ö�AÛ¯K�ãÑI�=z¤,�«O�Å�

±n)¿ö��/ª,,�âU¦^cã�Å�z�{?1?n.~X,3 [26]�Ö¥¤

k�Ñ�ÏL�I�ê�{y²�AÛ½nÑ�¹½n�g,�ó (=�)Lã,d�ö

ò½n=z
¤�� LISP�óLã�/ª±9ddÏLO�ÅgÄ=z
¤��A�

�ê/ª.c�«=z�¹
AÛVg�O�±9Ü·�I�À�,8cù�Udä�

�'AÛ�£�k²��<5�¤,±¦�=z���ê¯K´uO�Å¦).Ïd,·

�I�ïÄù«=z�L§¿òÙ�{z,l
¦�AÛíný���gÄz,�¦�

yk�AÛ^��±��?n©z¥�“�Ö”AÛ¯K.¤¢��Ö´�LãI��C

g,�ó±Bu<�n)�6,Ó�q´/ª�±BuO�Å?n.ù«gÄ=z�6

uAÛ�£�/ªzLã.

·�8c±îAp�²¡AÛ�£���	�é�,é±þ¯K?1
@ý[��

ïÄ,yòó��M#:Ú(J�ãXe:

• ë�¿/���êÆ�£+n�g�Ú�{,�éAÛ�£�AÏ5,JÑ
��

#�ïÄ��——AÛ�£+n,�ã
ÙïÄ�Ì�SNÚI�)û�¯K;

• JÑ
�@+nAÛ�£��{ÚEâ,�d���ïÄ�½
ÐÚ�nØµe;

• A^¤JÑ��{ÚEâ,JÑ
æ^Ä���Ö�/ª5L«Ú+nAÛ�£

�#g´,�O�¤
��AÛ�£+nXÚ——>fAÛ��ÖXÚ,¿�ã


Ù�O�{Ú�n;

• �O�¤
��ÑÖuAÛgÄín�O�!gÄ�ã!gÄ�È!ÓÂ=z!

ØÓ��©�)¤�AÛ�£¥;

• �âAÛ�£�A:�A^�I¦,ïÄ¿�O
^uLãAÛVg!½Â!
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·K!¯K�AÛ�£�/ª�ó —— AÛ£ã�ó (Geometry Description

Language½ GDL);

• ïÄ¿¢y
 GDLLã5 1 �gÄÓÂ=z,?
mu
AÛ£ã�ó�AÛ½

ny²ì GEOTHERÚÄ�AÛ^� GeoGebra��p��,l
¢y
AÛ½

n (GDLLã)�gÄy²��AÄ�AÛã/�gÄ±�;

• ¢y¿�ï
���¹CZ^AÛ½n�½Â,¿äkMï!?U!íØ!èA

±9u¢�£êâõU�AÛ�£¥;

• ¢y
>fAÛ��ÖXÚ,ÙõUXe:

– ÏLé{µMï��Ö¤�¹��£SN9Ù�p'X;

– �pª/�ïä/(����Ö,¿�±OV!�\!íØ!?U!­��

�Ö�SN;

– ±Ü·�âÝ�;!�o!­^��Ö�SNÚ(�;

– 3��Ö�ï�L§¥,�±¢�/uÿÙQã(����5 (SNSü�^

S´ÄÜn)!SN���5 (´Ä�¡)ÚP{5 (´Ä­E);

– gÄuy¤Mï�£SN�m�A½'X;

– Ä�/¥y�£SN�m��p'X;

– ¢�/UCXÚ�ó��ó (=©½¥©),¿�UI�gÄ)¤��ÖÛÜ

½ö�Ü��ªz�=©½¥©©�;

– gÄ)¤©�¥'uVg!ã/!Ù!��m���Ú^;

– ¤�ï��Ö¥�·K�±ÏLN^ GEOTHER?1gÄy²,¿��±Ï

LN^ GeoGebragÄ±�ÙéA�Ä�AÛã/.

��Ö��±5Ñ´XÚz+��£�1N,Uì�½�Ü6^SéSN?1|�

¦�Öö�±ÌSì?/���£.·�æ�Ä���Ö�/ª5L«Ú+nAÛ�£

´��#�}Á,§UC
DÚ��Ö=·�/¥ySN�©��ª,ÏL^�XÚ�

�ªé��Ö�SN?1�Ú+n,9Ï<��*�B/èA��Ö�(�¿¢�/U

?ÙSN.�£+nõU¦�ù�����Ö�Mï!�oÚ¦^�k�Ç:��¡�

â��ÖSN�m��p'X�±gÄuÿ§�Sü�^S´ÄÜn,´Ä�¡½ö�

3­E,l
k�/9Ï��ÖÜn/�ïÚ�o;,��¡,��Ö�SN�±L«¤

5 1 GDLLã´�A^AÛ£ã�ó���Lã.
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õ���¿éÙ?1[âÝ/�;Ú|�,ØÓ���·^uØÓ�A^.<��±g

d/�z!��±9­^õ��SN,l
Jp��Ö�Mï!?U!�#ÚU?�Ç.

�����ÖØ=�±�<¤DÚ�©�,ÙSN��±�O�ÅgÄ?n�ö�:Ù

¥�AÛ·K�±�gÄy²,l
9Ï�y��ÖSN��(5;Ù¥�AÛ�.�

±Ä�/¥y,¦AÛ�£�/��*Bun),ù�¦���“üN”���ÖC�)

Ä.,	��ÖSN�m��p'X�±ÏLã/��ª¥y,9Ï<�n)Úrº�

£�(�.

�,·�8c���é��uîAp�²¡AÛ���,�¤ïÄ�¯K!SN9

JÑ�)û�Y%´éu�ï?Û��aq���ÖÑ·^�.

1.3.2 (�Sü

�©¤ãó��Ä�g�5gu�À²�Ç,�öéù
g�?1[z©Û�ã¿

�¤
>fAÛ��ÖXÚ��O�¢�.

1�ÙJÑ
AÛ�£+nù�#�ïÄ��,lAÛÆ«OuÙ§êÆÆ���

Ý�ã
ïÄ�ÄÅ!�¹�Ì�SNÚ¯K,¿©Û
AÛ�£+n����êÆ�

£+n�m�éXÚ«O.l�ïAÛ�£¥Ú�O�£¥�	.��ü�¡&?
+

nAÛ�£��{ÚEâ,´�YÙ!�g�Ä:Ú��.ù�Ù�w�´�©SN�

VA.

1nÙA^1�Ù¤JÑ�AÛ�£êâ�(�z±9�o�{,ÏL¼��nA

Û�£êâ¿©Û�ï�£é�±9�£ã,äN/¢�
AÛ�£¥�MïL§,l


�O�¤
AÛ�£¥�êâ�;(�.��Ð«
AÛ�£¥�Ä�õU,¿`²


¢y¥¤¦^�Eâ!óäÚ�{.

1oÙJÑ
>fAÛ��ÖXÚ��OÄÅ!ïÄ�SNÚ¿Â,Ð«
XÚ�

e�,�[/©ÛÚïÄ
AÛ�£�Lã,cÙ´�O
�«AÛ£ã�ó,±d�Ä

:)û
AÛLã�gÄÓÂ=z¯KÚAÛ�£é��m'X�gÄuy¯K¿�

Ñ�A��{.,	,ÏL|^AÛ�£¥¥���£êâ,ïÄ¿)û
��Ö�(�

��5!��5±9P{5�gÄuÿ¯K.

1ÊÙÌ�Ð«
>fAÛ��ÖXÚ�¢y�{�(J,�)¤�ï���Ö�

£¥!XÚ�<Å�p.¡!AÛ��Ö9Ù��£êâ�Ä�¥y!AÛ£ã�ó

�O�ÅL«�{±9A^AÛLã�gÄÓÂ=z�{5¢y��Ö¥·K�gÄ
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y²�ÙÄ�AÛã/�gÄ±�.

18Ù´�©�o(,¿�éÙ¥��õ�Ü©±9�)û�¯Ké�5�ó��

��Ð",�)AÛ�£Lã�/ª�ó��õ,éAÛ�£?1gÄ?n��'¯K

±9ò>fAÛ��ÖXÚA^u��
I�uÐ�õU.

�©1�Ù�SN´Äu�ö��À²�ÇÜ��(J [24, 25],1nÙ�Ü©SN

´Äu�ö��Få¬9�À²�ÇÜ��(J [23],1oÙ�1ÊÙ��Ü©SN´

�ö�(J [21, 22].
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1�Ù AÛ�£+n

2.1 Úó

8cêÆ�£+n�ïÄÌ�8¥3�â!�êÚ�È©�êÆ+�.3ù
+�

¥,êÆnØ�±ÏL¦^únz�{Úy�Ü6nØÅ�z/½ö�pª/�E�|

�,ù�´Ï~êÆ�£+nïÄ¤¦^��{.¦+ EuclidÚ Hilbert�únz�{

4�/r?
AÛÆ�uÐ,�´�éAÛ�£�O�Å9Ï+nïÄ�A�vkmÐ,

Ì��Ï´¦^Ï~�únz�{Å�/y²AÛ½n½ö�pª/�E/ªy²�

�ÇØp.��¡,�XÇ3 [138]¥¤�Ñ�, Hilbert�únzNX��Ø
î�,�

ïá��� Hilbertúnz�{aq�,qUî�O(/£ãAÛ�únXÚ´��(

J$�´Ø�U�.·�Ï~��� (Ö�¥�)AÛún!½n�£ãÑb½¤�Ä�

AÛNÚAÛ'X´?u�~���z�/,
Ø´�kAÏ5�òz�/.~X,`ü

^����Û¹/b�ùü^��Ø­Ü��^��,`��n�/Ï~¬Û¹/b�

§�n�º:?uØ��� � (=�òz^�),ÄKn�/Òòz��^��,ù��

n�/�S%!	���é�ÒC�Ã¿Â.�ó�,Ï~�AÛ½nÑ´3,
�ò

z^���åeâ¤á�.��ÄXÛ3O�ÅþL«AÛ�£,?1AÛO�Úín

�ö��,Ø�;�/��¡é@
AÏ��/.duù
^�Ï~Ñ´Û¹�,O�Å

Ã{ý�¿?n,ÏdAÛ�£�°(5Ã{���y.,��¡,Ï~� (Ö�¥�)ú

nNXØ·^u/ªzAÛ�£,Ï�Ù¥AÛ½n�y²��I�ã/�9Ï,~X,

3y²²1o>/ ABCD�é��p�²©�,¬^�²1�S����ù�5�,,


ù�5��¦^cJ (A� B3é�� CD�üý)´ÏLéã/*	
���.�,

�
AÛnØ,~X TarskiAÛÚ�K²¡AÛ®²3y²ÏÃ Coq¥�/ªz/�E


�Ù�(5���
�y [89, 98],�ù«/ªy²��E¿Ø´²�{ü�
Ï~I

�¦^Ü·�E|ÚüÑâU�¤,Ïd¦^ù«�pª�y²�{5+nAÛ�£�

·^��'��,�Ç'�$.Ïd,���êÆ�£/ªz�{¿Ø·^u+nÏ~�

AÛ�£,
A�ïÄ&¢#�g´ÚÃã.

AÛÆïául�*­.Ä�Ñ5�ã/é�Ä:�þ,AÛO�!ín!�Àz
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�I�Ü6üÌ!�êO�5 1!ã/±��óä.�'uÙ§êÆÆ�,�kAÛÆº

X
Xdõk��<�½n,¿��X<�éAÛO�ín�{��\ïÄ,ù
½n

Ñ�±�Å�/y²,Ó���½n¤á��òz^� [138] (¯¢þ,glÇ�{3A

Û½nÅ�zy²+���¤õA^±� [137],AÛÆgÄín¤�gÄín.'�¤

õÚ¹��+�),AÛ�.éA�Ä�AÛã/�±3O�Åþ�pª/°(�E$�

gÄ)¤.Ïd,AÛÆ´SN4Ù´L�êÆÆ�,¿�)ûAÛ¯K�^�óä�X

d´L�r�,¤kù
Ñ�ïÄAÛ�£�+n�{Jø
^�Ú|±.3dL§¥,

O�Å3ê��ÎÒO�!ã/?n!êâ?n��¡�Uå�±��¿©/¦^Ú

u�,l
��	êÆ�£+n�#*gÚ#�{Jø��éÐ�²�.

AÛÆ´ïÄã/���!/G!�é �9�m5��êÆ©|.3AÛÆ�ï

ÄL§¥, “þ”�“/”´;��ë�,cÙ´3)ûE,�AÛO�¯K (X)ÛAÛ¥

Äu�Iþ�O�),A^�ê�{?1AÛ½nÅ�zy² (X�I�ê{¥Äu�I

þ�O�,��I�ê{¥ÄuAÛØCþ�O�),±93O�Åþ°(/w«AÛã

/ ( u¶4��IXÚ�¥)�.Ïd,+n�¦^AÛ�£AØ==Û�uAÛÆ�

�,�AT�)�'��ê�� [128, 129].AÛ�£ATºXAÛ/ª (�xAÛ¿Â),

�A��ê/ª (�x�ê¿Â)±9ã/¥y (�xy¢­.)n�¡�SN.~X,�

�¡/�x��k'�AÛ�£,I��ã�é“±: O��% r��»��”½ö“�

: Oål� r�:�;,”,�ê�§ (x − a)2 + (y − b)2 = r2 (Ù¥ (a, b)�: O��

I),ëê�§ {x = 1−t2

1+t2
, y = 2t

1+t2
} (Ù¥ t�ëê),±93O�Å¶4½�<Å¥¥y�

�ã/ (½;,)¤I���-Lã.Uìù��*:,AÛ�£�±©�Xea..

• �ã.�£:éAÛ¯¢½¯Ô���ã,�)±eØÓ/ª:

– AÛ/ª:¦^AÛ�ólAÛ¿ÂþéAÛ�£��ã,~X�3uAÛ©

z�¥�Vg½Â!AÛ�.!AÛ·K!y²L§!{0½5º�;

– �ê/ª:¦^�ê�ól�ê¿ÂþéAÛ�£��ã,~XAÛ·K3Ú

\��IXÚ¥¤éA��ê/ª (=�êz),½ö'u,
AÛØCþ�

�ê/ª;

– �ã/ª:¦^AÛ�ã�ólã/±���{þéAÛ�.��ã,~XA

^�ºÚ�5±�AÛã/�Ú½£ã;

5 1â·�¤�	,A^O�Å5ïÄAÛÆ�L§¥,�êO�'Ü6üÌ¦^��2�.
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• L§z�£:^u£ã�¯��{6§,¿�±3AÛ^�¥¢y�§S,�):

– �êz�£:òAÛVg=z�ÓÂ� (½�d�)�ê/ª�5K,~Xd�

����Ù�g�§�5K;

– ã/z�£:òAÛVg=z�Ù¤éAAÛã/±��{�5K,~Xd�

����3Ä�AÛ^�¥±�ù����ã�-;

– ¯K)û�£:)ûAÛ¯K��{!�{�,~X�¡È�O�úª,y²

AÛ½n�Å�z�{.

�X3 [19]¥¤?Ø�,êÆ�£+n�ºÂ�6uw�êÆ��Ý±9¦^êÆ

�£�8�.ÄucãAÛ�£«OuÙ§êÆ�£�ù«õ�5,ë�êÆ�£+n

�Ì�g�,·�JÑ��;�z�ïÄ��——AÛ�£+n,ïÄXÛ|^k?

�O�Å�Æ�Eâ§JÑ#�g´Ú�{§�Omu�Ü�AÛ�£+nXÚ5�

o!?n!¥yØÓ/ªõ«���AÛ�£§¿Jø�ê�AÛO�!ã/�E�

±�!gÄín��£uy�õU§±|±<��Bp�/ME!��!�¯!¦^

AÛ�£.ÙïÄSNÌ��9��£¥���ü�¡ (�ã 2.1).

ã 2.1 AAAÛÛÛ���£££+++nnnXXXÚÚÚeee���

�£¥´�«^u+n,+��£�AÏ�êâ¥,´AÛ�£+nXÚ�Ø%.

AÛ�£¥��O�ïE�9�Xen�¡Ì�SN:
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• ¼���n:Xc¤ã,ØØLy/ª�´äNSN,AÛ�£Ñäkõ�z�A

:.�ïÄAÛ�£�+n�{,ÄkI�éAÛ�£?1�¡/¼�©Û9�n

¦ÙLã5�z,±�yÙ��5�ÃÜÂ5;

• �ó�L«:�£SNI�¦^,«�óLã±/¤êâ.��¡,§�I��O�

Å?n±|±gÄzõU (X�é=z!½ny²!ã/±�),Ï
I��/ª

z,=^,«äk°(�{5K�/ª�ó5Lã./ª�ó��OA½ uLã

�Ü6�¡,=ÕáuäN�¢y;Äuù«�ó,§�I��L«¤,«äN�

�ªâ�±�^�óä£O,L«��ªA½ uLã�¢y�¡,=Bu§S�

¦^ö�.,��¡,§��I��Lã¤�/ª�g,�ó¿¦^��ªz�O

�Å�Ö�ª5L«,±|±<�èA��Ö (XÓDÚ�©�);

• |��(�:�£SN�mØ´Õá�,
´�péX/?u�A�þe©�¸

(Xw«�Ù!(�±9Û¹�Ü6'X)�¥,ÏdI��(�z,±B�+n�

£�L§Jø�&E.�
Ün/éAÛ�£êâ?1|�Ú5y,·�I�é�

�£ (=XÚz(�zAÛ�£��£)?1ï�.��£�²
õ���£SN

�¦^��!�g(�!�p'X±9�£È\uÐ�;,.ï���£�Ì��

?Ö´ï��£��N,§��á5±9§��m�'X.AÛ�£�(�z�±

w�´'uAÛ�£���£ï�.

�£¥Ø=A�;AÛ�£êâ,
�I��;'uAÛ�£���£êâ,±B

�+nL§Jøêâ|±.·�òAÛ�£êâëÓÙ��£êâÚ¡��£êâ.�

£êâ�Ù¦^ö (<ÚÅì)�m��pÚéXI�Äu�£¥���.ù
��½Â


+nL§¥é�£êâ�A^I¦,Ì��):

• êâ�o:�£êâI��ö� (Mï!?U!íØ!u¢)±B�±¢�/*¿

ÚU?�£¥,¿�I�é�£¥?1�(5!P{5!��5uÿ±�yÙÜ

n���;

• êâ¥y:�£êâI�ÏLw«óä (XèAì!�<Å!&E�Àzóä±9

Ä�AÛ^��)±DÚ�Ö��ª¥y (²L7��=z)Ñ5±Bu<��Ö

½&¢;

• êâ=�:�£êâI�l�«L«�ª=z¤,�«L«�ª±BØÓ��£+

n½ö�£?nXÚ­^;
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• êâ?n:/ªz�AÛ�£êâI��=z¿?n,~X,¦^A½�êâ?1A

ÛO�,gÄ½ö�p/y²AÛ½n,&¢±9¥yA½�êâ,òÙ=z�g

,�ó�é�.

êÆ�£+nXÚÏ~+n/ªz� (½ö�/ªz�)A^Ü6�óLã�êÆ

�£.,
�Ü©k��AÛín�{ÚóäÑ´Äu�êL�ª�ÎÒO�
¿Øö

�AÛ�£ (X½n!Ún!½n�)Lã��.·�l±en��¡©Û���êÆ�

£+n�AÛ�£+n�m�éXÚ«O.

• éuL«!¥y±9=�AÛ�£,êÆ�£+n��'EâÚIO�±�A^,

XMathML!OpenMath!XSLT!WYSIWYGMïóä,Ä�AÛ^�¥¦^�

�ã�-,AÛ½ny²ì¥¦^�¢c£ã, OpenMath�ª¥�²¡AÛc®

±9 INTERGEO�8¤�½�Ä�AÛã/�IO�ªÑ´®�3�AÛ�.

�L«�ª.,
3�£��¡þ (cÙ´'uAÛ�.�½Â!½n!=z5K,

aqu OMDoc�ª3é��g�þ��ã�g)5?1AÛLã��{ÚEâ

´8c¤"��.�
�Ü®k�^�óäk�/?nAÛ�£,÷vuù��g

I¦�Ú��/ªz�óI���OÚmu.

• éu(�zAÛ�£, �
êÆ�£+n�8¤JÑ��{�±�/�, X

OMDoc!MathDox!MOWGLI!INTERGEO.duAÛ�£äkõ«/ª¿�

�)õ«��,N�|�AÛLãd3�|¤SN (�)�ê/ª!�ã�-!�

òz^��),cÙ´?nù
|¤SN�m�'é!Äê!�6'X±9XÛï

�ù
Lã�(�±÷v¢SA^�I¦ (X©�½�§�)¤��y)Ñ´I�

��\�	�.Ïd,·�I�mu;��Eâ5��AÛ�£SN�(�E,5

±93+nL§¥�où
|¤SN.

• ØÓu��êÆ�£+n¥d+��£¥|±�ínL§,AÛín��£&¢

I�ÕáuAÛ�£¥�;�óä5?1�êö�.AÛã/��±ÏLA^®k

�Ä�AÛ^�5�EÚ¥y.Ïd,�
?1AÛO�!ín��Àz,ØUÏL

A^ín5K5?nÚ)¤�£Lã��ª,
I�mu;���{òAÛ�£

¥¥�AÛLã=z��±�®k�AÛ^�óä (ÚO�Å�êXÚ)�1��

é.
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�é±þAÛ�£+n�ïÄSN,ÏLo(©Û|^yk�]
Úóä,·�J

Ñeã+nAÛ�£��{ÚEâ.

2.2 �ïAÛ�£êâ

2.2.1 ¼�AÛ�£

�ã.AÛ�£�Ì�5
´AÛÆ©z!êiãÖ,Ú>fêâ¥� (X

Wolfram MathWorld [134]).k
AÛ�£Û¹3AÛ¯K�)û�{�¥
¿vk�

²(/JÑ,Xk'AÛ¯K=z�¡��£,AÛ½n��òz^��,ù
I�lk

²��AÛ;[@p¼�.�XO�ÅEâ�uÐ,qÑy
Nõ#�AÛ�£¿®²

�A^�AÛ^���Omu¥,X^u)ûAÛínÚO�¯K¤JÑ��«Å�z

�{½ö�{,Ä�AÛ^�¤¦^�ã/±��{�.,	du��êÆ�uÐ,�Æ

����Ú�pK��3Øä/\r,ÏdAÛ�£�5��ò¬¯�/*�,/ª�

ò¬Øä/uÐCz.AÛ�£�¼�±9+n�ª´��<�ÑÖ,ÏdAT±I¦

���,k�é5k8�/¼�,;�E¤]
�L¤.,��¡,yk�AÛÅ�z�

{�±^uuy#�AÛ½n,¦+Uåk�,��A�^�óä��±��¼�AÛ

�£���å».

2.2.2 5�AÛ�£

du<�¦^S.±9©z���É,¤¼��AÛ�£¬3L�±9VgÎÒ�

¦^þ�3XØÓ (½öØ°().��¡,ØÓ�ÎÒ�UL��Ó�¹Â.~X,�ã

AB ��Ý�±L«� |AB|,��±L«� AB.Ïd,ïám���ª�ÎÒi; [84]

¬kÏu�£�g·A¥y±9k�/�6;,��¡,�Ó�ÎÒ½Vg3ØÓ��

/eL�ØÓ�¹Â.~X,Ï~¤¦^��»�Vg´Ø°(�,Ï��»Q�±L�

�^�ã��±L�ù^�ã��Ý; ∠¤L��¹Â�´�
�,Ï�§Q�±L�

��� (∠ABC �÷¡),q�±L�ù����� (X ∠ABC = 60◦).,	,�Ó�AÛ

�£�±ÏLØÓ��éLã.~X,ødk½n�±Qã�“- A!B!C!D!E!F

����8�:,K P = AB ∩DE!Q = BC ∩ EF!S = CD ∩ AF 3Ó�^��þ”;

��±Qã�“e��8>/S�u�,Ké>�:��”.Ïd,�
¦¤¼��AÛ�

£�±�O(/�6,/ª/�¯±9��/=z,A�ïáÚ�����5�5�å
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Ú�nAÛ�£.

2.2.3 LãAÛ�£

²L5�z�AÛ�£I�¦^,«�ó5Lã±/¤êâ.¤¢�ó,=^5L

ãAÛ�£�k��ÎÒG,Ù¥�ÎÒI��gýk½ÂÐ�ÎÒ8,ÎÒ�ü�I

��l�½��{5K.~X,g,�ó�LãI�ÎÜg,�ó��{;AÛ�.�L

ã�±�lØÓÄ�AÛ^�¥�ã�-��{.ØÓ�ó�L�Uå±9�?1�?

nÚö�ÑØ�Ó.Ï~·�¤¼��5��AÛ�£Ñ´¦^g,�óLã�,�±

éÐ/�<n)!�6Ú�n,�¿ØUk�/�O�Ån)!?nÚ¦^.ÏdI�

�Oäk°(�{5K�/ª�ó5LãAÛ�£.ù«/ª�ó��O�6uA^�

I¦
v^Ú���{,Ä��K´{'Úg,,�B<��ÖÚ¦^.·�ò31 4.3

!5�[?ØAÛ�£Lã�ó��O¿Ð«�«^uAÛLã�/ª�ó (AÛ£ã

�ó) .

,��¡,Ó�«�ó3O�Åþ�±¦^ØÓ�ª5L« (~X�±=´�ó�

��©�iÎG,��±´^I5�óL«�©�).ØÓ��ª¬K�êâ?n��{

Ú�Ç,ÏdI�ÀJ�«Ü·��ª5L«!�;±9?nAÛ�£êâ.·�ò3

1 5.4.1!5�[?ØAÛ£ã�ó�O�ÅL«.

2.3 �ï��£êâ

ù�!,·�?Ø+��£5 1���£�ï��{.

2.3.1 µC�£é�

+��£êâ¦+´©Ñ�,��p�mkXS3�éX.�
��ù
éX�E

,5
Bu+n,��²;�üÑÒ´�âA^�I¦æ�Ü·�âÝò��'é�+

��£êâµCå5��+nL§�ö�é�.XJâÝ��,@o+nL§ò¬C�

éE,
Ø���;��,XJâÝL�,@o+nL§ò¬ªu²�
C�Ã¿Â.�


I5�ó (X OMDoc)Uìõ«�gâÝòêÆ©��©�©ay©�ØÓ��Nü

 .·�òù«�±�£O!«©!n)±9?n�+��£ü ¡��£é�.~X,

n�/S%�½Â´���£é�,§)º
S%ù�Vg�¹Â;.�x.d½n (�

5 1ùp;�AÛ�£.
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N¹ A.)´���£é�,§£ã
'u��²¡AÛ�.�¯¢;Ùy²�´���£

é�,§`²
T½n�Û¤á.

�£é��±y©�ØÓa., ¦�+nL§��'ö� (XMï!?n!

�p) �±Ú�/?1. ·�¡ù
a.��£a. ~X, n�/S%�½Âá

u½Âù��£a; .�x.d½náu½nù��£a. aqu OMDoc ¦^

Schema 5½ÂI5���SÜêâ(�, z���£aÑ�¹õ�A½�á5

^u�²�£é�¦^�A�!�å±9��. z�á5Ñdá5¶Úá5�

�¤, ù
ØÓ�á5¶�²
�£é��U?1�ØÓA^, 
á5�KL

«�£é�3�A�A^¥¤¦^�+��£êâ. ~X, ½Âù��£a�¹

Xeá5: knowledgeName (^uw«½Âé��¶i), formalDefinition (/

ªLã, ^uAÛLã�=z�?n�gÄzA^), naturalRepresentation

(g,Lã, ^u<�èA�wd½Âé��¹Â). S%�½Âù��£é�

�A/Pká5�“S%”, “Definition(incenter(triangle(A::Point, B::Point, C::Point)),

[concurrentpoint(innerbisectors(triangle(A, B, C)))], null) 5 1 ”, “n�/S%´Ùn^

S�²©��ú�:”.

�âA^8��ØÓ,(½AÛ�£êâµC�âÝ¿½Â�£a�SÜêâ(�

(=�¹=
á5)´ï���£�1�Ú,�´+nAÛ�£�Ä�?Ö.

2.3.2 �½�£ã

�
��£+n�ö�Jø�Â|±,I�é+��£?�Ú(�z.é&E?1

�Âï��Eâ®²��ã��uÐ,X�Â�Eâ [37],�NEâ [56]�.ÒÙ��


ó,�Â�)üÜ©:&E¢N�©aNX�§��m��p'X.�£é�òk¿ÂÚ

��'é��£&EµCå5¤�+��£�Ä�ü ,Ïd,+��£�(�z�±

ÏL�£é��(�z5�x.·�æ^±eü«�{.�£ãÉ� RDFêâ�. [111]

�éu,�±�w�´�x�£é�(���kõ­'X���ãL,½ÂXe:

½½½ÂÂÂ 2.3.1. N þ����£ã´��kSé (N , L ),Ù¥

(1) N ´^uµC+��£êâ�é��8Ü,Ù����!: (vertices½ nodes);

(2) L´^5I£!:�m'Xa.�¶i�8Ü,Ù��¡�I\ (labels);

5 1'uAÛLã�/ª�ó,·�ò31 4.3.2!¥�[?Ø.
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(3) L = {A→γ B |A ∈ N ∧B ∈ N ∧ γ ∈ L},Ù��¡�ó� (links).

�£ã��þ´ã(�,ÏL�ã¥O\'Xa.&E5£ã��£.~X,�£é

�8Üþ����£ã�¹ó� A →γ B,Ù¥ AL«�²©��½Â, B L«n�/

S%�½Â, γL«'Xa. contextOf, A→γ BL«
�²©��½ÂJø
n�/S

%�½Â¤I���¸.�£ã�Ì��|¤Ü©Ò´ó�,��Ð��£ã3uÙ¥

�ó��±�¡O(/�N�£é��m�3��«'X,Ïd�\©Û��¡¼�'

Xa.´�½¢^�kd���£ã�'�.¯¢þ,ù
'Xa.����U�¹X

�gØÓ�á5A�,§��m�E,�3X�g(�Ú�p'X,ù
'Xa.��

&E��£ã��Jø
�Â|±,�´��£��Ü©.¿�l�£u¢!�o�A

^��Ýw,ïÄXÛ5|�Ú+n'Xa.,7òU�\k�/÷v�£+n�I¦.

Ïd,�½�£ã,Ø=�¼�I5�£é��m�ó�,
��Ó�©Û�	¤¦^�

'Xa.�(� (ÏL�ï RDFSÚ�N).ù�¼���£é�8Üþ��£ã,âU�

°(/�x±z��£é��¥%,�Ù§�£é��éX���£.

�£é�8Üþ��£ã�N
��£���ý¡,,�«^u|��£é���

ª´¦^aO.aO^u�²äk�ÓÌK�¤
�m�à8'X,3�Ê!èA!¥

y+��£¥�üX­���Ú.~X,��Ö¥�Ù!�ÑáuaO.��5ù,aO

�(�aquä�(�,Ù�f!:´�£é�,Ù§!:�²
aO�ÌK,½ÂXe:

½½½ÂÂÂ 2.3.2. aO´��kS8Ü {S, K1, · · · , Kn},Ù¥

(1) n ≥ 1;

(2) z� Ki (1 5 i 5 n)´�£é�½öaO,¡�ù�aO�¤
,½¡áuù�a

O;

(3) S ´^uµC K1, · · · , Kn ¤�¹SN�V)½o(5&E�é�,¡�ù�aO

�ÌKé�.

e��aO�¤
´��aO,K§��¡�faO.

aqu�£é�,ÌKé�SÜ�êâ(�ÏLÌKa5�x.~XÌKa�¹a

O��Ú!¶i!ÌKSN�á5,
z�ÌKé�ÑPk�A�á5�.~X,��Ì

Ké��A/Pká5�“Ù”!“���n�/k'�:Ú�”!“�Ù�8�´0��
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n�/�'�­��:Ú�......”�.�
3Ú��µee5ï�+��£���£,�

±¦^�£ã5L«aO.ÌKé��Ù¤
�m�¤
“�¹”'X.�£é�ÚÌK

é�´?1+n!?n±9u¢�ö��Ä�ü ,�Ú¡�8Ié�.

Äu±þ�©Û,aO�(��±^�£ã (O, I )5L«,Ù¥ O L«¤k8Ié

��8Ü, I L«¤kI\��¹ (include)�ó��8Ü.

2.3.3 ¼���£

�£ãÏL�[£ã�£é��m�'X±9�£é�¤áaO5(�z+��

£,l
���£Jø
L«�{.Ïd,�â�£+n�ØÓ8�,I��½ØÓ��

£ã (ï�'Xa.,½ÂaO�).

��£Ì�ÏL)û+�¯K5¼�,¿��X+��£�uÐ
*¿.��5ù,

ín�O�´)û¯K�ü«Ì��ª.¯K�)� (y²½O�L§)V«
�£´N

��péX±9uÐ�.8ckéõÄuÜ6 (½<ó�U)�{��U^�XÚ½óä,

�)½ny²ì!y²ÏÃ!y²�yì!¯K{zì!nØ&¢ì�,�±gÄ½�

gÄ/�Ï<�)û¯K,¿gÄ¼���£ [113].C5<�¦^y²ÏÃ Coq¤�E

mu�AÛ�£¥Jø
�þ'uAÛ�£���£.yk�>f]
¥¥�3���

Ú^&E,±9AÛ��Ö�©z¥�Ù!(��´��£�5
.ÄuWeb���Å

��±�mu^u¼�AÛ;[¤Ýº��uL� (�)�£.,��¡,Uì�½�5

K©ÛAÛ�£êâ,mu�A�§S�±gÄ¼��Ü©��£,X½Âé��m�

U«Ú�6'X (�ë�1 4.4.3!).

2.4 AÛ�£�+nL§

Äu¤�ï�AÛ�£9Ù��£êâ,Uìêâ¥(���O�nÚ6§mu�

A��.,A^êâ¥+nXÚB�±¢yAÛ�£¥.+nAÛ�£���´±�£

¥�Ä:�.

2.4.1 �£êâ�ö���o

�XAÛÆïÄ�ØäuÐ,AÛ�£¬Åì/È\Ú*¿,ÏdI�éAÛ�£

¥?1�#,Ì��)OV#��£êâ,íØ½ö?U®�ï��£êâ.�£¥I�

Jøu¢�õU5�Ï<�k�/¼��£êâ.�«�ª´|^��£.du��£
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êâ�²
+��£êâ��p'X,ÏdÏLé��£êâ�ö�,=�£é�±9

�£ã�(�H{�±÷v<�é�½�£é���'�£êâ½é��¼�.¯¢þ

ù¿�Ï~¿Âþ�u¢,Ï�Ø�9üS,�
���ö�,
==´“ÀJ”.,�«

�ªK´ÄuAÛ�£êâ��?1u¢.��¡,�éAÛ�£�g,�óLã,�±

¦^&EEâ¥��'�{,ÏLïá¢Ú�5¢y��9üS;,��¡,�é¦^,

«/ª�ó5Lã�AÛ�£,ÏÙk²(��{5K,Ïd�±|^ù«�{5K5

?1Vg�°(��.±d�Ä:,ïÄAÛ�.����{ (8c¿vkÐm,ÙL§

ò�9�VgO�!{ü�AÛín��X�ö�)7,¬�AÛ�£�u¢Jøkå

�óä.ù
L§�¢yÌ��6u¤�ï��£êâ3êâ¥¥��;(�.

,��¡,duAÛ�£¥¥��£êâ´éAÛÆ�'¯¢�Lã,ÏdA�(

�Ù3AÛ�£¥�þe©¥´�(� (=�£¥3Ü6þ´���),l
âU�y§

��¦^´���.yk�y²ÏÃ (X Coq)�±9Ï<�5�pª/�EAÛ�/ª

y²,¦+�y
AÛ½n9Ùy²3/ªz�nØ (library)þe©¥´�(�,��

'(Jk�.�
Uår��AÛ½nÅ�zy²�{ (X�I�ê�{)�,ØU�)

�Öy²,�ØU�ä��AÛ·K´Ä�±d�£¥�þe©Ü6�Ñ,��±�ä

Ù3Ï~�¸¥��(5,Ïd�±9Ï<�uÿ�£¥¥Ü©AÛ�£��(5.d

u�£êâ�¼�Ú�ï�Ü©Ñ´d<5�¤�,ÏdÙ�(5�´A�Ì�dÙM

ïö5�y.3êâ¥��#L§¥,�UÑy�£êâ�P{,=�Ó��£êâ�­

E�ï.�,ù¿ØK�Ù����(5,�´du�£é�´+nö��Ä�ü ,Ï

dA��y�£é����5,¦þ;�P{�u).,	,��UÑy�£êâØ��

��¹,=,
�£é�3Ü6þ¤�6��£é�¿Ø�3uAÛ�£¥¥,~Xí

Ø,�Vg�½Â¦�dVg�A^C�vk�â,½ö?U,�ún¦�únXÚu

)Cz
���£¥3Ü6þC�Ø��.ÏL¦^yk�^�óä5��gÄ/?1

þãuÿ´Ø�1�.�k���£êâ�o�ª´<Å��,=�?1�£êâ�#

�,ÏL¦^��£5¼�@
�U��êâ¥Ü6þØ��!P{±9Ø����£

êâ,,�d<éÙ?1©Û�ä2�Ñ�A�U?ö�.

2.4.2 �£êâ�=���p

AÛ�£�¦^ö�)<ÚO�Å.�éØÓ�¦^ö,AÛ�£I�ÏLØÓ�

�ó5Lã,=AÛ�£I�¦^�/ª�g,�ó5Lã±�B<��ÖÚn),
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¦^/ª��ó�BO�Å��¯?n�ö�.Ïd,�
¦^¦�U��êâ5Lã

AÛ�£ÒI�ïÄØÓ�ó�m��È�{¿mu�A�=zóä.��5ù,òg

,�ó�È�/ª�ó�JÝ�6u/ª�ó�/ªz§Ý,
l/ªz�ó�Lã

=z�g,�ó�LãK�éN´
,����(J�Ué<
ó¿Ø@og,.ù«

=zI�¦^g,�ó?n��'�{ÚEâ.,��¡,duØÓ��£¥¦^��

£ (+��£Ú��£)Lã�ó¿Ø�Ó (X Coq�ó!Mizar�ó!OMDoc),Ïd

�
¦�£3ØÓ��£+nXÚ¥­^,I��éäN��ó©ÛïÄØÓ�£¥

�m�êâ=��{.�
�ÜÚ���£]
,I��	ØÓXÚ�m�p��1

5,,��½IO��£Lã�ó,ù�I���Å�!ïÄ�|!^r�5���

¤ [62, 110, 117].

�£¥¥��£êâI�¥y�<èAÚ�Ö,ÏdI��O¤���ª±9.

¡5�¡)Ä/Ð«�£êâ.AÛ�£lØmAÛ�.,Ä�AÛ^��±ÏLÄ�

��ª5¥yAÛ�.,¦�<��±�pª/�*aÉAÛã/¥¤%¹�5�.,

	 [133]0�
¦^Ä�AÛ^� Geometry Explorer±ã/��ª¥yAÛy²�L

§.Ä�AÛ^��¥yAÛ�£êâJø
k|�óä.,��¡,©iQã��£ê

â (Xg,�ó�AÛLã!�ê�§�)�´Ø�"��|¤Ü©,I�æ^Ú��i

N!ôÚ!�ª!��Ú^ó��5O\�Ö�lÐaÉ.Ø
AÛ�£êâ��,'

uAÛ�£���£êâ�I�¥y,±Bu<�l÷*��Ý�*/
)AÛ�£�

(�.��£�)�£é��SÜ(�±98Ié�þ��£ã,cöI��â�A�

£a¤½Â�SÜêâ(�5�Oäk�g(���p.¡,
�ö�±|^äk�p

õU�ã�¥yóä5Ð«.

2.5 AÛ�£é��O�!ín��Àz

Xc¤ã,3+nAÛ�£�L§¥,·�I�¦^�
	Ü�^�óä9Ï,Ì�

�)AÛ½ny²ì½öO�Å�êXÚ (^u9Ï�äAÛ·K��(5!¼�#�

AÛ½n±9?1AÛO�)ÚÄ�AÛ^� (^uÄ�/¥yAÛ�.).

�
U
A^ù
óä,I�òAÛLã5 1¤¦^�/ª�ó�È¤8Ióä¤

5 1ùp�AÛLã´�¤�?1?n�êâ,X�?1½ny²��AÛ½n�Lã,½ö�¥yã/

��AÛ�.�Lã.
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¦^ (½¢y)��ó.éu¢y
ó,I�òAÛLã�L«�ª=z�8Ióä¤£

O�L«�ª.,
ù«=z¿Ø´{ü�VgN�,Ï�AÛLã¥¬A^�þE,

�AÛVg,~X<»Õn�/!pd��,ù
Vg�Ü©ÑØ´8Ióä¤¦^�

Vg.Ïd,3A^ù
óä�c,k�éAÛLã?1VgO�òÙ=z�,��Ø¦

^ù
Vg�Lã (¦^�
{ü�VgXn�/!��!�:!��),Ó��y§�

�m��d5.¯¢þ,VgO��´?n¯K�~^�ª,�3�âVg�½Âò��

Vg^Ù½Â,�à�Lã�O,l
òù�Vgl�5�Lã¥“��”.AÛ�£¥

�¹
AÛVg½Â�/ªzLã,�
¦AÛLã3AÛ�£¥�þe©¥�ÓÂ/

=z,I�ïÄ¦^ù
�ã.�½ÂéAÛLã?1=z��{¿òÙ�{z,ù�

L§�6uAÛLã±9AÛVg½Â¤¦^�/ª�ó.

²Lþã�{=z��AÛLãØ¹kE,�AÛVg,Ï
�±�=z�8Ió

ä�?n�Lã,ùÚ=z¿Ø´¦^Vg�½Â,
´¦^Vgþ�N�.¯¢þ,ù

«VgN��5K´AÛ�£¥¥�L§z�£,~Xò“n:��”=z��I�ê�

§��êz5K;ò“±n:�º:�n�/”=z��ã�-�ã/z5K�.Ïd,I

�?�ÚïÄ¦^ù
L§z�£5éAÛLã?1=z��{¿òÙ�{z,ù�L

§�6uAÛLã±9VgN��5K¤¦^�/ª�ó.

��AÛLã²L±þ�üÚ=z��â�±�8Ióä£O¿?1�A�?n.

A^�q��{,/ªz�AÛLã��±ÏL¦^�A�L§z�È5K�=z�g

,�óLã.Ïd=zL§��{´A^	Ü^�óäéAÛ�£é�?1O�!ín

±9�Àz�'�.
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1nÙ AÛ�£¥��O�¢y

3.1 Úó

AÛ�£¥´AÛ�£+n�ïÄ­:,�´AÛ�£+nXÚ�Ø%|¤Ü©,

§�+nL§Jøêâ|±.AÛ©z±9�'>fêâ¥¤�¹�AÛ½Â!ún!

½n!y²!¯K��ã.�£´AÛ�£¥�Ì��¤Ü©,�´+n�Ì�é�,

ù
�£A�¦^õ«�ó (X=�!Ç�!/ª�ó�)5Lã±÷vØÓ¦^ö�

I¦.l,��Ý�Ä,8c®kéõ^ugÄín!O�!�pª�ã�AÛ^�ó

ä,z�^�ÑkÙé�'AÛ�£ (Ì�´L§z�£)�äN¢y.,
,ù
^�

¤¦^�AÛ�£�Ü©Ñ´�q�$�´�Ó�,~X,3ù
^�óä¥,����

±ÏLn�Ø��:,ü�: (����%,,����þ�:),½ö��:Ú���Ý

(���»)n«�ª(½/�EÑ5.�mu#�AÛ^�óä�,­#5�ã9¢yù


�£Ã¦¬L¤�þ��m�°å.Ïdïá���±�AÛ^�óä�mu±9¦

^JøIO�£êâ�AÛ�£¥,ò;��N�­ENÄ,JpAÛ^��¢y�Ç.

AÛ�£´²LÜ6ín�Ú�Ú/MEÚÈ\å5�,~X|^®½Â�AÛV

gÚ\#�AÛVg,A^®k�AÛ�£í�ÑAÛVg�5�,y²#�AÛ½n

�.AÛ�£¿Ø´?3��“²¡”þ,
kÙ����g(�.AÛ�£¥I�ù
�

�£5éAÛ�£êâ?1(�zl
�+nö�Jø|±,�¡O(/�x��£é

uO\AÛ�£¥�¢^5åXØ�½"�­��^.ïÄ�¼�AÛ�£���£,

I�l±en��¡�Ä.

• 3��¥,AÛ�£Ï~±©��/ª (X��Ö!ùÂ!Ø©�)¥y�Æ).é

uXÛ|�!L�9Qã�£,��ó�ökéõ¦^.~��£.©��Qã(

��6u¤�9�£�m��6'X.Ïd�
9Ï<�5Mï(�Ün�!�ø

<�ÆS�AÛ©�,I�©ÛÚ�nAÛ�£�(�±B¼�^u�xAÛ©

�¥AÛ�£�m�6'X���£;

• 3ïÄ¥,I�Jl�£�uÐ;,:,�Vg´d=
�£Ü6�Ñ�,=
�

£I�3y²,�½n¥¦^�.Ïd,�
Jø�<���ß�AÛ�£�Ü6

uÐóä,I�¼�AÛ�£�mÜ6'X���£;
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• 3A^¥,��£�±�AÛ�£êâ�èA!u¢9�oJø|±,ÏdI��

éA^�äNI¦5¼��A���£.

AÛ�£¥´^u�;Ú+nAÛ�£êâ9Ù¤á�£aÚ�p'X���£

êâ�AÏ�êâ¥,§I�JøAÛ�£�õ«��ÚØÓ/ª�Lã±÷vMï>

fAÛ©�Ú)ûAÛ¯K�gÄzA^é�£êâ�I¦.

3.2 AÛ�£¥��O

e¡,·�A^1�Ù¤JÑ�AÛ�£+n�{ÚEâ?ØAÛ�£¥�äNï

E.

3.2.1 ¼�AÛ�£êâ��

êâ��´3�£¥¥�;�£êâ�Ä�ü�5 1 .ÏL�	<�O�Åü�¡

é�£¥�¦^I¦,·�©OlAÛ¿Â!�ê¿Â!ã/¥yn�¡©ÛAÛ�£

�Lã,?
¼�AÛ�£êâ��.

Vg�+��£��ãJøâ�,+��£êâ�Ä�|¤´A^+�Vg (ùp

;�AÛ+�)�äN¢~.~X,n�/�S%´��AÛVg,3��äN�AÛ�

.¥,§B;���äN�:,ù�:B´S%ù�Vg�äN¢~.3�O�ï�£¥

�,ÄkI��Ä���¯K´XÛuÿAÛ�£�Lã¥AÛVg�¦^´Ä�(,

~X,·�ØU`�^��Ú���²1,ü^�����.�d,AÛ�£I�¦^,

«/ª�ó5Lã5 2 .Ó�,^u�;AÛVg�¦^5K�êâ��AT3�£¥¥

�Jø,±B�Vg�äN¢~�¦^?1�(5uÿ±9Vg��.

• ��5ù,AÛVg�äN¢~´ÏL�E��ªLã�.~X,±n:�º:�n

�/,n�/,>þ�¥�,ü^��²1�.��AÛVgI� vocabularyÚ

attributeListü�êâ��5(½,Ù¥, vocabulary��^5�;«©V

g�I£c®, attributeList��^5�;Vg�¦^ (½�E)5K.~X,

n�/�Vg�±^“triangle”5 3Ú“(Point, Point, Point)”L«,^u�²n�/

5 1lEâþù,êâ��´^5£ãêâ�Ü6ü�,
êâ�â´ý���;ü�.�
Qã�B,·

��¡�£êâ´�;3êâ��¥�.
5 2ù«/ª�ó��[5�ò31 4.3.2!¥�?Ø.
5 3ÚÒ¥�Ü©L«êâ��¤�;�êâ.
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I�dn�a.� Point�AÛ¢N5�E.3AÛ�£�Lã¥,�±¦^n�

/���¢~“triangle(A, B, C)”,Ù¥A!B!C7L´a.� Point�AÛ¢N.

�E,�¢~X“triangle(midpoint(A, B), midpoint(A, C), midpoint(B, C))”L«

n�/ ABC�¥:n�/,ù«Lã´ÎÜ¦^5K�,Ï�“midpoint(A, B)”!

“midpoint(A, C)”!“midpoint(B, C)”Ñ´a.� Point�¢N.

• AÛVgÏ~Ñ´�3��G�e�é�,Ï
Û¹X,
�òz^�.~X,��

n�/�Û¹^�Ò´Ùn�º:Ø��,ÄKù�n�/Bòz¤�^��.�


¦Vg�¹Â°(z,I�êâ�� nondegeneracyCondition5�;AÛ

VgéA��òz^�.

• AÛVg�±�n),I�Ù3AÛ¿Âþ�½Â.lO�Å��Ýw,I�^/ª

�ó5LãÙ½Â,±B�AÛLã�ÓÂ=z�A^Jø|±,Ïd�£¥I�

êâ�� formalDefinition5�;Vg�/ªz½Â;l<��Ýw,I�±

g,�ó5?1Lã,±B��òAÛVg�¹Â¥y�<�Ö±9n),Ïd�

£¥I�êâ�� naturalRepresentation5�;AÛVg�g,�ó½Â.

• éAÛVg�?nÚ¦^��)±e�¡.l�ê¿Â5w,AÛVgÑéAu

�ê¥���,~X,:éA�I (½�þ),­�éA�ê�§,²1R��AÛ'

XéA�ê�§,Ïd�£¥I�êâ�� algebraicScript5�;òAÛV

g=z��A�ê/ª�5K (�êz5K),l
�AÛLã��êzJø|±;

lã/¥y��Ý5w,AÛVgéAu�ã��E·-,~X,±�:��%�

L,�:��,L,��	�:�ù^���R��,Ïd�£¥I�êâ��

diagramScript5�;òAÛVg=z��A�ã�-�5K (ã/z5K),l


�AÛLã�ã/±�Jø|±;lAÛ¿Â5w,AÛLãQI�/ª�ó�

I�g,�ó,Ïd�£¥I�^ translationScriptêâ��5�;ò/ª

zLã�Vg=z¤g,�óLã�Vg�5K (�È5K),l
�/ª�ó�È

¤g,�óJø|±.

e¡�	AÛ�£�Lã.lO�Å��Ýw,�ã.AÛ�£ (�)AÛ½n!y

²!¯K�)I�¦^äk°(�{5K�/ª�ó5Lã,¦�O�Å�±éÙ?1

=zÚ?n,Ïd�£¥I�êâ�� formalRepresentation5�;�£�/ª

z (AÛ)Lã;AÛgÄín��r���{Ò´òAÛ¯K=z��A��ê¯K�
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�ê�{,~X,òAÛ½n��½=z� (�)�êXÚ�n�¤
�½¯K,Ïd�

£¥I�êâ�� algebraicRepresentation5�;�£ (X½n!¯K�)��

êLã5 1 ;AÛ�£��ÑéAu,�AÛ�.,�
�±A^Ä�AÛ^�5¥yA

Û�.,�£¥I�êâ�� diagramInstruction5�;�E�AAÛ�.��{

½�ãLã5 2 .aquAÛVg,AÛ½n!·K��¤á�Ó��6u,
�òz^

����,Ïd�£¥I�êâ�� nondegeneracyCondition5�;�£éA�

�òz^�.l<��Ý�Ä,AÛ�£�I���ÖÚèA,Ïd�£¥I�êâ��

naturalRepresentation5�;�A�g,�óLã.

ØØ´AÛVg�½Â�´Ù§AÛ�£,ÑI��D���¶i��I£,~X,

Vg�¶ikn�/!S%�,½n�¶ikÜ�t½n!øÊd½n�5 3 ,Ïd�

£¥I�êâ�� knowledgeName5�;�£�¶i;AÛ�£lØmAÛã/,Ï

~��Ö�©z¥�AÛã/´·��,=Ø�Cz�,Ù¢�=´AÛ�.���¢

~;,�«AÛã/´Ä��,=dÄ�AÛ^�±��,ã/3÷vAÛ�.�å�

^�e�±Cz,Ù¢�´AÛ�.�¤k¢~,
½n��´�¦é¤k�¢~Ñ¤

á.Ïd,�£¥I�êâ�� staticFigureÚ dynamicFigure5©O�;·�ã

/ÚÄ�ã/;AÛ�£Ï~Ñäk�
'��A�±«©*d,�£¥I�êâ��

keyWords5�;£ãù
A��'�i±�B�ÎÚu¢.

nþ¤ã,êâ��¥¤�;��£êâ�±ÑÖugÄín�O� (Äu�ê

z5KÚ�êLã)!gÄ�ã (Äuã/z5KÚ�ãLã)!gÄ�È (Äu�È5

K)!ÓÂ=z (ÄuVg�/ªz½Â)!ØÓ���©�)¤ (ÄuAÛ�£�ØÓ�

óLã!·��Ä�ã/)±9u¢ (Äu¶i!'�i).'u��£êâ¤¦^�L

ã�ó9�ª,·�ò31 4.3!�[?Ø.

3.2.2 �ïAÛ�£é�

êâ��¤�;��£êâØ´�p�á�,
´*d�m�3XéX�.~X,Ó

��Vg�½Â�±¦^ØÓg,�ó5Lã,Ó��½n3ØÓ��IXÚ¥�±k

ØÓ��êLã�.|�+��£êâ (=ï���£)�1���g´ò�péX�ê

5 1�©¥��êLã´�ÏLÚ\�IXl�ê¿ÂþéL�é���ã.
5 2�©¥��ãLã´�¦^�ã�-éAÛ�.��ãÚ½��ã.
5 3'uùü�½n�SN�ë�N¹ A.,�©�¡�ò¬¦^�ùü�½n��~f.
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â��Uì�½(�µC¤�±�£O!«©!n)9ö��AÛ�£é�.~X,n

�/S%�½Â,Ü�t½n�¤�9�êâ��Ñò�µC��A��£é�¥.�

£a^5½Â�£é�SÜ�êâ(�,=�£é�¤�¹�êâ���m�éX,ê

â��=�w�´�£a�á5.Ó���£a¤½Â��£é�Pk�Ó�SÜ(�.

·�ë� OMDoc [75]3�ã�gþ�I5NX±9AÛ©zé�£SN�©aDÚ,

éAÛ�£é�?1Xe©a,¿�éÙA:�[©Û½Â3ù
�£a��g(�9

ÙSÜ(�.

• ½Â (Definition):^uD�+�Vg½â�±²(¹Â��£;

• ún (Axiom):+�Sú@�ý·K,´ín�Ñu:,¿dd�±Ü6�Ñ+�S

ý·K;

• ·K (Proposition):�±lÜ6þ�äýb�+��£;

– äó (Assertion):(²�ý�·K;

– Ún (Lemma):3y²½nL§¥^�¥m(Ø�ý·K;

– ½n (Theorem):d®�É�ý·K,Xún½Ún�Ü6�Ñ�ý·K;

– íØ (Corollary):d,�½nN´½��/Ü6�Ñ�ý·K;

– ß� (Conjecture):���y²�ý½�b�·K;

• y² (Proof):`²·K�ý�Ü6í�L§;

• ¯K (Problem):'u,�êÆé�½(��¦¯,I��)�½)º;

– ~f (Example): ^uÚÑ½�ã+��£¤^��¯K;

– öS (Exercise):I��)û�¯K,±B\ré,
A½+��£�n);

• )� (Solution):)û¯K�k�ÚL§;

• �{ (Method):^u)û¯K�k�ÚüÑ;

• �{ (Algorithm):dÑ\��(J�k�Úö�L§;

• `² (Note):^u0�+��£�8�!8I!�µ!{¤���£;

– 0� (Introduction):^uÚ\+��£�V�`²;

– 5º (Remark):é+��£�Ñ�,
5º`².

z���£a��¹kA½�êâ�� (=á5),äN��¹'X�ë�N¹ B.e

¡?Ø�£a¤½Â��£é��SÜ(�.·�æ^¢NéX (E–R)�.5L«ÙS
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Ü(�.êâ���À�¢N,·�ÄkÏL©ÛÙ�;��£êâ�A�Ä�Ñ¢N

á5,,�©Û¢N�m��péX.

���¹e, Ó���£é��¹�Ó�êâ���U�;õ«�U�. ~X,

��Vg½Â�g,�óLã�Ukõ«, ��½n�Ukõ«�êLã��. Ï

d,êâ�� algebraicScript!algebraicRepresentation!diagramScrip

t!diagramInstruction!nondegeneracyConditionÏLá5 version5«

©ØÓ����£êâ;êâ�� translationScript!naturalRepresentati

onÏLá5 language5«©ØÓ�ó��£êâ;


éu�£�¶i,ØÓ�ó�Lã´ØÓ�.~XÇ�^“Ü�t½n”,=�K

^“Simson′s theorem”.Ïd·�éêâ�� knowledgeNameÚ\á5 name5�;

ØÓ¶i�Lã,X“Ü�t½n”Ú“Simson′s theorem”,á5 language^u�;¶

i¤¦^��ó¶,X“¥©”Ú“english”,á5 role^u�;¦^d¶i��£a¶,

X“Theorem”.

AÛVg�/ªz½Â��düÜ©|¤: �½Â�Vg�½ÂN�é. ·�

ddéêâ�� formalDefinitionÚ\á5 instanceÚ formalDefinition

5©O�;ùüÜ©; 
éu�ã.AÛ�£�/ªzLãÏ~doÜ©|¤:

cJêâ (X½n�b�!¯K�cJ!y²Ú½¥�c�^��)!8Iêâ

(X½n�(Ø!¯K�8I!y²Ú½¥�(Ø�)!êâ'X (X½n¥b

��(Ø�m�¿©½7�'X!¯K¥I�é8I?1y²!O�!�ã

½¦;,!y²Ú½¥dc�^��Ñ(Ø��â�)!SÒ (Xy²�L§=

´éy²Ú½�ü�, ÏdI�(½y²Ú½3��y²L§¥� �±B­

�y²S�). Ïd, �A/·�éêâ�� formalRepresentation Ú\á5

hypothesis!objective!relation!rank.

éuã/,·�Ú\á5 name^u�;Ù¶i, dynamicFigure5�;Ä�ã/

©�, staticFigure ^u�;·�ã/©�, localPath^u�;ã/©�3�/

�;��þ�´».

éuAÛVg,�3X�ÓVg (¦^¹Âþ�Ó�â�½¶i)éAõ«�E�

�/.~X����Vg�±kn«�ªL�: i) ±�:��%,L,�:��; ii) ±

�:��%, ���Ý��»��; iii) Ln:��. ùn«Lã©OéAXêâ�
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� attributeList¥�;�“(Point, Point)”,“(Point, Length)”,“(Point, Point, Point)”.

z«LãÑû½
�dVg�'�Ù§êâ��¤�;��£êâ�ØÓ, l


û½
ØÓ�½Âé�. Ïd, ·�Ú\#�¢N concept ^u�;ù
½

Âé�¤Pk��Ó&E±9¢N definitionObject ^uµC½Âé��

¹�êâ��. Ó�Vg�U¬éAêâ�� vocabulary ¥�;�õ��,

X��Vg�±¦^“�”, “circle”½“c”��Ù/ªz�I£c®; Ó�½Âé

��UéAêâ�� attributeList ¥�;�õ��, XLn:���±¦

^“(Point, Point, Point)”½“(:,:,:)”��Ù�E5K. ,	, Ó�Vg��UéA

êâ�� knowledgeName ¥�;�õ��, X��Vg¶i^¥©´“�”, =©

´“circle”,�©´“Kreis”.½Âa�¢NéX�.�ë�ã 3.1.

éu½Âa±	�Ù§�£a,Ó��3X�Ó��£ (¹Âþ�Ó�áu�Ó�

�£a)éAõ«����/.~X,Ó��½n�y²�UkØÓ��ª,Ó�^½n

�3XØÓ�/ªzLã�.z�«��Ñû½
Ù¤�¹��£êâ�ØÓ,l
û

½
ØÓ��£é�.·�Ó�Ú\#�¢N knowledge5�;ù
�£é�¤Pk

��Ó&E±9¢N knowledgeObject^uµC�£é��¹�êâ��.Ó��

£é���UéAêâ�� knowledgeName¥�;�õ��,XÜ�t½n�¥©¶

i´“Ü�t½n”,=©´“Simson′s theorem”.�
;�ØÓ^rMï��£é��m

�Àâ,·��¢N conceptÚ knowledgeÚ\á5 userName5�²ÙMï�^

r¶±9á5 timeVersion5�;ÙMï��m.Ù¦�£a�¢NéX�.�ë�

ã 3.2.

3.2.3 �ï�£ã

�£é�ò�p'é�+��£êâ|�¤���éÕá!�Â²(�&E¢N,

~XVg�½Â,½n�Ñ´��Ö¥�Ä��£:.|��£êâ (=ï���£)�

1���gB´3�£é���gþ©Û¼�Ù©aNX¿ïá�p'X.

�£é�þ�©aNX

¯¢þ,·�3þ�!Ú\��£a�±w�´éAÛ�£é���«g,©a.

�âAÛVg�5�ÚA�,·�Ú\XeaO5éAÛVg (=½Âé�)?1©a.
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ã
3.1
½½½
ÂÂÂ
aaa
���

E–R
ããã

– 46 –



�®Ê�ÊU�ÆÆ¬Æ Ø©

ã
3.

2
ÙÙÙ
§§§
���
£££
aaa
���

E–
R
ããã
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• AÛ¢N (�¹XefaO��Ù¤
)

– AÛé�:L«�m¥AÛN�AÛVg,X:!�:!��!R�!n�

/!Rn�/!�!S��!�!���;

– AÛþ:L«AÛé��Ýþá5�AÛVg,X�ã��Ý!n�/�¡

È!��±�!�����;

• AÛ'X (�¹XefaO��Ù¤
)

– AÛé�'X:L«�m¥AÛ¢N �½��'X�AÛVg,Xü^��

²1!��,ü�n�/�q�;

– AÛþ'X:L«AÛþ��'X�AÛVg,Xü^�ã��Ý��,��

��¡È'��o>/�¡È�,���',�����.

éuÙ§a.��£é�,�?1Ün
k��©a¿ØN´.��¡I��Ä�

£���á5A�,,��¡�I��Ä©a�A^|Ü.�â·K�(ØA�Ú5�,

·�éAÛ½né�?1Xe©a5 1 :

• ��:XøÊd½n;

• �::X­%½n;

• ��g­�:Xødk½n�_½n;

• ��:X��n�/��½½n;

• �q:X�qn�/��½½n;

• ��:X.�x.d½n;

• Ø��:XR�ã½n;

• NÚ:Xn�/�NÚ5�;

• ²©:X��n�/.>¥��5�;

• ²1:XÜ�téó½n;

• R�:X²1���5�;

• �Ý:Xn�/��Ý5�;

• ~þ:X��n�/�5�;

• ²L:X�L:�5�;

5 1AÛ½n�äNSN�ë�N¹ A.
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• ��:X¤�nM½n;

• ­Ü:X Nehring½n.

,	,ÏL<��È\Úo(,AÛ©z¥®�3�þ�AÛ�£�©a&E,~X,

^u�ãAÛnØ���Ö��Ù!�Ñ´éAÛ�£�©a,Ñ�±^u�ïAÛ�

£é��©aNX.

©aNX�²
�£é��©|½à8A�,éu�£�Ê!AÛLã�/ª�ó

�O±9AÛ©�)¤�ÑåX­���^.éu�£é�,�±A^õ�ØÓ�©a

NXéÙ?1|�.�
¦^Ú��µe5|��£é�¿ï�©aNX,·�½ÂÌ

KaSÜ�êâ(�,�¹êâ�� userName^u�;MïÌKé��^r¶, role

^u�;ÌKé��a.¶ (X“Ù”!“!”), name^u�;ÌKé��¶i (XÙ�¶

i!!�¶i), title^u�;ÌKé�éÙ¤
0��IK, note^u�;ÌKé

�éÙ¤
0��SN, timeVersion^u�;ÌKé��Mï�m.duÌKé�¤

�¹�êâ�±¦^ØÓg,�ó5Lã,Ïd,Ú\á5 language^u�;êâ¤

¦^��ó,ØÓ�óû½
ØÓ�ÌKé�.

�£é��(�

©aNX´�£ã�ÐÚ�ï.e¡,·�?Ø�£é��m�U�3�'Xa.,

l
��\[�/�x�£é��|�(�,��£ã��¡�ïJø^�.

�âAÛ�£�m�Ü6éX!�����5Æ!��Ö?��DÚ5K�,·�

Ú\±eAÛ�£é��m�'Xa.¿©Û½Â§���g(�Ú���å.

1. Vg (½Âé�)�m�U« (inherit)'X.��#Vg´ÏL¦^®²½Â�V

g5Ú\�.��Vg�½Â�¹ü�Ü©:�Ü©^5�²ù�Vg�IVg,,

�Ü©^5`²ù�Vg«OuÙIVg�AO�?,=�
AÛ�å^�.~X,

�ã�¥:´��AÏ�:,§�IVg´:�Vg,AÏ�Ü©´ù�:3ù^

�ãþ¿���ãü�à:�ål��.Vg�m�ù«L���þ��¹'X¡

�U«'X,VgPkÙIVg�5�.ÏLVg�½ÂÒ�±��U«'X.

·��	
îAp�²¡AÛ¥�~^Vg,�â§��m�U«'X�ïÑ�

£ã (Xã 3.3).Ù¥!:L«AÛVgéA�½Âé�.e A!B Ñ�½Âé�
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ã
3.3
UUU
«««
'''
XXX
���
£££
ããã
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��¤U«'X,@oó� A → B (I\� inherit�3ã¥�Ñ)L« A´ B

���AÏ�/. 10���Vg (=vkIVg�Vg)�ÀJ���!:,,	

11�Ä�Vg�À�©|!:,ù
��ÚÄ�Vg�UÏLg,�ó�Lã5

½Â
vk/ªz�°(½Â.¦+�*þ,�� (Line)¿Ø´���
�±d

:5½Â,�lAÛO��ín��Ýw,��´�Ä���E.Ó�� (Circle)Ú

õ>/ (Polygon)�aq.AÛþ (GeometricQuantity),~X�Ý!¡È!�Ý,

Ú�êþ (AlgebraicQuantity) ,~X¢êÚEê,ÑU«þ (Quantity).é�'X

(ObjectRelation)Úþ'X (QuantityRelation)ÑU«Ù�þ (Boolean).U«'X

��£ã#NõU«�aä(�,~X,����n�/Ó�U«��n�/Ú�

�n�/�5�.

2. �£é��m��6'X.Äk·�©Û�e�£�È\�uÐL§.l�|Ä�

VgÚúnÑu,ÏLÜ6ín���
Ü6�ý�·K,¤�½n.�
Qãþ�

{'¿�6u,
¯¢,�±½Â#�Vg,�X$^®��VgÚ½n��£Ï

LÜ6ín,q��'uù
#Vg�½n,2­Eù�L§.Ó�,ÏLJÑ�


¯K (½¡�ß�,Ï~)ûå5é(J)5�Ú�£�uÐ��.lù�{ü�L

§�±wÑ,�£¿Ø3��Y²�gþ,
äk�½��g(�.û½ù«(�

�Ì��Ï�´k�^S.~X,�k|^�
®½Â�Vgâ�±½Â#�Vg,

¿�½Â¥¦^�AÛ�å^�ØU�pgñ;�kýk½Â
I�¦^�Vg,

âUA^ù
Vg5LãÙ§�£;3y²AÛ½n�L§¥,¬¦^�®²y²

L�½n;3y²��E,½n�c,ky²�
¥m(J (=Ún)´êÆïÄ±

9©�?ü�Ãã,l
¦�y²L§Ø�uL�;3��E,½n��,k�¬

�ÑÙ3AÏ�/e��� (=íØ),
íØ3¢S¥�UA^��2�.�£é

��m�ù«k�^S'X¡��6'X.�6'X�´3?ü|���ÖSN�

¤A�Ä�Ì�Ï�.�6'X�¹Xe'Xa.:

• �¸'X (Context):ó� A →contextOf B L« AJø B ¤I��¸,Ù¥ A

´½Âé�, B ´�£é�;

• �Ñ'X (Derivation):ó� A→deriveFrom BL« Ad Bí��Ñ,Ù¥ A´

½Âé�, B �±´ún!·K½¯Ké�;

• %¹'X (Implication):ó� A→imply B L« A3 B ¥�¦^,Ù¥ A�±
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´ún!ý·K!�{½�{é�, B �±´y²½)�é�;

• á5'X (Property):ó� A →hasProperty B L« Aäk5� B,Ù¥ A´½

Âé�, B �±´ún½ý·Ké�;

• û½'X (Decision):ó� A→decide B L« A� B Jø�½5K,Ù¥ A´

ý·Ké�, B ´½Âé�;

• Ú\'X (Introduction):ó� A→introduce B L« AÚ\½ö0� B,Ù¥ A

´0�é�, B ´ÌKé�½öØ
`²é�±	��£é�;

• 5º'X (Remark):ó� A →remarkOn B L« A� B �5º,Ù¥ A´5º

é�, B ´ÌKé�½öØ
`²é�±	��£é�;

• E,z'X (Complication):ó� A →complicate B L« A' B E,,Ù¥ A

Ú B Ñ´¯Ké�;

• )û'X (Solution):ó� A →solve B L« A´ B �)�,Ù¥ A´)�é

�, B ´¯Ké�;

• öS'X (Exercise):ó� A →exerciseOf B L« A´��� B �'�öS,Ù

¥ A´öSé�, B �±´½Â!·K!�{!�{½ÌKé�.

3. �£é��m�'é'X.½n9Ùy²�m,~f�8I�m,�d�£�mÏ~

´*déA�.�£é��m�ù«*d�éX�'X¡�'é'X.÷v'é'

X��£é�3��Ö�©z¥Ï~�åÑy¿�¤�����Ü©5 1 .·��

ò÷v'é'X��£é��å¡��£¬.

• y²'X (Justification):ó� A →justify B L« A´ B �y²,Ù¥ A´y

²é�, B ´ý·Ké�;

• A^'X (Application):ó� A →applyOn B L« A�±�A^u)û B,Ù

¥ A´�{½�{é�, B ´¯Ké�;

• ~f'X (Example):ó� A →exampleOf B L« A� B Jø~f,Ù¥ A´

~fé�, B �±´½Â!·K!¯K!�{½�{é�;

• éÜ'X (Association):ó� A→associate B L« A� B �p'é,Ù¥ A�

5 1�¤'é'X�ü�é��m¿Ø¬�3k�^S.~X�±kJÑ,�·K (ß�)2ÑyÙy²,

��±k�3,�y²,2l¥uy,�½n;�±l,�~fÚÑ,�·K,��±é,�½nN±A

^¢~��~f.�6'X�'é'X�m��OaquS��8Ü�m��O.
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B �±´�£½ÌKé�;

• �d'X (Equality):ó� A ↔equal B L« A� B k�Ó�¹Â,Ù¥ A�

B Ñ´�£é�.

·�± Geometry Revisited [35]¥��!�~5Ð«Äu±þ'Xa.��£ã

(�ã 3.4).ã¥��L«!:,�k©���ÞL«ó�. C L«ÌKé�,ÙÌK'u

Steiner-Lehmus½n; T1 L« Steiner-Lehmus½né�; P1 L« T1 �y²é�; D1 L

«�²©��½Âé�; T2L«½né�“n�/�n^S�²©��:”; D2L«½Â

é�“n^S�²©��ú�:�¡�n�/�S%”; D3 L«½Âé�“n�/S��

��%�¡�n�/�S%”; L1 Ú L2 L«3 P1 ¥¦^�ü�Úné�; P11 Ú P12 ©

OL« L1 Ú L2 �y²é�; I1 ´^u`² T1 ��µ�0�é�; R1 ´^u`² T1 �

{¤�5ºé�; R2 ´ P1 �5ºé�; E1 ´� T1 �'�öSé�; E2 ´' E1 E,�

öSé�; S1Ú S2©O´ E1Ú E2�)�é�.

ã 3.4 Geometry Revisited���ÖÖÖ¥¥¥111 1.5!!!������£££ããã

±þ'Xa.�±�^5�[£ã�£é�½ÌKé��m�p���A�.'X

a.´�±*Ð�,=�±3A^¥½Â¤I�#'Xa..¯¢þ,'Xa.�kÙá

5A�±9�p'X.8c·�=�Ñù
'Xa.þ{ü�©aNX,=§���g

(�,
§��m��p'Xk�?�Ú/ïÄÚ�ï.
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3.3 AÛ�£¥�¢y

3.3.1 �ï'XL

�âþãéAÛ�£¥�©Û��O,·�¢y
��AÛ�£¥,^u�;Ú+

n�£é�¤µC�AÛ�£êâ!ÌKé�¤�¹�&E±9ù
8Ié�þ��

£ã.8ckéõêâ+nEâ�±^u¢yù��A�êâ�ª,~X XMLEâ!

'Xêâ�ª�.·�À^'Xêâ�ª,�â1 3.2.2!¤JÑ��£a¢NéXã±

9ÌKa¤�¹��'á5,ÏL=z���A�êâ'XL¿�E
Lm��6'X

(�ã 3.5),¦^êâ¥+nXÚMS SQL Server��êâ+n�²�.

3AÛ�£¥¥,AÛ�£êâ�µC¤�£é�,�£ã�ïu8Ié��þ,Ï

dI��z�8Ié�D����I£±BéÙ?1«©Ú�½.�d,·��½
�

�·¶5K,�z�8Ié�D���� objectID.·¶5KXe5 1 :

• ½Âé�� conceptID := userName.Definition.knowledgeName;

• ½Âé�� objectID := conceptID.pattern;

• ½Âé�±	�£é�� knowledgeID := userName.�£a¶.knowledge

Name;Ù¥�£a¶�±´ Axiom!Lemma!Theorem!Corollary!Problem!

Conjecture!Example!Exercise!Proof½ö Solution;

• ½Âé�±	�£é�� objectID := knowledgeID.version;

• ÌKé�� categoryID := userName.Category.role.name;

• ÌKé�� objectID := categoryID.language.

Äu±þ�·¶5K,�£ã¥�!:�±ÏLÚ^8Ié�� objectID�=z

���;�/ª.��ó� A→γ B ��þ�d±en�|5�x.

• c� (precursor):ó�¥�c�!:,= A;

• �� (subsequence):ó�¥���!:,= B;

• 'Xa. (relationType):ó�¥�I\,= γ.

5 1Ù¥, userName!knowledgeName!pattern!version!role!name!language©OL«

8Ié��¹��Aá5�.
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ã 3.5 êêêâââ���;;;(((���
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ù��n�|éN´ÏL�ïäk�Aá5�'XL�;3'Xêâ¥¥, Ù

¥á5 precursorÚ subsequence©O�;�A8Ié�� objectID�,á5

relationType�;ÙI\.Ïd,�£ã�±^êâ¥¥��'XL KOstructure

�P¹8Ü5L«. duI\�“�¹” (include) �ó�´^5�x�£é��

©aNX�, ·�üÕ�ÙMï��'XL categoryStructure. du��aO

¤�¹�¤
�m�U�3Xk�^S, ~X��ÖÙ!�üS, Ïd·��L

categoryStructure Ú\á5 rank 5�;¤
3Ù¤áaO¥� �. ,��

¡, 38Ié���g�þ, �£a�m±9�£ã¤¦^�'Xa.�m�©O

�3X©aNX��p'X. �d, ·�3�£¥¥Mï'XL roleOntology Ú

relationOntology5©O�;§��(� (��±w¤´�£aÚ'Xa.þ��

£ã,�ã 3.5).

3.3.2 +nêâ

Mï!?U!íØ

�â��£a±9ÌKa�SÜêâ(�,·��O¿A^ Java�ómu
�A

�é{µ9Ù��£¥���.^r�±ÏLö�.¡Mï!?U!íØa.�½Â!

ún!Ún!½n!íØ!ß�!y²��£é�ÚÌKé�¤�¹�êâ (�ã 3.6

Ú 3.7),±9dé���£¥¥Ù§8Ié��m�'X (=�£ã¥�ó�),l
¢

y
8Ié�¤µC�õ�gêâ±9��£êâ�Ñ\ÚÑÑ.�
�B^rÑ\�


AÏ�ª�êâ,·���£¥ïá
��
	Ü^�����:ÏLN^Mathdox

formula editor [91],�±)¤ OpenMath�ó?è�êÆL�ª;ÏLN^Ä�AÛ^

� GeoGebra [46],�±�pª/±�Ä�AÛã/¿òÙ©��;�êâ¥¥.

�Mï8Ié��,��ò�â·¶5K,�âé{µ¥Ñ\�êâgÄ)¤�A

� objectID�,,�òêâ����A�'XL¥;
�?U8Ié��,��òÏL

^rJø� objectID�¼�ÙéA�8Ié�¤�¹�êâ¿òÙw«�é{µ¥

�A� �,,�òù
êâl�£¥¥íØ,�^r3é{µ¥?U�.�,#�êâ

ò�����A�'XL¥;�íØ8Ié��,���Xeö�:

• éu½Âé� (objectID�� id),klL knowledgeName¥íØÙ knowled

geName �, 2ò�9� id �P¹lL KOstructure ¥íØ, 2ò id lL
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ã 3.6 MMMïïï Simson′s theorem (ÜÜÜ���ttt½½½nnn)ééé���

objectType¥íØ,��òÙ conceptID�lL concept¥íØ;

• éuÙ¦�£é� (objectID �� id), klL knowledgeName ¥íØÙ

knowledgeName�,2ò�9� id�P¹lL KOstructure¥íØ,2ò id

lL objectType¥íØ,��òÙ knowledgeID�lL knowledge¥íØ;

• éuÌKé� (objectID�� id),��ò idlL objectType¥íØ.

èA�u¢

AÛ�£¥�;XAÛ�£é�¤�¹��£êâ!ÌKé�¤�¹��'&E

±9ù
êâ�m��p'X,I�±Ü·�âÝéÙ?1­#|�S�z¿±�Ö©

���ª¥y�^rèA�Ö9¦^.·��ÄXeü«À�5¥y�£êâ.

�«À�´èAaO.8Ié��¥y�ä�!:,ÌKé��¤
�¥y�Ùf

!:.·�ò/X l(a1, · · · , an)�L�ª¡�Ü6L�ª,Ù¥ l´Ü6ë�c and!or

½ö not, ai (1 ≤ i ≤ n)´,�c®½ö´Ü6L�ª.·- browseBy[R,N,U] (Ù
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ã 3.7 MMMïïï¶¶¶���“Simson lines (ÜÜÜ���ttt���)”���!!!ÌÌÌKKKééé���

¥ R´���£a½öÌKa�¶i, N ´�èA�8Ié��¶i, U L«^r¶,¿

�ùn�Ñ�±¦^Ï�Î“*”½öÜ6L�ª)L«èA U ¤Mï�a.� R¶i�

N �8Ié�9Ù¤
.XÚòÄk�â1 3.3.1!¥�·¶5KgÄO�¤èAé�

� objectID�¿)¤�A�!:.edé��ÌKé�,Kl categoryStructure

L (�ã 3.5)¥¼�Ù¤k¤
é�� objectID�¿)¤�A�!:,ÏL48/�

1�Ó�L§���cé�vk¤
é� (=�cé���£é�½ö�ÌKé�5 1 )

�,B�¤
éaO�¥y.Uìù«�ª,z�!:ÑéA��8Ié�,�âù
é

�� objectID�,XÚÏLu¢ knowledgeNameL½ö categoryObjectL¼�

ÙéA� nameá5�5��!:¥y�¶i.

,�«À�´èA8Ié�¤�¹�êâ. �½é�� objectID� (½öé�

5 1ùp��ÌKé�´�vkÙ§8Ié��Ù�¤�¹'X�ÌKé�.duvk¤
,UìaO�

½Â,§ØU�¤��aO.�lêâ��;�Ý5w,ù���aO´�±�3�,
��±�ÙMï¤



¦Ù¤���aO.
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éA��!:), XÚ�âêâ�;(� (�ã 3.5) 5¼� version ��“default”±

9 language ���cXÚ�ó (“¥©”½“english”) ��«êâ¿gÄòù


êâ(�z� XML ©� (XÚ¤¦^� XML I\�N¹ C.), ,�Uì¥yI

¦mu XSLT �ªL¿¦^ SAXON XSLT ?nì [115] òÙ=z� XHTML ©

� (Ù¥êÆé�A^ MathML L«), ��ÏL JDesktop Integration Components

(JDIC [68], Jø
 Java A^§S��/S¡èAìõU�����) 5\1¤)¤

� XHTML ©�, Ù¥ MathML ÏL MathPlayer [94] 5¥y, Ä�AÛã/KÏL

JavaScript� GeoGebraApplet��� [47]�1¤¼�� diagramInstruction�,

3 GeoGebraApplet¥¥y (�ã 3.8).

ã 3.8 èèèAAAÜÜÜ���ttt½½½nnnééé���¤¤¤���¹¹¹������£££êêêâââ

�£u¢´�£+n���Ì�?Ö.§I��â^rÑ\�u¢I¦£ã,ÑÑ

ÎÜ�¦�8Ié�½Ù�¹��£êâ.Ï
I�òu¢8Iü z.·�òu¢©

��*Ú÷*ü«�ª.cö´��é�½8Ié�¤�¹�A½êâ��,���(

J´�£êâ.~X,�é��½né��/ªzLã,��y²é��ã/,��½Â
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é��¥©Lã�.ù«�éÌ��6uêâ�;(�,¿®²3êâ�Mï!?U!

íØ��¥¢y.�ö´�±8Ié��ü ?1u¢,���(J´8Ié��8Ü.

�âêâ�;(� (�ã 3.5),XÚ¢y
Ä��÷*u¢ÑÖ.^r�±Ñ\u¢

·-¿���A�(J.u¢·-¿Ø´Äu�£�g,�ó½ö/ª�óLã,äN

)ºXe.

• keyWords[S] (Ù¥ S´��Ü6L�ª)ò�£ keyWordsL¥ keyWordsá

5�÷v S �8Ié��8Ü;

• relation[*, S, T] (Ù¥ S ´��Ü6L�ª, T �±´Ï�Î“*”½öÜ6L�

ª)�£ KOstructureL¥ subsequenceá5�÷v S� relationTypeá

5�÷v T �8Ié��8Ü;

relation[S,*, T] (Ù¥ S ´��Ü6L�ª, T �±´Ï�Î“*”½öÜ6L�

ª)�£ KOstructureL¥ precursorá5�÷v S � relationTypeá5

�÷v T �8Ié��8Ü;

XÚJø�u¢·-|±^r¼��A½8Ié��3A½'X�8Ié��8

Ü,ùéuAÛ©��Mïék�Ï.~X,XJ^r��òÜ�t½n�¹�¤Mï�

©�¥,¦I�ÏL'�i5�Î�£¥¥´Ä®²�3d½n��'�£êâ.XJ

�3,@o¦Ò�±èAÙSN,¿?Uêâ±÷vgC¦^��¦.,	,�
(�©

����5,I�òÜ�t½n¤�6�@
�£é���¹3¤Mï�©�¥,~X

Rv!��!	���½ÂÑJø
Ü�t½nLã��¸.duu¢�(J�´8I

é��8Ü,�
æ^Ü·�(�½ö^S5¥y(J,·�æ�èA·-�u¢·-

�(Ü��ª5“�ªz”(J8Ü.·- Q and B (Ù¥ Q´u¢·-, B ´èA·-)

L«3�1 B ¤��èA(J¥,p�w«@
Ó��3u�1 Q¤��(J8Ü¥

�8Ié�¤éA�!: (�ã 3.9).
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ã 3.9 uuu¢¢¢���ÜÜÜ���ttt���½½½ÂÂÂkkk'''XXX���ccc���ééé���¿¿¿¥¥¥yyyÜÜÜ���ttt½½½nnn���yyy²²²
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1oÙ >fAÛ��ÖXÚ��O�n

4.1 >fAÛ��Ö�8IÚ¿Â

��Ö,�~���£1N,�â+��£�Ü6(�k�g/�ãÙSNÚ¹Â.

�´du��Öé+��£�¡�P¹±9Ün�Sü,§�®²¤�XÚ/�;!|

�±9¥y+��£�IO/ª,¿3��9ïÄ+�åX�©­���^.,
,DÚ

��ÖÑ´±·��©��ª5L«ÙSN,Ï~='5�£�¥y
¿vk�Ä�é

�£�Ù§+nõU.ù����Ö3Mï!�o±9¦^þ�3XØv,äNLy3

XeA�¡.

• ��Ö�Mï�3�þ­E5�ó�.~X,~���È©��Ökéõ«,§�¤

ºX��£ké��Ü©­Ü$�ëLãÑ�Ó,ùÃ¦L¤
<���mÚ°

å;

• �X+��uÐ,��ÖI�Øä/�#ÚU?,��Ö�SN��Ukõ«ØÓ

� (�ó)��.8c����oL§¿Ø´ék�.�?U��Ö,�Ü©SN�,

Ù§�ù�Ü©k'�SN�I���A�?U,�SN�m�ù«'é¿vk

�k�/+nÚ¿©/|^,
�Ud�ö<ó/�o;

• ��Ö�SN7L´�(�½ö`´Ü6þ���,¿�´��
vk­E�.Ù

Qã(���ÎÜ�½��Æ5K,±B�Ð/ò+��£¥y�Öö�Ö.,


8c,ù
�¡�U<�/uÿ;

• ��Ö�±ÏLõ«©�?6ü�óä5Mï,~XWord!LaTeX�.,
,ù�

�©�=´O�Å�Ö�,
�O�Å�n)�,=¤�¹��£¿Ø´O�Å�

?n�,¤�¹�¯K¿ØU�O�Å)û (Xy²½n,�EÄ��AÛã/�).

ùÒ¦���Ö=´“·��”©�
ØU�Öö�p.

êÆ�£+n�g�Ú*:éu·����«±Ä��^��ª5L«Ú+nê

Æ�£�#.��Ö,l
�Ö·�©��ª��Ö�Øv.ÄuAÛ�£+n��{

ÚEâ,·�JÑ
ù���>fAÛ��ÖXÚ (Electronic Geometry Textbook½

EGT),8�3u&¢#��ª5�Üyk�©z!^�Úóä59Ï<�Mï!�o�
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��õ���!O�Å�?n�>fAÛ��Ö.>fAÛ��ÖXÚ��Og�5


u±en�¡.

• du�Æ8��ØÓ,�Ó�AÛ�£�U�ØÓ���Öæ^.,	,AÛ�£�

¹õ«/ª,ÙLã��UäkØÓ��±·^uØÓA^.~X,SN�õ«g

,�ó��¦���Ö�±3ISz��¸e¦^,�£�/ªzLã��òÑ

ÖugÄ�£?nL§.�
��Ú­^,I��ï��AÛ�£¥5�;Ú|�

õ���AÛ�£êâ.>fAÛ��ÖXÚI�Jøù����¸¦�^r�±

ÏLÜ·�âÝ5+n��ÖSN,�pª/ü�|�äkÜ·����£êâ

5�ïÚ�oAÛ��Ö,¿�U
gÄ)¤�ªz��Ö©�±B<��Öè

A±9�<.~X,����Ö�±�w¤�X�!:�ü�,ù
!:µCX�A

���ÖSN,X½Â!½n!y²�.^r�±�1�X�O\!�\!íØ!

?U±9­�ù
!:�ö�5�ï!?U½öU?��Ö,¿�ÓÚ/gÄ�

#�A��Ö©��SNÚ(�;

• 3�ï��Ö�L§�¥,I�Uì��Ü·�Qã(�5Sü��Ö�SN.¦

+·��±û½À�=
�£,�´3�Æ+�E,�3Xú@�|�!L«±

9¥y+��£�DÚ5K.~X,��ý·K=�§�^u,�½n�y²L§

�¥â�@�´��Ún,��íØK�½´d,�½nÜ6�Ñ�.��ÖAT

Uì+��£�S3Ü6(�©�g/ÐmQã,=Uìd{ü�E,ÌSì?

�^S.~X,�ãLã (X½n!öS!~f�)¥¤�9��Vg�½ÂAT3

ùãLã�c��Ñ.Qã(�þ÷vù
DÚ5K���Ö´(����;,	,

�Ó�SNØU­E/Ñy3��Ö¥,=��Ö´SNØP{�;¤k7��ý

��£�I�3��Ö¥�Ñ,=��Ö´SN���.>fAÛ��ÖI�U


¢�/9Ï^r©Û¤�ï���ÖQã(�´Ä��,¿gÄuy�DÚ5K

Ø���Ü©.·�¡ù�L§���Ö�(���5uÿ.~X,Ï~3����

Ö¥,n�/¥��Vg�k��ã�¥:�½Â��â�±�Ú\,XJkÚ\

¥��½Â2Ú\¥:�½Â,��Ö�(�Ò´Ø���.Ó�,XÚ�I�9Ï

^r?1��ÖSN���5uÿ�P{5uÿ.�¤�ï���ÖØ÷vù
�

å�,XÚI�=�/ò�'&EJ«�^r±BU?Ú�õ��Ö�(�½ö

SN.
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• Cc5,AÛÆÅ�z�{�ïÄ±9Ä�AÛ^��muÑ��
éÐ�uÐ

(�1 1.2!).ù
�{ÚóäØ=�ÏAÛïÄöuy#�kd��E,AÛ½

n,
���2�/A^uAÛ��.AÛ��ÖÏ~�¹kéõ�<�E,½n,

�´ù
½n�y²�(5=�±d<uÿ.¦^½ngÄy²ì�±�Ï�öu

ÿÖ¥�·KÚy²¯K´Ä¤á,¦+Ã{�y§�3��Ö�þe©¥´Ä

´Ü6���,��±lÏ~¿Âþ,éÙ�(5�Ñ9Ï5��ä.,��¡,�

*�AÛã/´AÛ��ÖØ�"��Ü©.A^Ä�AÛ^��±Ä�/¥yA

Û�.,l
O\��Ö��p5Ú&¢5.>fAÛ��ÖXÚI�Jø (/ª

z�)�£êâ�	ÜAÛ^���êâ=z��,±¦���Ö¥�·KÚy²

¯K�±�gÄy²,¿�±gÄ±��A�Ä�AÛã/5 1 .

ù«#.�>fAÛ��ÖØ=�±�DÚ� (·�©�) ��Ö���èA

�ÖÚ�<, ¿��±����Ä��^�3O�Åþ$1, �lÙSN�üz±

ÅìOrÙ�þÚ·^5. �
'uêÆ��äÆSÚ�U9�XÚ, ~X Active-

Math [3]!LeActiveMath [82]!MathDox [90],�±�âØÓ^r��5A�g·A/

)¤��,¿�ÏLg·A��"5�pª/9�Æ),©Ûµ�Æ)�Uå,ÆS?Ý

�¿���A�ÆSïÆ.,
ù
XÚ´±ÆSö�¥%��pªÆSXÚ.>fA

Û��ÖXÚ��O8�Ì�´Ð«�«^�/ª�Ä����Ö.XÚ��pL§Ì

�´¦^ö°Ä�,#N^r?1�ï��Ö��«ö�,¿ddÏL½�Ü·���

5Øä/U?!�õÚ�oÎÜ¦^I¦���Ö.3ù�ïÄ¥,·�ò�ï�þ�

AÛ��Ö�©z¤�¹��£êâ,¿±d�Ä:,�£êâ��o!=z!¥y±

9�£é��O�!ínÚ�ÀzÑò��\/©ÛïÄÚ¢y,l
k�/uÿÚ¢

�AÛ�£+n��{ÚEâ.

4.2 XÚ�e��p

e¡,·�£ãXÚ��e¿�ãÙó��n.ã 4.1¤Ð«�´>fAÛ��ÖX

Ú����¬±9§��m��p.��Ö�£¥´XÚ�Ø%|�,^5�;�|�

5 1ùp¤��gÄ±�Ä��AÛã/´�d·K½y²¯K�AÛLãÏL�X�ö�gÄ)¤Ù

AÛ�.��ã�- (
Ø´l�£¥¥� diagramInstructionêâ����¼�),,�3Ä�AÛ^�

¥�1ù
�-?1¥y.
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������Ö�£êâ.ÏL^r.¡,^r�±N^ö��¬5é�£¥�1õ«

ö�±�ï9�o��Ö,~XMï#��£êâ,u¢I���£êâ,?U®k��

£êâ�.3dL§¥,uÿ�¬òA^�£¥¥���£êâ¢�/uÿ�c��Ö

���5!P{5±9(���5¿ò(J�"£^r.¡.��¡,¤�ï���Ö

�±¥y��ªz��Ö©�ø<�èA�Ö9�<.,��¡,ÏL�	ÜAÛ^�

����,��Ö¥¤�¹�·KÚy²¯K�±�gÄy²,¿�±gÄ±��A�

Ä�AÛã/.

ã 4.1 >>>fffAAAÛÛÛ������ÖÖÖXXXÚÚÚ������eee

l±þ�XÚ£ã,·��±wÑù���XÚ´ïu��Ö�£¥�þ�,��

¬Ñ´±�£êâ��ö�é�.��Ö�£¥¯¢þ�´AÛ�£êâ¥,Ïd·�

|^1 3Ù�O¢y�AÛ�£¥��êâ+n²�5�;!|�!�o!����

Ö�¹��£êâ (�)AÛ�£êâÚ��£êâ).ÄuAÛ�£+n��{�Eâ,

·�òïÄSN©�ü��¡:��¡´�[£ã��Ö¤�¹AÛ�£�Lã�ó

(½ö`´AÛ�£¥¥�êâ��¤�;êâ�5�),cÙ´�OAÛLã�/ª�

ó,±B�±éÙLã?1gÄÓÂ=z5 1?
¢y�	ÜAÛ^�óä�p;,��

¡8¥?Ø��Ö�õU,=Äu��Ö�£¥,�O�Ù§�¬���.

5 1�©�ÓÂ´�3AÛVg½Â�¿Âe,¤k��å'X (Ú�E�ª)Ñ�Ó.
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4.3 AÛ�£Lã�ó��O

4.3.1 �O8IÚ¿Â

�
÷vØÓ�A^I¦,AÛ�£I�ÏLØÓ��ó5Lã,X�ã.�£�

AÛLã¤¦^�g,�ó,�êLã¤¦^� LaTeX½ö OpenMath�ó,�ãLã

¤¦^�Ä�AÛ^��ã�-�ó��.AÛ��Ö�©z¤�¹�AÛ�£´±�

ã.�£�ÌN�,¿�/ª´¦^AÛ�ó3AÛ¿Âþ�AÛLã5 1 .�
¦ù


AÛLãU
�O�Å?nÚö�±¢y�'�gÄzõU,I�ïÄAÛLã�/ª

�ó.

Vg´äk¹Â�@�ü�,´^uLã�Ä�ü .AO/,AÛVg´^uLã

AÛ·K!¯K��«�£�Ä���.<�3AÛ�£È\�L§¥Ø=uy
½n,


�u²
éõ^uLã�£�AÛVg.AÛVgÏ~´±�E��ªL��.�


VgÏL�*�£ã5½Â,ù��Vg¡�Ä� (½{ü)Vg,~XLü:���!

n:¤¤��!±n:�º:�n�/�.�Ñ (½E,)VgÏLA^Ä�VgÚÙ¦

®½Â�E,Vg5½Â,~Xn�/�S%!<»Õn�/�.ù
�ÑVg�A^

¦�AÛLã�\{'.�Ó�AÛ�£�±A^ØÓ�Vg5Lã.

±Mechanical Geometry Theorem Proving [26]�Ö¥� Example 198�~,Ï~

3©z¥Lã�“The radius of the nine-point circle is equal to half the circumradius of

the triangle”,
�
�±�N´/�êz¿¦^�I�ê�{?1gÄy²,§�±

Lã�“Points A, B, C are arbitrarily chosen; OA = OC; OA = OB; D is on line BC;

DA⊥CB; E is on line AC; EB⊥CA; F is on line AB; FC⊥BA; NF = NE; NF = ND.

Then 2 ∗ NF = OA”.ùü«LãL��´Ó��½n�SN%A^
ØÓ�Vg.�

ö¦^�Vg'cö�{ü�´u�êz. “the nine-point circle of a triangle”Ú“the

circumradius of a triangle”Ñ´E,Vg
“is on line”Ú“=”Ñ´{üVg.Ï~<�¦

^�,cÙ´3AÛ��Ö�©z¥�AÛLãÑA^
�þ��ÑVg±¦Ù�\{

ö,�B�6.

5 1du�ã.AÛ�£�9�AÛþ�$��ö�,ÏdAÛLãØ�;�/��9�
�ê/ª�

L«,�ù«L«E,´äkAÛ¿Â�.·�¦^AÛLã�Vg´�
«Ou�ê¿Âþ��êLã

±9ã/¿Âþ��ãLã.
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�¦^®k�AÛ^�5y²½n,±�Ä��AÛã/�,^rI�¦^A½�

óä5Ñ\¯KLã (½öÏLiÎ·-,½öÏLàI:ÂèüUÜ).Ä�AÛ^�

¥¦^�AÛ�ã�-±9gÄ½ny²ì¥¦^�AÛ�å¢c��±�@�´A

ÛVg,~X GeoGebra [46]¥� Line[point A, point B] (Lü: A� B ���)±9

GEOTHER [127]¥� perpendicular(A, B, C,D) (�� AB ��� CDR�).�Ü©A

Û^���±£O (½ö`¢y)�½8Ü�AÛVg (Ï~Ñ´Ä�Vg),=¯K�£

ã��±A^ù�8Ü¥�Vg.l)ûAÛ¯K��Ý5w,ù�8Ü¥�Vg�±

÷v£ã¯K�I�.,
l^r¦^��Ýw,ÒI�kò¯K�Ï~LãÓÂ=z

�AÛ^��±£Oö��Lã,8cù�L§=�±<�/�¤.ùÒ�AÛ��Ö

�©z¥AÛ½ny²��ã�gÄz�5
{N.¦+�
AÛ^�Jø
÷*ÐÅ

�l
¦^r�±g½Â/*¿§�¤U£O�AÛVg,�´ù«*ÐÅ�=·^u

^���,Ó��¯KLã¿ØU3ØÓ^��m���­^.�¢yù«Lãþ�Ó

Â=z,�����{B´?1Vgþ�O�,=ÏL�ÑVg�½Âò�¯KLã¤

A^��ÑVgO��{üVg.¯¢þ,ù�´·�3)û¯K�Ï~¦^�üÑ.

Ïd,I��O��/ª�ó¦�^r�±g,/!N´/!{'/ (X#Ni@

Lã,�±A^8ÜVg�)½ÂAÛVg±9?1Ù§AÛLã,XLãAÛ½n!¯

K�.¿�I�ïÄ¦^ù«�ó�AÛLãXÛgÄ/ÓÂ=z�,�«´u?n�

Lã,¿ÏL¢yA½���¦�=z��Lã�±�AÛ^�£O?n.·��O


ù��«/ª�ó,¡�AÛ£ã�ó (GDL),^r�±�B/LãAÛVg!©é!

�.±9½Â!·K!¯K�AÛ�£.ù�,AÛ��Ö¥�AÛLãÏL¦^ù«

�ó/ªz,,�²L�X��gÄ=zB�±¢y�	ÜAÛ^����p.e¡·

�äN?Øù«�ó��Og�.

4.3.2 AÛLã�/ª�ó

��OAÛLã�/ª�ó,ÒI��	ïÄAÛLã�(�,Ä�Ñ�ª,¿�é

ØÓ��ª5½Â�A��{5K.·�òAÛLãUì�é|¤��g(�y©�X

eÜ©.

Vg

Vg´AÛLã¤A^�k²(�Â�Ä�ü�.duAÛÆïÄ�é�Ø=�9

– 68 –



�®Ê�ÊU�ÆÆ¬Æ Ø©

��m¥�AÛ¢N,
���)AÛ¢N¤äk�Ä�á5,=þ.Ïd,AÛLã�

A^Ù§+��Vg,~X�êÆÚ8ÜnØ¥�Vg.d1 3.2.3!�©Û��,AÛÆ

��¤�¹�Vg,=AÛVg,�¹AÛé�!AÛþ!AÛé�'X!AÛþ'X.

�êVgK�¹

• �êþ:L«Ä��êþ,X�ê!¢ê�;

• þ¼ê:L«AÛþ½ö�êþ�m�$�ö�,X\{!¦{!��!�^�;

• �êþ'X:L«�êþ�m���'X,X�u!�u!�u�.

�â±þVg��{á5,·�òVg©�üa:

• ¢NVg:L«¶c5¢Né��Vg,�)AÛé�!AÛþ!�êþ!þ¼ê;

• Ù�Vg:L«�±�äýb�Vg,�)AÛAÛé�'X!AÛþ'X!�ê

þ'X.

·�¤�	�AÛLã=A^±þa.�Vg.ùp,·�ò�êþ�AÛþ«O

m5´�Ä�Ï~�AÛþ¢�þ´�êþ�ü a.�kSé,~X < q, Length >

L«�Ý q,�Ä���êþ q kXØÓ�¹Â.dd,·�òAÛþ'X��êþ'X

«Om5,~X�Ý q ��êþ q ��´vk¿Â�,¦+§�´'uÓ�� q�þ.Ó

�/,¡È S ��Ý q�m�ØU'���.

�
¦^Ú���ª5/ªzù
Vg,·��	Vg�(�.éõVgÑäkõ

��A5,=¦^Ó��c®ÚØÓ�ëê5L«ØÓ��E�ª.~X,ål�±�ü

:�m�,��±�:���;����±dn�:5�E,��±d��:��Ù�%,

���Ý��Ù�»5�E.Ïd3A^�I�²(/«©ØÓ��E�/,
ØU¦

^ü��c®.Ï~,VgÑ�²
�E��ª,=dI£c®Ú��ëê|¤,ù
ë

ê�8�´�
`²Vg�¦^ (½�E)5K,Ù�E�ª´Ã';��.~XVg“n

�/�R%”,�²
“R%”´d“n�/”�EÑ5�,=���½��n�/,
ØØ

§3�m¥ �!/G½ö��,ØØ§�º:´ ABC �´ DEF,Ñ�±�EÙR%.

�
/ª/L�Vg,·�Ú\Ä�¢~5L«��z�J[¢N,~Xéuþ~�V

g,°(�`{´n�/ a�R%,Ù¥ aB´��z�J[¢N,�±´?Ûn�/.Ä

�¢~I�N\a.�å±5½Ùëê�����,~Xþ~¥, “R%”´I£c®, a

�ëê¶,���å�“n�/”ù�a. (ØU´���).
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½½½ÂÂÂ 4.3.1. - V L«��Cþ,Vg�/ªL«Xe:

(1) /X V :: T 5 1 �Lã¡� (Ä�)¢~, Ù¥Cþ V ¡�dÄ�¢~�Ú^

(reference)½�� (pointer),�D�a. T , T ¡� (Ä�½Ä�)a.;

(2) /X f(a1, · · · , an) (0 5 n)5 2 �Lã´��Vg,Ù¥ f L«AÛ½�ê¥¦^�

Vg¶i,¡�Vg�c®,z� ai (1 5 i 5 n)Ñ´Ä�¢~½öÙ§Vg,¡�

Vg�ëê.

Vg C ¹k“( )”�éê¡� C ��ê,P� L(C).Vg�¹kk��êÚk��ëê.

�â1 3.2.3!éVgU«'X�?Ø�©Û,Ä�a.�±´ Point!Line! Seg-

ment!Halfline!Angle!Circle!Arc!Triangle!Quadrilateral!Polygon!Length!

Area!Degree!GeometricQuantity!AlgebraicQuantity!Quantity!equal!negequ-

al! ObjectRelation!QuantityRelation½ Boolean.ùp¤`�a.,=´ÎÒþ�I

£,´ü��c®
vkäN�êâ(�,~X��!�!n�/�.¿�z�Ä�a.

ÑéAX,���½öÄ�Vg.

~X,

• A::Point´��Ä�¢~,L«�m¥�: A;

• collinear(A::Point, B::Point, C::Point)´��AÛ'X,L« A!B!C n:��;

• circumcenter(triangle(A::Point, B::Point, C::Point))´��AÛé�,L«n�/

ABC �	%;

• distance(A::Point, l::Line)´��AÛþ,L«: A��� l�ål;

• distance(A::Point, B::Point)´��AÛþ,L«ü: A!B �m�ål.

©é

Vg�±ÏL�½(��½öäN�ëê5¢~z,ù����Lã¡�Vg�¢

~,��±`T¢~A^
dVg.~X,b�®²�E�m¥ü: D!E,@o�±Lã

²Lùü:��� DE,§´Vg“L: AÚ: B ���”�¢~.��5¿�´: AÚ

5 13��/ªLã¥,�NI5�ÎÒL«�±Cz�þ,=�±^Ù§ÎÒ�O.~X, A::PointÚ

l::LineÑ´/X V :: T �Lã.
��N�ÎÒKØU�O�.
5 2� n = 0�,/ª� f().
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: B´Ä�¢~,§��±�L�m¥?¿ü�ØÓ�:,
: DÚ E ´�m¥®²�

3�äN�:.

½½½ÂÂÂ 4.3.2. Vg�¢~�/ªL«Xe:

(1) ��Cþ,~X A!l�,´���;

(2) ��~þ,~X 0!π�,´���;

(3) /X f(a1, · · · , an) (0 5 n)�Lã´��Vg�¢~,Ù¥ f ´ù�Vg�c®,z

� ai (1 5 i 5 n)Ñ´�,Ä�¢~,½ö´Ù§Vg�¢~ (¡�¢~�f¢~),

¡�¢~�ëê.

¢~ I ¹k“( )”�éê¡� I ��ê,P� L(I).Vg�¢~Ñ�¹kk��êÚk��

ëê.

©é´3AÛLã¥`²¯¢�Ä�ü ,ÏL¦^Vg�¢~5�E.©é�¹

±e�/:

(1) ÏLÛª�(²�½��z�¢N.~X, “�½�m¥�ü�: A!B”, “l Ú m

´ü^��”,ùp AÚ B ©O��?¿�:, lÚm©O��?¿��;

(2) ¦^wª�Ú^5(²¤�E�¢NVg�¢~.~X, “- l´²L: AÚ: B

���”,ùp l��²L: AÚ B �@^��, AÚ B ��®�E�:;

(3) Ø¦^wª�Ú^5(²¤�E�¢NVg�¢~.~X, “�½n�/ ABC”,ù

pvk¦^��¶i5Ú^± A!B!C �º:�ù�n�/, A!B!C ��®

�E�:;

(4) ¦^Ù�Vg��¢~,~X, “�� lÚ�� m²1”,ùp lÚ m��®�E�

��.

½½½ÂÂÂ 4.3.3. ©é�/ªL«Xe:

(1) declare(α1, · · · , αn) (0 5 n)´�� ((²)©é,Ù¥z� αi (1 5 i 5 n)Ñ´Ä�

¢~� nk�,¡�©é�ëê;

(2) V := I ´�� (Ú^)©é,Ù¥ V ´��Cþ, I ´��¢NVg�¢~, V �¡

� I �Ú^ (reference)½�� (pointer);
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(3) and(α1, · · · , αn)Ú or(α1, · · · , αn)´ (Ú^)©é (�¡�EÜÚ^©é),Ù¥z�

αi (1 5 i 5 n)Ñ´Ú^©é� nk�,¡�©é�ëê;

(4) give(α1, · · · , αn)´�� (cJ)©é,Ù¥z� αi (1 5 i 5 n)Ñ´¢NVg�¢~

� nk�,¡�©é�ëê;

(5) Ù�Vg�¢~��±�¡� (Ù�)©é;

(6) e α, α1, · · · , αn Ñ´Ù�©é� nk�,@o and(α1, · · · , αn)!or(α1, · · · , αn)!

not(α)Ñ´ (Ù�)©é (�¡�EÜÙ�©é),Ù¥ α, αi (1 5 i 5 n)¡�©é�

ëê;

Ù¥, (2) (3) (4)q�±Ú¡� (�E)©é.

~X,

• declare(A::Point, l::Line)´��(²©é,¿g´�½�: AÚ�^�� l;

• l := line(A, B)´��Ú^�é,¿g´ l�²L AÚ B ���;

• give(triangle(A, B, C))´��cJ©é,¿g´�½n�/ ABC;

• perpendicular(l,m)´��Ù�©é,¿g´ lÚm�pR�.

�.½�é

·�ò�m¥�AÛ¢N÷v�X�AÛ'X½öþ'X�AÛLã¡��.½

�é.

½½½ÂÂÂ 4.3.4. configuration(α1, · · · , αn) (0 5 n)´���.,Ù¥z� αi (1 5 i 5 n)Ñ´

©é½ö�.,¡��.�ëê.Ù¥ nk�¿�¤kCþ½ö´d�.¥Ä�¢~�

Ú^,½ö´Ú^©é¥,�¢~�Ú^,Ó��CþØU^�ØÓÚ^ (=Ú^Ø­

¶).

(1) ���.¡��E�.,ez� αi (1 5 i 5 n)Ñ´(²©é,½ö�E©é,½ö

�´���E�.;

(2) ���.¡��å�.,ez� αi (1 5 i 5 n)Ñ´(²©é,½öÙ�©é,½ö

�´���å�.;

(3) Ù§��.¡�·Ü�..
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ü��.½©é�±Ü¿. e S1 ���/X configuration(α1, · · · , αn) ��., S2

���/X configuration(β1, · · · , βm) ��., K S1 � S2 �±Ü¿����.

configuration(α1, · · · , αn, β1, · · · , βm),P�S1+S2,Ú,���. configuration(β1, · · · ,

βm, α1, · · · , αn),P� S2 + S1.

~X,

• Ü�t½n (�N¹ A.) �AÛ�.�±L«� configuration(A := point(),

B := point(), C := point(), D := pointon(circle(A, B, C)), J := foot(D, line(A, B)), H

:= foot(D, line(B, C)), G := foot(D, line(A, C)));

• AÛ�. configuration(A := point(), B := point(), C := point(), give(ninepointcircle

(triangle(A, B, C)))L« A!B!C ´?¿n:,�½n�/ ABC �Ê:�.

½Â

AÛVg½Â���(�5 1´“Vg A�½Â� R¿÷v�å C”,Ù¥ A´�½

Â�Vg, RL« A�IVg, C L« RA÷v�^u�� A�����å½�E^�.

~X,ü^����:´��:¿�÷vù�:Ó�3ùü^��þ.,��¡,Ï~¤

½Â�AÛVgÑ´?u����/,�òz^�¿vk²(`²,~X,n�/�Vg

Û¹n�/�n�º:Ø3Ó�^��þ.

½½½ÂÂÂ 4.3.5. ½Â�/ªL«Xe:

(1) /X [I where C]�Lã S ´���å�½,Ù¥ I ´��Ä�¢~,½öVg�

¢~,½öÙ�©é,½ö�.,¡� S �¥%¢~,P� CI(S); C´��Ù�©

é,½öÚ^©é,½ö� null5 2 ,¡� S ��å,P� Constraint(S);

(2) /X [V ]�Lã S ´��_�½,Ù¥ V ´��Cþ,¡� S �¥%¢~,P�

CI(S);

(3) /X Definition(C, R, N)�Lã D´��½Â,Ù¥ C ´��Vg,¡� D�8I

Vg,P� TC(D); R´���å�½,½ö_�½,½öÄ�¢~,¡� D��£

5 1du·�'5uAÛLã�/ª�ó,Ïdùp�?ØAÛVg�½Â(�,
�êVg�½ÂKØ

3�©�?Ø���S.
5 2�©¥� nullL«�,é null�?Ûö�Ñ��ö�,=ö�òª�.
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N,P� RB(D); N´��Ù�©é½ö null,¡� C ��òz^�,P� NC(C);¿

�÷v±e�¦:

• C¥Ñy�Cþ3 C ½ö I ¥Ñy;

• _�½�¥%¢~´ C ¥,�Ä�¢~�Ú^;

• N¥Ñy�Cþ3 C ¥Ñy;

• Ó��CþØU^�ØÓÚ^;

• e C vkëê,@o R´��Ä�¢~.

e½Â��£N�Ä�¢~,@o½Â�8IVg¡�Ä� (½{ü)Vg5 1 ,ÄK¡�

�Ñ (½E,)Vg.e½Â��£N R��å�½,@o� Constraint(R)�Ù�©

é½ö null�,d½Â¡��å.½Â;� Constraint(R)�Ú^©é½ö null�,d

½Â¡��E.½Â.

~X,

• Definition(intersection(l::Line, m::Line), [A::Point where and(incident(A, l), incid-

ent(A, m))], not(parallel(l,m)))L«ü^�� lÚ m��:�½Â��: A÷v

AQ3 lþq3mþ,Ù�òz^�´ùü^�� lÚmØ²1;

• Definition(completequadrilateral(A::Point, B::Point, C::Point, D::Point, E::Point,

F ::Point), [configuration(E := intersection(line(A, B), line(C, D)), F := intersection

(line(A, C), line(B, D)))], null)L«�o>/�½Â����.: E ��� AB �

�� CD��:, F ��� AC ��� BD��:,vk�òz^�.

½½½ÂÂÂ 4.3.6. ��´½Â�8Ü, /ªzL«� Script(D1, · · · , Dn) (0 5 n), Ù¥z�

Di (1 5 i 5 n)Ñ´½Â¿� nk�.

·K

·K���(�´��| (H,G),Ù¥H´·K�cJÜ©, G ´·K�(ØÜ©.

½½½ÂÂÂ 4.3.7. ·K�/ªL«� Proposition(N, T,H,G),Ù¥ N ´·K�¶i, T ´·

K�a.¶,= Assertion (äó)!Lemma (Ún)!Theoerem (½n)! Corollary (íØ)

5 1AÛLã¥¤Ñy��êVgÑ�À�Ä�Vg.
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½ Conjecture (ß�), H´��AÛ�.,¡�·K�cJ, G ´��Ù�©é½ö/X

α1 <=> α2 (Ù¥ α1!α2 þ�Ù�©é),¡�·K�(Ø.(Ø¥�CþÑ3cJ¥Ñ

y.

~X,

• Ü�t½n (�N¹ A.) �/ªz� Proposition(Simson’s theorem, Theorem,

configuration(A := point(), B := point(), C := point(), D := point()), incident(D, circ-

umcircle(triangle(A, B, C))) <=> collinear(foot(D, line(A, B)), foot(D, line(A, C)),

foot(D, line(B, C))));

• øÊd½n (�N¹ A.) �/ªz� Proposition(Pappus, Theorem, configura-

tion(declare(C::Point, F ::Point, P ::Point, Q::Point, R::Point), A := point(), B := poi-

nt(), D := point(), E := point(), give(Pappus(A, B, C, D, E, F , P ,Q,R))), collinear(

P , Q, R)).

¯K

¯K�Lã(��·K�aq,�´��| (H,O),Ù¥ H´¯K�cJÜ©,


O´¯K�8IÜ©.

½½½ÂÂÂ 4.3.8. ¯K�/ªL«� Problem(N, T,H,O),Ù¥ N ´¯K�¶i, T ´¯K�

a.¶,= Compute (O�)!Prove (y²)!Locus (¦;,)½ Construct (�ã), H´

��AÛ�.,¡�¯K�cJ, O¡�¯K�8I.�âØÓ�¯Ka., OkXeØ

Ó�/ª:

(1) e T � Compute½ö Locus½ö Construct,K O´��¢NVg�¢~½ÙÚ

^;

(2) e T � Prove,K O´��Ù�©é½ö/X α1 <=> α2 (Ù¥ α1!α2 þ�Ù�

©é);

8I¥�CþÑ3cJ¥Ñy.

~X,
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• O�¡È¯K“�½��n�/,�^>�� a,Ùþ�p�� h,¦ù�n�/�¡

È”�/ªz�Problem(Area, Compute, configuration(declare(A::Point, B::Point,

C::Point), give(triangle(A, B, C)), a := length(side(A, B)), h := height(C, side(A, B)

)), area(triangle (A, B, C)));

• y²¯K“²1o>/�é��p�²©”�/ªz�Problem(Parallelogram, Pro-

ve, configuration(declare(D::Point), A := point(), B := point(), C := point(), give(pa-

rallelogram(A, B, C, D)), O := intersection(line(A, C), line(B, D))), and(equal(leng-

th(segment(O,A)), length(segment(O, C))), equal(length(segment (O,B)), length(

segment(O,D))))).

¹k8Ü�Lã

3AÛLã¥,Ï~¬��õ�é�Ú�Lã��/:

(1) 3¦^wª�Ú^5(²¢NVg�¢~�,�±Ú�Lã.~X, X!Y!Z ©O

´n�/ ABC n> AB!BC!AC �¥:, m!n©O´n�/ ABC > BC!

AB þ�p;

(2) �õ�¢~ÑA^�Ó�Vg�,�±Ú�Lã.~X,L A!B!C n:©O��

� a!b!cR����;

(3) k
Vg�¹õ�é�,¿�ù
é�÷v�Ó��å^�½�E�ª,3½Â¥

I�qÞ¤k�/.~X,o>/� 2^é��,����� 2��:,n�/� 3

�º:,n�/� 3^¥��;

(4) k
Vg�,�¹õ�é�,�ù
é��3��å^�¿Ø�Ó,=Vg3ØÓ

��/eéAØÓ�é�,3½Â¥I�«©ù
�/¤�£�é�.~X,���

����)S��Ú	��.

nÜ�Ä±þ�/,·�éAÛ£ã�ó�Xe*Ð,±OrÙg,�L�Uå.

(1) {V1; · · · ; Vn} := {α1; · · · ; αn} (1 5 n)´�� (8Ü)©é,ez� Vi := αi (1 5 i 5

n)Ñ´Ú^©é� nk�;

(2) {V1; · · · ; Vn} := I (1 5 n)´�� (8Ü)©é,Ù¥z� Vi (1 5 i 5 n)Ñ´Cþ�

nk�, I ´¢NVg�¢~;
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(3) f({α1; · · · ; αn}, · · · , {β1; · · · ; βn}) (1 5 n) ´��Vg� (8Ü) ¢~, ez�

f(αi, · · · , βi) (1 5 i 5 n)Ñ´Vg�¢~;

(4) {R1; · · · ; Rn} (2 5 n)´��½Â� (8Ü)�£N,ez� Ri (1 5 i 5 n)Ñ´½Â

��£N� nk�;ez� Ri (1 5 i 5 n)Ñ´�å�½,Ù¥%¢~Ñ´,�V

g�¢~¿��åÑ� null,Kù���£N¡�p½8Ü�£N,ÄK¡���

8Ü�£N.

/X {α1; · · · ; αn} (1 5 n)�Lã¡�8Ü, αi (1 5 i 5 n)¡�©þ,¿�©þ��

ê n´k��.

~X,

• {A; B; C} := {point(); point(); point()}´�� (8Ü)©é,L« A!B!C ´?¿

n:;

• {D; E; F} := vertex(Napoleontriangle(triangle(A, B, C)))´�� (8Ü)©é,L«

D!E!F ´n�/ ABC �<»Õn�/�n�º:;

• collinear(midpoint(diagonal(completequadrilateral(A, B, C,D, E, F ))))´�� (8

Ü)¢~,L«�o>/ ABCDEF �n^é���¥:��;

• Definition(diagonal(completequadrilateral(A::Point, B::Point, C::Point, D::Point,

E::Point, F ::Point)), {[segment(A, D)]; [segment(B, C)]; [segment(E, F )]}, null)L

«�o>/ ABCDEF kn^é��,©O´�ã AD!�ã BC!�ã EF .

,	,3AÛLã¥��3'u8Ü�ö�Vg.~X,n�/n�º:¥�?¿�

º:,n�/�?ü^p��.·�3AÛ£ã�ó¥Ú\Xe/ª,±OrÙL�Uå.

choosediff({A1; · · · ; An}, m) (1 5 m 5 n) ´��8Ü� (ö�) ¢~, L«l

Ai (1 5 i 5 n)¥?Àm�ØÓ�©þ¤|¤�8Ü.~X, line(choosediff({A; B; C}, 2))

L«�� AB!�� AC!�� BC ¥�?¿�^.

éu,
�ã.AÛLã,~X½n�y²!¯K�)��,duyk�AÛ^�

¿ØUéÙ?1�y�?n,Ïd8c·�¤ã�AÛ£ã�ó¿vk�¹é§��/

ªL«.
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4.3.3 Ù§Lã�/ª�ó

L§z�£Lã

½½½ÂÂÂ 4.3.9. �È5KL«ò/ªz�AÛVg¢~=z�g,�óLã�5K,Ù/ª

L«� Translation(C, S, L),Ù¥ C ´��Vg, S ´���¹ C ¥Cþ�g,�ó�

é, LL«g,�ó�a.,X english!¥©�.

~X,

• Translation(collinear(A::Point, B::Point, C::Point),-A, B, and C are collinear.,

english)L«ò collinear(D, E, F )=z�“D, E, and F are collinear”;

• Translation(perpendicularline(A::Point, l::Line),-L AR�u l ���.,¥©)

L«ò perpendicularline(B, m)=z�“L B R�um���”.

½½½ÂÂÂ 4.3.10. �êz5KL«ò/ªz�AÛVg¢~=z�3(k��IXe'u�

I©þ±9Ù§AÛþ��êL�ª�5K,Ù/ªXe:

(1) P [n]L« P ¤éA�I�1 n�©þ,Ù¥ P ´Vg¥�D�a. Point�Ú^,

n´��g,ê;

(2) AlgebraicScript(C, µ, T )´���êz5K,Ù¥ C ´��Ù�Vg, µ´��'

u C ¥�D�a. Point�Ú^��I©þ±9Ù§AÛþ��êL�ª, T L«

�êz�a.,X Coordinate (�I�êz), Area (¡Èþ�êz)�;

(3) AlgebraicScript(C, δ, µ, T )´���êz5K,Ù¥ C ´��¢NVg, δ ´��

�I, µ´��'u C ¥�D�a. Point�Ú^��I©þ, δ ��I©þ±9

Ù§AÛþ��êL�ª, T L«�êz�a..

~X,

• AlgebraicScript(collinear(A::Point, B::Point, C::Point),−B[2]*C[1]+B[2]*A[1]+

A[2]*C[1]+B[1]*C[2]−B[1]*A[2]−A[1]*C[2] = 0, Coordinate) L«ò���Vg

�I�êz;

• AlgebraicScript(line(A::Point, B::Point), (x, y), x*B[2]−A[1]*B[2]−x*B[1]+A[1]*

B[1]−A[2]*y−A[1]*B[1]+A[2]*B[1]+A[1]*y = 0, Coordinate)L«ò���Vg�

I�êz.
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½½½ÂÂÂ 4.3.11. ã/z5KL«ò/ªz�Vg¢~=z��ã�-�5K,Ù/ªL«

� DiagramScript(C, η,N),Ù¥ C ´��¢NVg, η ��A��ã�-, N L« η �

±�£O�Ä�AÛ^��¶i.

~X,

• DiagramScript(perpendicularline(A::Point, l::Line), Perpendicular(l; A), Cindere-

lla);

• DiagramScript(perpendicularline(A::Point, l::Line), PerpendicularLine[A, l], Geo-

Gebra).

�êLã

�êLã´�AÛ·K½ö¯K3Ú\��IX¥¤éA��ê/ª (=�êz)

�Lã.8c, OpenMath3Nõ�8¥�^�êÆé�L��IO�ó,¿�±ÏL

OpenMath Phrasebooks [105]�O�Å�êXÚ�p,Ïd·�À^ OpenMath5L

«'u�I±9Ù§AÛþ��êLã.

�ãLã

½½½ÂÂÂ 4.3.12. �ãLã´�AÛ�.��ãÚ½,Ù/ªL«�Diagram(N, {η1; · · · ; ηn},

N ),Ù¥ N L«d�ãLã¤�ã/�¶i, ηi (1 5 i 5 n)Ñ´�ã�-, N L«ù


�ã�-�±�£O�Ä�AÛ^��¶i5 1 .

~X, Diagram(Simson’s theorem, {A = (−11.1, 1.62); B = (−22.84,−15.37); C = (7.14,

−15.75); t = Polygon[A, B, C]; o = Circle[A, B, C]; D = Point[o]; l = PerpendicularLine[D,

Line[A, B]]; a = Angle[Line[A, B], l]; m = PerpendicularLine[D, Line[B, C]]; n = Per-

pendicularLine[ D, Line[A, C]]; J = Intersect[l, Line[A, B]]; H = Intersect[m, Line[B, C]];

G = Intersect[n, Line[A, C]]; SimsonLine = Line[H,G]; }, GeoGebra).

4.3.4 AÛ�£�g,�óLã

AÛ�£I�¦^g,�ó?1Lã±�B<��ÆSÚn).�
�<±�Ð
5 1Ä�AÛ^� GeoGebra ��ã�-�L�ë� http://www.geogebra.org/en/wiki/

index.php/Command_Descriptions.
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��ÖN�,·�æ^ XMLég,�óLã�©�?1�ªz.~X,éAÛLã¥�

9��êÆé�¦^ OpenMath�ó½ö LaTeX�ó5L«;ó�¦^I\“link”5I

5;êÆL�ª¦^I\“equation”5I5;·�ã¡¦^I\“figure”5I5;Ä��

ã/©� (�±��A�AÛ^�1\$1)¦^I\“dynamicFigure”5I5;ãá¦

^I\“para”5I5�.'uù
I\�äN¦^`²,�ë�N¹ C..

4.4 õU�O

e¡?Ø>fAÛ��ÖXÚõU��O�¢y�{.duAÛ�£¥®²¢y


é�£êâ�ö��¥y�+nõU,Ïdùp·�Ì�?Ø±eü�¡SN:��¡

´ïÄXÛòAÛ�.!·K±9¯K� GDLLãgÄ/ÓÂ=z�÷v	ÜAÛ^

�A^Ú?nI��Lã;,��¡´ïÄ¢�/uÿ¤�ï��Ö�(���5!�

�5�P{5��{.

4.4.1 ¢~�Vg���

A^AÛ£ã�ó,�±Ü©//ªzAÛ�£.,
, GDLLãØ
AT÷v�{

þ��¦�	,�I�÷v�Âþ��å,=¢~�ëêI�ÎÜ�A�Vgéëêa

.��¦.~X,e®½Â��AÛVg triangle(A::Point, B::Point, C::Point),@o3¢

~ triangle(a, b, c)¥, a!b!cI�´a.� Point�Vg¢~â¦�d¢~k¿Â.X

J��Vg�½Â�±D�Ù¢~±�Â,·�¡ù�¢~�ù�Vg��)º¢~,

�¡ù�¢~A^
ù�Vg,½öù�¢~�ù�Vg��.,��¡,Vg�¢~I

�ÏL§¤A^�Vg�½Â5¼��Âþ�)º,½ö3©�¥¥y�ó�±Bu<

�¼�Ù½Â.·�¡3AÛ£ã�ó¥d¢~���/ª5¼�Ù¤A^�Vg�¯

K�Vg��¯K.~X,3 GDLLã¥,��¢~L«� line(D, E),�
éÙ?1�

Âþ�?n,ÒI�é�ù�¢~¤A^�Vg�½Â.

�
°(/£ãþãVg��¯K,·�©OéVg±9Vg�¢~N\a.ö�

(Type(I)L« I �a.),¿ÏL'��äù
a.�m�'X5)ûù�¯K.

½½½ÂÂÂ 4.4.1. Vg�a.½ÂXe:

(1) ��Ä�¢~/X V :: T ,

Type(V :: T ) = T ;
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(2) ��Vg/X f(a1, · · · , an) (0 5 n),

Type(f(a1, · · · , an)) = f(Type(a1), · · · ,Type(an)),

Ù¥ Type(ai) (1 5 i 5 n)¡�Ùëê.

a.¹k“( )”�éê��a.��ê.duVg�kk��êÚk��ëê,ÏdÙa.

��kk��êÚk��ëê.

3AÛ£ã�ó¥,¢~¥�Cþ½ö´,�Ä�¢~�Ú^,½ö´Ú^©é¥

,�¢~�Ú^,Ïd

½½½ÂÂÂ 4.4.2. ¢~�a.½ÂXe:

(1) e V ´��Cþ,¿��3Ú^©é V := I (Ù¥ I ´��¢~),K

Type(V ) = Type(I);

(2) e V ´��Cþ,¿��3Ä�¢~ V :: T ,K

Type(V ) = T ;

(3) e V ´��Cþ,�Ø÷v (1)Ú (2)��/,K Type(V ) = null;

(4) Type(n) = AlgebraicQuantity,Ù¥ n���êþ, AlgebraicQuantity´��Ä�

a.;

(5) Type(π) = Degree,Ù¥ Degree´��Ä�a.;

(6) e��¢~/X f(a1, ..., an) (0 5 n),K

Type(f(a1, · · · , an)) = f(Type(a1), · · · ,Type(an)),

Ù¥ Type(ai) (1 5 i 5 n)¡�Ùëê.

a.¹k“( )”�éê��a.��ê.du¢~�kk��êÚk��ëê,ÏdÙa.

��kk��êÚk��ëê.

½½½ÂÂÂ 4.4.3. �½ü�a. T1 Ú T2 ©O/X f(a1, · · · , an)Ú g(b1, · · · , bm),XJ÷v f

� g�Ó, m = n, ai = bi (1 5 i 5 n),@o·�¡ T1� T2ü�a.��,P� T1 = T2.
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~X, Vg distance(A::Point, B::Point) �a.� distance(Point, Point), Vg distance

(A::Point, l::Line) �a.� distance(Point, Line). e���.� configuration( A :=

point(), B := point(), l := line(A, B), collinear(A, B, C)), K A Ú B �a.Ñ� point(),

l Ú line(A, B)�a.� line(point(), point()),
 collinear(A, B, C)�a.� collinear

(point(), point(), null). distance(Point, Point) = distance(Point, Point).

½½½ÂÂÂ 4.4.4. �½Vg C 9¢~ I,XJ Type(C) = Type(I),@o I ´ C ��)º¢~.

,
, du¢~#Ni@, ½Â 4.4.4 ¿ØUºX¢~�Vg����¤k

�/. ~X, I ´¢~ intersection(line(A, B), line(C, D)), Ù¥ Type(A) = Type(B) =

Type(C) = Type(D) = Point, K ´Vg intersection(l::Line, m::Line), L«?¿ü^

����:. Type(I) = intersection(line(Point, Point), line(Point, Point)), Type(K) =

intersection(Line, Line).¦+ Type(I) 6= Type(K),�´Lü:����´��, K �½

Â�±^5)º I, I �AT´K ��)º¢~.Ïd==ÏL�äa.´Ä��¿Øv

±�ä¢~�Vg´Ä��.·�ÏLÚ\a.�m�S5)ûù�¯K.

½½½ÂÂÂ 4.4.5. �½���� S,a.�S (≺)½ÂXe:

(1) e T1 Ú T2 þ�Ä�a.,§�¤éA���½Ä�Vg©O� C1 Ú C2,¿�3

1 3.2.3!U«'Xã (ã 3.3)¥ C1Ú C2�½Â�¤U«'X,= C1 → C2�3,

K T1 ≺ T2;

(2) e D´ S¥���½Â, C � D�8IVg, R� D��£N, I � R�¥%¢~

(d� R��å�½½_�½),

• e R�Ä�¢~ (d� I Ø�3),K Type(C) ≺ Type(R);

• e I ´/X l(α1, · · · , αn) �EÜÙ�©é, K Type(C) ≺ Type(αi)
5 1

(1 ≤ i ≤ n);

• e I ���Cþ,½öÄ�¢~,½ö,�Vg�¢~,½ö�EÜÙ�©é,

K Type(C) ≺ Type(I);

• e R´��8Ü�£N (d� I Ø�3),Ké R�z�©þ,�âþã�½Â

B����Aa.�S;

ù
SÑ¡�d D�Ñ�a.S;

5 1eùp αi E´EÜÙ�©é,Ké αi �1dÚ½.
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(3) �½��a./X f(a1, · · · , an) (1 5 n),e�3a. T 9ëê ai (1 5 i 5 n)÷v

Type(ai) ≺ T ,@o f(a1, ..., an) ≺ f(a1, · · · , T, · · · , an),Ù¥ T ´1 i�ëê;

(4) XJ T1!T2!T3Ñ´a., T1 ≺ T2� T2 ≺ T3,K T1 ≺ T3;

T1 ≺ T2�¡� T2J, T1, T2¡� T1�Ia.,P� T2 = Father(T1).��a.�

±kõ�Ia..

~X, line(Point, Point) ≺ Line±9 intersection(line(Point, Point), line(Point, Point)) ≺

intersection(Line, line(Point, Point)) ≺ intersection(Line, Line).

äääóóó 4.4.1. Ä�a.�êk�,¿�é?Û��Ä�a. TA,Ñk Father(TA) 6= TA.

½½½nnn 4.4.1. �½���� S,�3��¢~ I ÷v Father(Type(I)) = Type(I)��=

��3 S¥�½Â D÷v Father(Type(TC(D))) = Type(TC(D)).

y²: ¿©5:

d½Â 4.4.2�� Type(I)�½/X f(a1, · · · , an) (0 5 n).du Father(Type(I))

= Type(I),e�3½Â D÷v Type(I) = Type(TC(D)),K(Øw,¤á;ÄK, 1 5 n

�½¤á¿��½�3 I �,�ëê ai (1 5 i 5 n) Úa. T ′, ÷v ai ≺ T ′ �

f(a1, · · · , ai, · · · , an) ≺ f(a1, · · · , T ′, · · · , an) ≺ f(a1, · · · , ai, · · · , an).

(1) e�3½Â D÷v f(a1, · · · , T ′, · · · , an) = Type(TC(D)),K(Ø¤á;

(2) ÄK, T ′ ≺ ai¿� Father(ai) = ai.é ai­E±þL§,
z­E�g, L(ai)Ñ'

L(I)� 1.Ï�¢~��ê´k��,b�±þL§�±�­E���ê� 1,=�

3��/X g(b1, · · · , bm) (1 5 m)�ëê÷vé?¿½Â DÑk g(b1, · · · , bm) 6=

Type(TC(D)), Ù¥ L(bk) = 0 (= bk ´��Ä�a., 1 5 k 5 m). ��¡, lc

¡�?Ø��, �½�3,�ëê bj ÷v Father(bj) = bj; ,��¡, däó

4.4.1��,é¤k k Ñk Father(bk) 6= bk.ù�B�)
gñ.Ïd,3�ê~

�� 0�c,�½�3,�ëê a′ Ú,�½Â D′ ÷v a′ = Type(TC(D′))¿�

Father(Type(TC(D′))) = Type(TC(D′)).

7�5:

d½Â 4.4.5 ���3,�a. T ′ ÷v Type(TC(D)) ≺ T ′ ≺ Type(TC(D)). �

½�3,�¢~ I, Type(I)/X g(b1, · · · ,Type(TC(D)), · · · , bm)¿�÷v Type(I) ≺

g(b1, · · · , T ′, · · · , bm) ≺ g(b1, · · · ,Type(TC(D)), · · · , bm) = Type(I).Ïd(Ø¤á.
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íííØØØ 4.4.1. é���� S¥�?¿½ÂD,XJ Father(Type(TC(D))) 6= Type(TC(D)),

@oé?�¢~ I, e Father(Type(I)) �3, K Father(Type(I)) 6= Type(I) ¿�

Father(Type(I))��êk�.·�¡ù����´ûÐ� (well-formed).

y²: d½n 4.4.1��,é?�¢~ I,e Father(Type(I))�3,K Father(Type(I))

6= Type(I). Father(Type(I))��U�3Xeü«�/:

• e�3½Â D÷v Father(Type(I)) = Type(TC(D)),@o Father(Type(I))�

�ê´k��,ù´Ï� Father(Type(TC(D))) 6= Type(TC(D))¿���¥½Â

��ê´k��;

• ÄK, Type(I)�,�ëê�3Ia.¿�ù�ëê��ê' Type(I)��ê�

1.du Type(I)�ëê�êk�¿��ê�k�,Ïddäó 4.4.1��,ù«�

/e Father(Type(I))��ê�´k��.

nþ,é?�¢~ I,e Father(Type(I))�3,KÙ�êk�.

¯¢þ,��´ÄûÐ�A
Vg´Ä�Ì�½Â.Ïduÿ����´Ä´ûÐ

�éu�£+nkX­��¿Â.du����¹k��½Â,Ïd�±H{ù
½Â

�8IVg�a.,�g�ä´Ä�3,�Ia.�Ù��.ù«�äÏ~'�{ü,�

±<�?1.

½½½ÂÂÂ 4.4.6. �½�� S!Vg C 9¢~ I,XJ Type(I) � Type(C),¿� I � C ¦^�

c®�Ó,@o I ¡� C ��)º¢~,½ö¡ I A^ C, I � C ���.

5 4.4.1. du¢~�a.�Ia.kõ�,Ïd¢~¤A^�Vg�±Ø��.

e¡,·�òVg��¯K°(/LãXe:

¯K 4.4.1 (Vg��¯K). �½��¢~ I Ú��ûÐ��� Script(D1, · · · , Dn),é�

¤k� Di (1 5 i 5 n)¦� I � Di�8IVg���.

�â½Â 4.4.6,����½Â�8IVg�a.���¢~�a.�Ia.,@o

ù�¢~BA^ù�8IVg.Ïd,éu�½�¢~,I�H{Ùa.�Ia.,,�

uÿz�Ia.´Ä�,�½Â�8IVg�a.��?
é�ù�¢~¤A^�V

g (8Ü).díØ 4.4.1��,XJ��´ûÐ�,@o¢~�a.�Ia.�kk��.

Ïd·�Äk�ÑIa.H{¯K±9Ia.�H{�{.
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¯K 4.4.2 (Ia.H{¯K). �½��¢~ I Ú��ûÐ��� S,H{ I �a.�I

a..

���{{{ 1: IIIaaa...HHH{{{���{{{ (FTT)
ÑÑÑ\\\:¢~ I,ûÐ��� S
ÑÑÑÑÑÑ: Father(Type(I))�8Ü
result := null;1
FIs := null;2

T := Type(I);3

if T �3 then4
if I /X f(a1, · · · , an) then5

if n ≥ 1 then6
for i← 1 to n do7

Fi := FTT(ai, S);8

Ti := Type(ai);9

L := (T1 ∪ F1)× · · · × (Tn ∪ Fn); // ×L«8Ü�(k�¦È10
for l in L do11

T ′ := f + l ; // +L«ò f � l�ë�12

if T 6= T ′ then13
ò T ′Ø­E/V\� result¥;14

for D in S do15
if T ′ = Type(TC(D)) then16

RS := null;17

if RB(D)´��8Ü�£N then18
ò RB(D)�¤k©þØ­E/V\� RS ¥;19

else20
ò RB(D)Ø­E/V\� RS ¥;21

for R in RS do22
if R´��Ä�¢~ then23
ò RØ­E/V\� FIs¥;24

else25
RI := CI(R);26

if RI ´��EÜÙ�©é then27
ò RI �¤k¢~ëêØ­E/V\� FIs¥;28

else29
ò RI Ø­E/V\� FIs¥;30

for E in FIs do31
ò Type(E)Ø­E/V\� result¥;32

ò FTT(E, S)��Ü��Ø­E/V\� result¥;33

break;34

else35
for D in S do36

if T = Type(TC(D)) then37
ò Type(RB(D))Ø­E/V\� result¥; // RB(D)´Ä�¢~38

ò FTT(RB(D), S)��Ü��Ø­E/V\� result¥;39
break;40

else41
ò¤k Father(T )Ø­E/V\� result¥; // ùp T ´��Ä�a.42

���£££ result;43
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5 4.4.2. 3�{ 1¥,�â½Â 4.4.5�1 (3)^��,1 141¥ T ′´ T �Ia.;�â

1 (2)^��,1 321¥ Type(E)Ú1 381¥ Type(RB(D))�´ T �Ia.;�â1

(4)^��,1 331Ú 391¥48N^�¤k(JÑ´ T �Ia.;1 421¥Ä�a

. T �¤kIa.Ñ�V\� result¥.Ïd, result¥�¤k��Ñ´ Type(I)�I

a..,��¡,�â½Â 4.4.5��, Type(I)�¤kIa.Ñ��ÄL
.Ïd,�{ 1

�ÑÑ´ Type(I)�¤kIa.�8Ü.

duûÐ��� S¤�¹½Â��ê,¢~�ëê�ê,±9¢~�a.�Ia.

�êÑ´k�� (díØ 4.4.1��),ÏdIa.H{�{ 1²Lk�Ú��òª�.

A^Ia.H{�{,Vg��¯K�±��)û,�{X 2.

���{{{ 2: VVVggg���������{{{ (CMA)
ÑÑÑ\\\:¢~ I,ûÐ��� S
ÑÑÑÑÑÑ: S¥¤k� I ����Vg�½Â�8Ü
result := null;1

T := Type(I);2

if T �3 then3
for D in S do4

if T = Type(TC(D)) then5
ò DØ­E/V\� result¥;6

if I /X f(a1, · · · , an) then7
if n ≥ 1 then8

for i← 1 to n do9
Fi := FTT(ai, S);10

Ti := Type(ai);11

L := (T1 ∪ F1)× · · · × (Tn ∪ Fn) ; // ×L«8Ü�(k�¦È12
for l in L do13

T ′ := f + l ; // +L«ò f � l�ë�14

if T 6= T ′ then15
for D in S do16

if T ′ = Type(TC(D)) then17
ò DØ­E/V\� result¥;18
break;19

���£££ result;20

5 4.4.3. �{ 2��(5´w,�.�Ia.H{�{aq,duûÐ���¤�¹½Â

��ê,¢~�ëê�ê,±9¢~�a.�Ia.�êÑ´k��,ÏdVg���{

²Lk�Ú��òª�.A^Vg���{,�±uÿ GDLLã¥¢~�¦^´Ä�(.

XJ��¢~A^
��¥�,�Vg,@o§�¦^B´�(�;ÄK,I�?Ud¢

~½ö���¥O\�d¢~����Vg�½Â5?1?�.
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4.4.2 AÛLã�ÓÂ=z

�
¦Lã{'�ß, I�¦�U/A^�Ñ (E,) Vg. ,
3¼���L

ã��Â�ÒI�¦^Vg�½Âò�ÑVgO��{üVg, ù�´·�3?

1O�!y²�L§¥²~¦^�Ãã. AÛ£ã�ó���­�A�Ò´ò¢~

�ÙA^�Vg½Â3Ó�µeeLã, l
¦�¤Lã�é��±¼��Âþ

�)º. Ïd, éuAÛ£ã�ó, I�ïÄXÛ�âVg�½Âò�ÑVg�¢~

ÓÂ=z�{üVg�¢~, ±¦=z¤�Lã�±�k�/¦^. ~X, �â½Â

D1!D2!D3!D4 �±é¢~ foot(D, line(E, F ))?1Xe=z: foot(D, line(E, F )) D1−→

foot(D, line(E, F )) D2−→ [intersection(perpendicularline(D, line(E, F )), line(E, F ))] D3, D4−−−→

[v1::Point where and(incident(D, v0), perpendicular(v0, line(E, F )), incident(v1, v0), inci-

dent(v1, line(E, F )))].Ù¥ v0Ú v1´#Ú\�Cþ,¿�

D1: Definition(line(A::Point, B::Point), l::Line, null);

D2: Definition(foot(A::Point, l::Line), [intersection(perpendicularline(A, l), l)], null);

D3: Definition(perpendicularline(A::Point, l::Line), [m::Line where and(incident(A,

m), perpendicular(m, l))], null);

D4: Definition(intersection(l::Line, m::Line), [A::Point where and(incident(A, l), inci-

dent(A, m))], null).

±þ=z¤�Lã¥�¢~Ñ´{üVg�¢~,¿�Ù¥��å'X (Ú�E�

ª)Ñ���3,�±�N´/�ö�?nÚ¦^,X�	ÜAÛ^��?1�p.

�
°(/£ã¿¢y GDLLã�ù«=z,·�3AÛ£ã�ó��{Ä:þ

Ú\XeVg5/ªzù�L§,?
JÑÓÂ=z��{.duVg�¢~´AÛ£

ã�ó�Ì�¤©,Ïd·�k?ØVg¢~�=z,�e52?Ø GDLLã¥Ù§(

��=z.

½½½ÂÂÂ 4.4.7. O�´ò�� GDLLã¥�Cþ^Ù§�½ö¢~�O
����#Lã

�ö�.� F ´�� GDLLã, a´Ù¥�Cþ, b´���½ö¢~,K^ b�O a�

O�ö��L«�

F 〈a→ b〉 = F (b).
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~X,: A��� l �Rv�^¢~ intersection(perpendicularline(A, l), l)5Lã (¿

g´L A� lR����� l��:).b�Cþ AI��,��Cþ D�O,Cþ lI

�^¢~ line(E, F )5�O,KdO�ö��L«�

intersection(perpendicularline(A, l), l)〈A→ D, l→ line(E, F )〉 =

intersection(perpendicularline(D, line(E, F )), line(E, F )).

O�ö�¿ØU�¿/?1,
I�Uì�½�5K,±�yO���(J��L

ãÓÂ¿÷vA^��¦.·�Ú\e¡­��Vg,=¢~�=z�z{5/ª/£

ãù�L§.

½½½ÂÂÂ 4.4.8. ¢~�=z´�Uì5Kò¢~=z�äkA½/ªLã�ö�.��¢~

I ¡�3�� SeUì=z5K C 7→ R´��=z�,e S¥�3T¢~¤A^�V

g C,¿�Xe^�÷v:� A1, · · · , An (1 ≤ n)´ C ¥�Ä�¢~, V1, · · · , Vn ©O´

A1, · · · , An�Ú^,�3�½ö¢~ B1, · · · , Bn÷v C〈V1 → B1, · · · , Vn → Bn〉 = I .@

o I �=z�L«�

I 7→ R〈V1 → B1, · · · , Vn → Bn〉,

Ù¥ R¡�=z���, R〈V1 → B1, · · · , Vn → Bn〉P� Transform(I, C, R).

½½½ÂÂÂ 4.4.9. ¢~�z{´�â¢~¤A^�Vg�½Â,ò¢~=z�äk½Â�£N

/ª��«AÏ�¢~=zö�.��¢~ I ¡�3�� Se�â Definition(C, R, N)

´��z{�,e S´ûÐ�,¿�Xe^�÷v:

• I 3 SeUì C 7→ R´��=z�;

• C Ø´Ä�Vg;

• Definition(C, R, N)�3u S¥.

¢~ I �z{�L«�

I 7→ R〈V1 → B1, · · · , Vn → Bn〉〈p0 → v0, · · · , pm → vm〉,

Ù¥ p0, · · · , pm´ R¥Ñy�Ä�¢~�Ú^, v0, · · · , vm�#Ú\�Cþ,=� I ¥�

CþÑØ�Ó.
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~X,¢~ foot(D, line(E, F ))�âcã�½Â D2kXez{:

foot(D, line(E, F )) 7→ [intersection(perpendicularline(D, line(E, F )), line(E, F ))].

Ó��âcã�½Â D4kXez{:

intersection(perpendicularline(D, line(E, F )), line(E, F )) 7→ [A::Point where

and(incident(A, perpendicularline(D, line(E, F ))), incident(A, line(E, F )))]〈A→ new0〉

= [new0::Point where and(incident(new0, perpendicularline(D, line(E, F ))),

incident(new0, line(E, F )))].

¢~�z{ö�¢�þ�A
�â§¤A^�Vg½Â5é¢~?1�Â)º�

L§,�y
¢~¤äk��å'X (Ú�E�ª)ØC,Ïdz{���Lã��¢~

¤L���Â´���½ö`´ÓÂ�,¿�/ª®Ø2´¢~�/ª,
����/

ª�Ó.��¢~²Lz{�����Lã¬�¹#�¢~,I��UYz{,Ïdé¢

~Ï~�±?1�X�z{.e¡,·�ò“z{”�Vgí2���AÛ£ã�ó.

½½½ÂÂÂ 4.4.10. ��¢~!©é!�.!·K!¯K±9Ù¦ GDLLã S ¡�3�� S

e´�5��,e���3�� S ¥¤Ñy�¢~ (½f¢~)3 Se�â,�½Â��

z{.éù�¢~�z{�¡�é S �z{.XJé S ?1�X�z{ (¡�5�)��

S ′Ø��z{,@où�L§¡�ò S 5�� S ′, S ′¡� S 3 Se�5�(J.

�
¦^Ó��§Sé�«ØÓ/ª�Lã?15�?n,·�Ú\��5��/

ª,=z�Úz{ö��(JÑ�=z�ù«/ª,±B?1e�Úz{.

½½½ÂÂÂ 4.4.11. /X [A, C,P ,N ]�Lã S ¡��5.,Ù¥ A´��Cþ,¢~,©é,½

ö�.,¡�ÌN,P� getI(S); C ´��Ù�©é,Ú^©é,½ö null,L«é A¥

Cþ��å (½�E),¡��å,P� getC(S); P ´���.½ö null,L« A¥,


Cþ��E�ª,¡��¸,P� getP(S); N ´��Ù�©é½ö null,L« A¥Cþ

k¿Â¤A÷v�^�,¡��òz^�,P� getN(S).A!C!P!N ¡��5.�©

þ.

duAÛ£ã�ó#N8ÜL«,Ïd·�ò�5.�Xe*Ð:
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(1) e α1, · · · , αnÑ��5.,@o/X {α1; · · · ; αn}� S ´�� (8Ü)�5.,ù�

getI(S) = S, getC(S) = getP(S) = getN(S) =null.e α1, · · · , αn ¥¤kØ�

null��å�±Ó�¤á,Kù��8Ü�5.¡����5.,ÄK¡�p½�

5.;

(2) e [A, C,P ,N ]��5.,@o A!C!P!N ¥�,
Cþ½�ÜCþO��8

Ü�5.¤�Lã�´�5.;

(3) e S Ø´�5.,K getI(S) = S, getC(S) = getP(S) = getN(S) = null.

�½���5. S, getI(S)¥¹k { }�éê¡�8Ü�ê,P� SL(S).8Ü�ê

´k��.

½½½ÂÂÂ 4.4.12. Lã S ��5z´�ò S =z��5.��X�ö�.·�ÏL�¡©

Û35�L§¥�U�)�ØÓ/ªLã,Ú\Xe�5z5K,Ù¥ [A, C,P ,N ]Ú

[A′, C ′,P ′,N ′]Ñ´�5..

(1) e S /X [V ], V ´��Cþ,K�5z�L«�

[V ] 7→ [V , null, null, null];

(2) e S /X [M where Q],�d¢~ I z{
�,eÙ¥M ´��Cþ!¢~½ö

Ù�©é,K�5z�L«� [M where Q] 7→ [M,Q, null, null];eÙ¥M ´��

�.,K�5z�L«� [M where Q] 7→ [I,Q,M, null];

(3) e S /X [[A′, C ′,P ′,N ′], C,P ,N ],K�5z�L«�

[[A′, C ′,P ′,N ′], C,P ,N ] 7→[A′, and(C ′, C),P + P ′, and(N ,N ′)];

(4) e S /X [A, [A′, C ′,P ′,N ′],P ,N ],K�5z�L«�

[A, [A′, C ′,P ′,N ′],P ,N ] 7→ [A, and(A′, C ′),P + P ′, and(N ,N ′)];

(5) e S /X [A, C, [A′, C ′,P ′,N ′],N ],K�5z�L«�

[A, C, [A′, C ′,P ′,N ′],N ] 7→ [A, and(C, C ′),P ′ +A′, and(N ,N ′)];

(6) e S /X [A, C,P , [A′, C ′,P ′,N ′]],K�5z�L«�

[A, C,P , [A′, C ′,P ′,N ′]] 7→ [A, and(C, C ′),P + P ′, and(A′,N ′)];
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(7) e S /X f(α1, · · · , αn),Ù¥ αi (1 5 i 5 n)Ñ´�5.¿�Ø�´8Ü�5.,

K�5z�L«�

f(α1, · · · , αn) 7→[f(getI(α1), · · · ,getI(αn)), and(getC(α1), · · · ,getC(αn)),

getP(α1) + · · ·+ getP(αn), and(getN(α1), · · · ,getN(αn))];

(8) e S /X V := K,Ù¥ K´�5., V ´Cþ,K�5z�L«�

V := K 7→ [V := getI(K),getC(K),getP(K),getN(K)];

(9) e S /X [A, C,P ,N ],Ù¥ A�Ù�©é,½öÙ¥,
ëê½�ÜëêO��

8Ü�5.�Ù�©é,K�5z�L«�

[A, C,P ,N ] 7→ [and(A, C), null,P ,N ];

(10) e S /X [A, C,P ,N ],Ù¥ A��.,½ö´,
ëê½�ÜëêO��8Ü�

5.��.,K�5z�L«�

[A, C,P ,N ] 7→ [P +A, C, null,N ];

(11) e S/X f({α1; · · · ; αn}),Ù¥ αi (1 5 i 5 n)Ñ´�5., f Ø´ and!or!not!

configuration!give½ö declare,K�5z�L«�

f({α1; · · · ; αn}) 7→ f(α1, · · · , αn);

(12) e S /X f({α1; · · · ; αn}, · · · , {β1; · · · ; βn}),Ù¥ αi (1 5 i 5 n), · · · ,βj (1 5 j 5

n)Ñ´�5., f Ø´ and!or!not!configuration!give½ö declare,K�5

z�L«�

f({α1; · · · ; αn}, · · · , {β1; · · · ; βn}) 7→ {f(α1, · · · , β1); · · · ; f(αn, · · · , βn)};

(13) e S /X {V1; · · · ; Vn} := {α1; · · · ; αn},Ù¥ Vi (1 5 i 5 n)Ñ´Cþ, αj (1 5 j 5

n)Ñ´�5.,K�5z�L«�

{V1; · · · ; Vn} := {α1; · · · ; αn} 7→ {V1 := α1; · · · ; Vn := αn}.

XJ��Lã¥�,
Ü©�±Uì±þ5K?1�5zö�,@o¡ù�Lã�

��5z.e S ���5z,KÙ�5z(JP� Normalize(S).e S Ø���5z�

��5.,K Normalize(S) = S.
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ÚÚÚnnn 4.4.1. e S ���5z, K�5zö�²Lk�Ú�½ª�, ¿��5z(J

Normalize(S)´�5..

y²: ·�ÏL©Û½Â 4.4.12¥��5z5K5?Ø�5zö���ª�5.du

[A, C,P ,N ]Ú [A′, C ′,P ′,N ′]Ñ´�5.,eUì5K (9)½ö (10)?1�5zö�,K

¤�(J´�5..�,(JUì5K (9)½ö (10)E,���5z,�´é null�ö

�òª�5 1 ,l
�5zö��òª�.eUì5K (1)½ö (2)?1�5zö�,K¤

�(Jw,´�5.¿��UUì5K (9)���5z.dc¡�?Ø��,(Ø¤á.

eUì5K (3)!(4)!(5)½ö (6)?1�5zö�,K¤�(J´�5.¿��UUì

5K (9)½ö (10)���5z.dc¡�?Ø��,(Ø¤á.eUì5K (7)?1�5z

ö�,K¤�(J´�5..du αi (1 5 i 5 n)Ñ´�5.,Ïd�U¬Ñy±en«

�/:

• e¤�(JØ���5z,K(Ø¤á;

• e¤�(JUì5K (9)½ö (10)���5z,Kdc¡�?Ø��,(Ø¤á;

• e¤�(JUì5K (11) ½ö (12) ���5z, K¤�(J�UUì5K

(11)!(12)½ö (7)E,���5z,Ïd�5zö�I�?�Ú?1.Uì5K

(11)½ö (12)?1�5zö��,8Ü�êò��~ 1.du8Ü�êk�,Uì5

K (11)½ö (12)?1k�Ú�5zö����(J�½Ø�±2Uì5K (11)½

ö (12)��5z.Ïd,Uì5K (7)?1�5zö�7òª�¿�¤�(J´�

5..

eUì5K (8)?1�5zö�,K¤�(J´�5.¿�Ø���5z.Ïd,�5z

ö�òª�.eUì5K (13)?1�5zö�,K¤�(J�UUì5K (8)���5

z.nþ¤ã,(Øé¤k�5z5K¤á.Ún�y.

¯¢þ,�X 4.3.1!¤ã,�
A^	ÜAÛ^�5?nAÛ�.!·K½¯K�

GDLLã,Äk���Ù3��e�5�(J.·�A^cã�z{±9�5zö�,æ

^S�`k (�Ý`kH{)�üÑ5)û5�¯K.

5 1~X, and(A, null)Ú and(null,A)ò�£ A¿ª��cö�; P + nullÚ null + P ò�£ P ¿ª�

�cö�.
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¯K 4.4.3 (©é5�¯K). �½��©é I (�)8Ü©é)Ú��ûÐ��� S,¦ I 3

Se�5�(J.

���{{{ 3: ©©©ééé555������{{{ (CRA)
ÑÑÑ\\\:©é I,�� S
ÑÑÑÑÑÑ: I 3 Se�5�(J
r := null;1

if I /X f(a1, · · · , an) then2
if I /X choosediff({α1; · · · ;αn}, m) then3

r := CRA({αi1 ; · · · ;αim}) (1 ≤ i1, · · · , im ≤ n� ij 6= ik);4
else5

r := Normalize(f(CRA(a1), · · · ,CRA(an)));6

if r/X{β1; · · · ;βk} then7
r := CRA(r);8

if SL(r) = 0 then9
A := getI(r);10

if A�/ªØ´ and(· · · )½ö or(· · · )½ö not(· · · )½ö configuration(· · · )11

½ö give(· · · )½ö declare(· · · ) then
defs := CMA(A, S);12
for def in defs do13

if A3 SeUì def ´��z{� then14
C := getC(r); P := getP(r); N := getN(r);15

R := RB(def);16

N := NC(def);17

AT := Transform(A,C, R); NT := Transform(A,C, N);18

r := Normalize([AT , C, P, and(N,NT )]);19

A′ := getI(r); C ′ := getC(r);20

P ′ := getP(r); N ′ := getN(r);21

if AØ3 A′¥Ñy then22
r := Normalize([CRA(A′), C ′, P ′, N ′]);23

r := Normalize([getI(r),CRA(getC(r)),getP(r),getN(r)]);24

r := Normalize([getI(r),getC(r),CRA(getP(r)),getN(r)]);25

r := Normalize([getI(r),getC(r),getP(r),CRA(getN(r))]);26

break ; // A^õ�Vg�,=¦^��c���?1z{27

if I /X [A, C,P,N ] then28
r := Normalize([CRA(getI(I)),getC(I),getP(I),getN(I)]);29

r := Normalize([getI(r),CRA(getC(r)),getP(r),getN(r)]);30

r := Normalize([getI(r),getC(r),CRA(getP(r)),getN(r)]);31

r := Normalize([getI(r),getC(r),getP(r),CRA(getN(r))]);32

if I /X V := K then33
r := Normalize(V := CRA(K));34

if I /X {β1; · · · ;βk} then35
r := {CRA(β1); · · · ;CRA(βk)};36

else37
r := [I, null, null, null];38

���£££ r;39

½½½nnn 4.4.2. ©é5��{ (�{ 3)�ª�,ÑÑ��5.,¿�Ù¥�¹�¤k¢~þ3

Se�â?Û½ÂÑ´Ø��z{�.
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y²: 3�{ 3¥,du1 6!26!32!341ÑÑ�Ñ´�5z(J,dÚn 4.4.1��,

§��½´�5..e±þ(JÑ´�5.,K1 361ÑÑ�8Ü�5..1 381ÑÑ

�(Jw,��5..Ïd,·�I�©Û¿y²�{¥Ñy�¤k�5zö�±9¤

k48N^Ñ��1.

d½Â 4.3.3��,�{òl1 21½1 331m©�1.

• e�{l1 21m©,XJ I ´8Ü�ö�¢~,K1 41�·-ò��1¿­#

N^d�{�11 361�·-,,�éz�©þ­E��©Ûy²L§.ÄK,1

61¥�·-ò��1.A^S�`k�üÑ,�{ò� I �¹�¤këê�ï�

�Ò��ëê��ê� 0.du I �ëê�ê±9�êÑk�,ÏdÒ��Ý�k

�.

Ò¥��ò¬UgS�Ñ.e�Ñ����ê� 0,1 381�·-ò��1¿�£

�5..e�Ñ���8Ü�êØ� 0,1 361�·-ò��1.ÄK,1 21�·

-ò��1.31 61,�5zö�ò�â ai (1 5 i 5 n)�5�(J�/ª5?1.

– e§�Ñ´8Ü�5.,K�5zö�òUì5K (11)½ö (12)?1;

– ÄK,�5zö�òUì5K (7)?1.

XJ1 61��5z(J´8Ü�5.,@o�{ò�­#N^¿�11 361�

·-,,�éz�©þ�11 29-321�·-.31 291,�{ò�­#N^¿Ï

L�11 21½ö1 361�·-55�ÌN.�5zö�òUì5K (3)?1¿

�#)¤��å!�¸!�òz^�ò©O��c��å!�¸!�òz^�Ü

¿.�q/,31 30!31!321,�{ò�­#N^¿��5zö�©OUì5K

(4)!(5)!(6)?1.

XJ1 61��5z(J�8Ü�ê� 0¿�ÙÌN A´��¢~,@o31 12

1òA^Vg���{)¤3�� Se8IVg� A����½Â�8Ü defs.

e A3 SeUì defs¥�½Â def ��z{,Kò©O�âl1 161Ú1 171

�����é A?1=z¿)¤d Aû½��åÚ�òz^�.1 191��5z

ö�òUì5K (1)!(2)½ö (3)?1.duÌN A′ ´#)¤�,I�­#N^d

�{é A′ ?15�.1 231��5zö�òUì5K (3)?1.�e5,·�©Û

A′�/ª.
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– du R�U´8Ü�£N,Ïd A′ �U´8Ü�5..ù�ò­#N^�{

¿�11 361�·-;

– ÄK, A′�½´��Cþ!¢~½öÙ�©é.ù�ò­#N^�{¿�11

381½ö1 21�·-.

�Xò�11 24-261�·-,L§aqu�11 30-321�·-.

XJ1 61��5z(JØ÷v1 71Ú1 91�^�,@oò��ÑÑd�5z

(J.

• e�{l1 331m©,Kò­#N^d�{�11 2�·-¿­E±þL§.�5

zö�Uì5K (8)½ö (13)?1.

nþ¤ã,�{¥Ñy�¤k�5zö�±948N^Ñ�±�1.�e5,·�y

²�{�ª�5.duÒ��Ýk�,XJ¤k48N^¤ö��é�Ñ*dØÓ,@o

�{òª�.

31 61,du�êk�, ai (1 5 i 5 n)�½ÑØÓu I;31 4!8!361,du8

Ü�êk�, αit (1 5 t 5 m)!βj (1 5 j 5 k)��½ÑØÓu I;31 24-261Ú1 29-

321, getC(r)!getP(r)!getN(r)¥Ñy�¢~ÑØÓuÌN¥Ñy�¢~5 1 ;31

341, K�½ØÓu I .Ïd,�{3ù
1Ø¬ö��Ó�é�l
Ø¬�\kÌ�.

31 231,dué A?15�ò­#N^d�{55� A′,XJ A′ �5�(J�

ÌNÚ A�Ó,@o�{ò�\kÌ�l
Ø¬ª�.·��e5y²ù«�/Ø¬u

).

Ï� A´ r�ÌN¿� SL(r) = 0, A3 SeUì def ´��z{�, A�½A^


def �8IVg.

• e R´�å�½,K A′ �U´��#¢~¿� Type(A′) = Type(CI(R)).d½Â

4.4.5��, Type(A) ≺ Type(A′);

• e A′ ´EÜÙ�©é,é A′ �5� (31 61)=z�éz�¢~ëê�5�.d

½Â 4.4.5��,ù
ëê�a.Ñ´ Type(A)�Ia.;

• e R´8Ü�£N,@o A′ ´8Ü�5..é A′ �5� (31 361)=z�é A′

z�©þ�5�,,� (31 291)=z�éù
©þÌN�5�.d½Â 4.4.5�

�,ù
ÌN�a.Ñ´ Type(A)�Ia..
5 1��/,½Â¥¤kÑy�¢~ÑØ´d½Â8IVg��)º¢~.
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Ï� S´ûÐ���,díØ 4.4.1��, Type(A)Ú§�Ia.ÑØ��.Ïd,31 23

1é A′ ?15��L§¥,é A�5�òØ¬�­#N^,l
�{31 231�½ª

�.

nþ¤ã,�{Ø¬�\kÌ�
7,²Lk�Úª�.

duÑÑ(J�z�©þÑ´5�(J,Ïd,Ù¥Ñy�¤k3 SeUì,�½

Â��z{�¢~Ñ�½31 181�z{.ÄK,§ò¬�3e5��ÑÑ.½n�y.

5 4.4.4. d½n 4.4.2��,©é5��{ÑÑB´©é I 3�� Se�5�(J,Ïd

�{)û
©é5�¯K.du35�L§¥,d I û½�¤k�å'X��E�ªÑ

��3,Ïd5�(J� I ´ÓÂ (½ö�d)�.

éuÙ§ GDLLã (X�.!·K!¯K�),�±�âÙ(�é¤�¹�©é�

gA^©é5��{,?
��Ù5�(J.,
3¢SA^�¥,Ï~Ï"ò�� GDL

LãÓÂ=z�÷v	ÜAÛ^�A^I¦�Lã.ÏdI��â�5.¥��©þ�

äN¹Âé5�(J?1=z.©é�5�(JkXeü«/ª:

[A, C,P ,N ]Ú {α1; · · · ; αn}.

½½½ÂÂÂ 4.4.13. �.´��gUìXe5Kò�5.9Ù¤�¹���©þ½ëê F =z

�Ù§Lã��X�ö�,¤�(J¡��5.��.(J.

(1) e F /X f(β1, · · · , βm),Ù¥Ü©�¿Ø´¤këê�8Ü�5.¿� f ´,�

Vg�c®,@oI��âz�ëê�¹Â�pª/?1�Ø { }�ö�;

(2) e F ´/X [A, C,P ,N ]��5., A´��©é,K�.�L«�

[A, C,P ,N ] 7→ [P + configuration(A), C, null,N ];

(3) e F ´/X {α1; · · · ; αn}��5.,

• XJ F ´p½�5.,@o�.�L«�

{α1; · · · ; αn}7→ or(α1, · · · , αn);

• XJ F ´���5.,@o�.�L«�

{α1; · · · ; αn}7→ configuration(α1, · · · , αn).
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½½½ÂÂÂ 4.4.14. �½���.!·K½ö¯K�5�(J��.(J R,��5.´��

gUìXe5KòR=z�Ø¹k�5.�Lã��X�ö�.

(1) e R/X configuration(α1, · · · , or(β1, · · · , βm), · · · , αn),K��5.ö�ò R


©� configuration(α1, · · · , β1, · · · , αn), configuration(α1, · · · , β2, · · · , αn), · · · ,½

configuration(α1, · · · , βm, · · · , αn);

(2) eR/X configuration(α′1, · · · , α′n),K��5.ö��L«�

configuration(α′1, · · · , α′n) 7→ configuration(getI(α′1), · · · ,getI(α′n),getC

(α′1), · · · ,getC(α′n),getN(α′1), · · · ,getN(α′n));

(3) e R/X f(N, T,H, α1 <=> α2),Ù¥ f ´ Proposition½ö Problem,K��5

.ö�òR
©� f(N, T,H + α1, α2)Ú f(N, T,H + α2, α1);

(4) e R/X f(N, T,H′, [A, C, null,N ]), Ù¥ f ´ Proposition½ö Problem,K�

�5.ö��L«�

• e A´c®�“is”�Vg�¢~,K

f(N, T,H′, [A, C, null,N ]) 7→ f(N, T,H′ +N , C);

• ÄK, f(N, T,H′, [A, C, null,N ]) 7→ f(N, T,H′ + C +N ,A).

5 4.4.5. AÛ�.!·K!¯K3,���e�5�(J²L�.Ú��5.ö��E

,©O´AÛ�.!·K!¯K,¤���Lã¡�3ù���e�ÓÂ=z(J.Ù

¥�¢~½öA^
Ä�Vg,½ö3ù���e´Ø�=z�.��Lã�ÓÂ=z

(J�dLã´ÓÂ�.

GDLLã�5�L§�[<�éAÛLã?1ÓÂ�VgO�L§,ÏLE,AÛ

Vg�½ÂòÙ�d/O�¤{üAÛVg,l
��´uö�?n�8�.éuÓ�

� GDLLã,¦^ØÓ���,���5�(J�Ø�Ó,Ïd3¢SA^�¥,I�

�âA^�äNI¦5�ï��,,�2A^þã�{gÄ/éAÛLã?15�!�

.!��5.ö�,����÷vA^I¦�AÛLã,2±d�Ä:mu�	ÜAÛ

^����l
¢y½ngÄy²�ã/gÄ±��õU.

4.4.3 'X�÷

X1 4.1!¤ã,��Ö¤�¹��£SN�m�3X�«ØÓ�'X,
ù
'
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XéuSü��Ö�Qã(�±9|���Ö�SNÑåX­���^,é��Ö�

Mï´Ø�½"�,¿AT����£êâ�;���Ö�£¥¥.ù
'X�¼�

�±ÏLü«�ª?1.�«�ª´<ó/V\,=3Mï8Ié��Ó�,ÏLÚ^

objectID�5Mï�A�ó�.,�«�ª´�âAÛ�£� GDLLã5gÄuy

�£é��m�'X.AÛLã¤A^�AÛVg��Â´ÏLÙ½Â�½�,Ïdù


Vg�½Âé��ù�AÛLã¤éA��£é��m�¤
�¸'X;,	,Vg

�m�3XU«'X,ù«'X%¹3Vg�½Â�¥,=½Â�8IVg�½Â�£

N��½öÙ¥%¢~¤A^�Vg (½��ÚÄ�Vg)�m�¤U«'X,Ïdùü

�Vg©OéA�½Âé��m��¤U«'X (ë�1 3.2.3!éùü�'Xa.�

)º).ùü«'Xa.Ñ�½Âé�k',�±A^Vg���{5gÄ¼��A�ó

�.

�¸'X�gÄuy

¯K 4.4.4. �½��©é I (�)8Ü©é)Ú��ûÐ��� S,¦� I Jø�¸�½

Â�8Ü.

���{{{ 4: ���¸̧̧'''XXXuuuyyy���{{{ (CRD)
ÑÑÑ\\\:©é I,ûÐ��� S
ÑÑÑÑÑÑ:� I Jø�¸�½Â�8Ü
result := null;1

I := getI(Normalize(I));2

if I /X f(a1, · · · , am) then3
if f � and½ö or½ö not½ö give½ö declare then4

for i← 1 to m do5
ò CRD(ai, S)Ø­E/V\� result¥;6

else7
ò CMA(I, S)Ø­E/V\� result¥;8

else9
if I /X V := K then10
ò CRD(K, S)Ø­E/V\� result¥;11

else12
if I /X {β1, · · · , βk} then13

for j ← 1 to k do14
ò CRD(βj , S)Ø­E/V\� result¥;15

���£££ result;16

5 4.4.6. éuAÛ�£� GDLLã,�±�âÙ(�H{¤�¹�©é,¿A^�{ 4

¼��ÙJø�¸�½Â�8Ü,l
gÄ)¤�A��£é��m�¸'X�ó�.
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U«'X�gÄuy

¯K 4.4.5. �½��½Â DÚ��ûÐ��� S,¦� D�¤U«'X�ó��8Ü.

���{{{ 5: UUU«««'''XXXuuuyyy���{{{ (IRD)
ÑÑÑ\\\:½Â D, D��£N R, ûÐ��� S
ÑÑÑÑÑÑ:� D�¤U«'X�ó��8Ü
result := null;1

if R/X {α1, · · · , αn} then2
if R�p½8Ü�£N then3

for i← 1 to n do4
I := CI(αi);5

defs := CMA(I);6
for def in defs do7
òó� def →inherit DØ­E/V\� result¥; // D´©�/½Â8
break;9

if R���8Ü�£N then10
for j ← 1 to n do11
ò IRD(D, αj , S)Ø­E/V\� result¥;12

if R/X f(β1, · · · , βm) then13
if f � and½ö not½ö configuration then14

for i← 1 to m do15
ò IRD(D, βi, S)Ø­E/V\� result¥;16

if f � or then17
for i← 1 to m do18

defs := CMA(βi);19
for def in defs do20
òó� def →inherit DØ­E/V\� result¥; // D´©�/½Â21
break;22

else23
defs := CMA(R);24
for def in defs do25
òó� D→inherit def Ø­E/V\� result¥;26
break;27

if R/X V :: T then28
òó� D→inherit T Ø­E/V\� result¥;29

else30
if R/X [I where C] then31

if I /X V :: T then32
òó� D→inherit T Ø­E/V\� result¥;33

else34
ò IRD(D, I, S)Ø­E/V\� result¥;35

else36
if R/X [V ] then37
òó� D→inherit Type(V )Ø­E/V\� result¥;38

���£££ result;39
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5 4.4.7. A^�{ 5�±gÄuy½Â¤%¹�½Âé��m�U«'X.�£é��

m�ó�´�£ã��Ü©,Ïd�±3��Ö�MïL§¥�;���Ö�£¥¥.

4.4.4 (���5uÿ

l	*��Ýw,DÚ���ÖUìlc���^Sò+��£SN¥y�Öö.

Ïd,3>fAÛ��ÖXÚ¥,·�ò��Öw�´µC
�ASN�8Ié���

5ü�.- TL«��Ö¤�¹�8Ié��8Ü,�±3 TþÚ\��'X �5L

«Ù¥��3��Ö¥�ü�^S.é T¥�ü��� aÚ b, a � bL«3��Ö¥

a�Sü�½ö�� b�c.3ù�¿Âe,é T¥�?¿�� a!bÚ c,kXe5�:

(i) ¬(a � a); (ii)e a � b� b � c,K a � c; (iii) a � b½ö b � a. Ïd, �´8Ü Tþ�î

��S,��ÖK�±L«�ó (T, �).

¦+éuêÆ©��?�Mï�3ØÓ�º�,���Ö¥�+��£I�±�«

Ün�·uÆS��ª5|�.�ó�,��ÖSNI�ÌSì?/!�kéuª/!

XÚ/¥y�Öö.¼���Ö¤�¹�8Ié��m��6'X�©­�,Ï��´

ù
�6'XV«
ù
é�¤Ï"Ñy��é �,l
û½
��Ö�Qã(�.

- NL«8Ié��8Ü,�±3 NþÚ\,����'X→5L«Ù���m��

6'X.éu N¥�ü��� AÚ B, A → B L«3��Ö¥ AAT½öÏ"�Sü

� B �c.~X, foot definition→ Simson’s theorem¿�XRv�½ÂI�

3�ÑÜ�t½n�c�0�.3ù�¿Âe,é N¥?¿� A!B Ú C,kXe5�:

(i) ¬(A → A); (ii)e A → B,K ¬(B → A); (iii)e A → B � B → C,K A → C. Ïd,

→´8Ü Nþ�î� (�g�) S,�A�k�Ã�ã (N,→)�¡��6ã.

½½½ÂÂÂ 4.4.15. - (N,→)´���6ã,����Ö (T, �)�¡�3 (N,→)e´(�Ø

���,XJ

(1) T ⊆ N,¿�

(2) ∃ a, b ∈ T,÷v a→ bÚ b � a.kSé (b, a)�¡���Ö�Ø��¢~.

ÄK,��Ö¡�3 (N,→)e´(����.

Kamareddine F.�< [72]JÑ
��I5XÚ±9�A��N59Ï<��êÆ

©�V\5º,�5º©��Ü6(�ã (=·�¤¡��6ã)�±�gÄ¼�Ú©Û.
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OMDocÏL�£(� (=·�¤¡��6ã)ÚQã(�ü«�ª5I5���(�,

¿Þ~`²
ùü«(��m��p�^ (� [75]1 8Ù).,	,ÏL�ï�±�xÆ

Sé��Æ8���N [122],<�ïÄJÑ
�éØÓ�ÆS8�±9Æ)UåY²�

(�z�§g·A)¤EâÚ�{ [123].¦+Xd,·�¤'5�Ø=´N�¼��6

ã,
��kN�|^§5�ä��Ö�¥y(�´ÄÜn½ö`·¨,=��Ö´Ä

3ù��6ãe´(����.

¯¢þ,d�£ã�ó��±p�Ñ�A!:�m��6'X,XL 4.1¤« (Ù

¥“–”L«�6Ø�3).- (N, L )L« Nþ����£ã,�±d (N, L )p��� 

S8 (N,→),Ù¥→�½Â�

{(a, b) | A→γ B ∈ L ∧ A→γ B �âL 4.1¥�5K�=z� a→ b}.

,
,ù�)¤� S8 (N,→)¿ØU�y´���6ã,Ï�3,
�/e,§�D

44��U�¹ N¥���g�é5 1 .Ïd,3¢SA^�¥, (N,→)I�� (�pª

½ögÄ/)?U��§´���6ã,ù��¡�d�£ãp���6ã (�ã 4.2).

ã 4.2 ddd���£££ããã 3.4ppp���������666ããã

¯¢þ,��Ö¤�¹�8Ié�´��Ö�£¥�f8,��Öþ��£ã´�

�Ö�£¥¥�£ã�fã.3�ï��Ö�L§¥,O\!�\!£Ä±9?UÙ¥

5 1�6ã��ä¯K��þ´k�Ã�ã��½¯K, [72]¥kÜ©�?Ø.
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L 4.1 óóó���������666���===���555KKK (ÙÙÙ¥¥¥ A!!!B ´́́���£££ããã¥¥¥���!!!:::)

ó� �6

A→include B A→ B

A→contextOf B A→ B

A→inherit B B → A

A→deriveFrom B B → A

A→imply B A→ B

A→hasProperty B A→ B

A→decide B B → A

A→justify B –

A→introduce B A→ B

A→remarkOn B B → A

A→complicate B B → A

A→solve B B → A

A→applyOn B –

A→exerciseOf B B → A

A→exampleOf B –

A↔associate B –

A↔equal B –

é��ö�Ñò¬����ÖSNÚ(��Ä�UC.3z�gù��ö��,XÚA

TgÄuÿ3d��Öþ��£ãp���6ãe��Ö´Ä´(����,¿�òØ

��¢~w«�^r±Bæ�?�Ú�ö�5�ï(������Ö.�{ 6¤Ð«�

B´?1ù«(���5uÿ�§S,Ù¥ O´�c�3�ö��8Ié�, (T, �)´

ö� O�¤�¤�ï���Ö, (T, L )´ö� O�¤� Tþ��£ã.

�{ 6¥Ñy� Pd L«3��Ö¥AT½Ï"Sü� Oc¡�8Ié��8Ü;

Sd L«3��Ö¥AT½Ï"Sü� O�¡�8Ié��8Ü; Pt L«3��Ö¥Ñ

y3 Oc¡�8Ié��8Ü; StL«3��Ö¥Ñy3 O�¡�8Ié��8Ü; Ph

L«3��Ö¥ATSü� O�¡%��
��Öc¡�é��8Ü; Sh L«3��

Ö¥ATSü� Oc¡%��
��Ö�¡�é��8Ü; Pr L«3��Ö¥ATS
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���{{{ 6: ������ÖÖÖ (T, �)���(((���������555uuuÿÿÿ���{{{ (SCC)
ÑÑÑ\\\:��Ö (T,�),�£ã (T,L )
ÑÑÑÑÑÑ:Ø��¢~�8Ü
UìL 4.1)¤d(T,L )p�� S8 (T,→);1

(T,→′) := (T,→);2

while (T,→′)Ø´���6ã do3
(T,→′) :=?U (T,→′);4

(T,→′) := (T,→′)�D44�;5

Pd := {x | (x,O) ∈→′};6

Sd := {y | (O, y) ∈→′};7

Pt := {z | (z,O) ∈ �};8

St := {t | (O, t) ∈ �};9

Ph := {(m,O) |m ∈ Pt�m ∈ Sd};10

Sh := {(O,n) | n ∈ St� n ∈ Pd};11

Pr := {m |m ∈ Pt�m ∈ Pd};12

Sr := {n | n ∈ St� n ∈ Sd};13

���£££ Ph ∪ Sh;14

ü� Oc¡¿�(¢´��
 Oc¡�é��8Ü; Sr L«3��Ö¥ATSü� O

�¡¿�(¢´��
 O�¡�é��8Ü.

4.4.5 P{5���5uÿ

éu����Ö,Ø
Ù(�þI�÷v±þ��5��¦�	,SNþ�I�÷

vP{5Ú��5�¦.duz���£é�ÑµC
�A��£êâ,ÌKé��µ

C
�'�&E,Ïd��Ö�SN��dù
8Ié�û½.
z��é�Ñ�XÚ

gÄD�
���Ø­E� objectID� (�1 3.3.1!),Ïd,�Ó�é�òPk�Ó

� objectID�.÷^c¡¦^�PÒ,·��Ñ��ÖP{5���5�½Â.

½½½ÂÂÂ 4.4.16. - TL«��Ö¤�¹�8Ié��8Ü,éu T?ü��� aÚ b,e a

Ú bPkØÓ� objectID�,K¡��Ö´�P{�.ÄK¡��Ö´P{�.

½½½ÂÂÂ 4.4.17. �½��Ö (T, �)Ú�6ã (N,→), (N,→)�D44�P� (N,→).8Ü

{b | (b, a) ∈ → ∧ a ∈ T}¡���Ö3 (N,→)e�4�,P� T→.e T→ ⊆ T,K¡�

�Ö3 (N,→)e´���;ÄK,¡��Ö´Ø���,¿� T→ \ T¥���¡���

Ö3 (N,→)e�ý�é�.

Äu½Â 4.4.16,��Ö�P{5uÿ�±ÏL�ä��Ö¤�¹�8Ié��

objectID�´Ä­E5)û.Ó�,éu��Ö��5�uÿ,�±H{ T¥�¤k�

�,éz����,ÏLd��Ö�£¥��£ã¤p���6ã¦�¤k§¤�6�
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8Ié��8Ü,,��äù
é�� objectID�´Ä� T¥,���� objectID

��Ó,eÑØ�ÓK`²ù�é�´ý�é�,ù����Ö´Ø���,I�ò¤k

ý�é�J«�^r±Bò§�V\��c��Ö¥.3ù«Å�e,��ÖP{5Ú

��5�uÿ§S�±��N´/�O�mu.
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1ÊÙ >fAÛ��ÖXÚ�äN¢�

5.1 AÛ��Ö�£¥��ï

>fAÛ��ÖXÚ±AÛ�£¥�²�5�;�+n��Ö¤�¹��£êâ,

Jø^rMï!�o!��Ä�AÛ��Ö�ÑÖ�õU.��5�
�!êâ´L!

(�Ün��£¥éu>fAÛ��ÖXÚ½ö�AÛk'�ïÄÚA^
óÑäk

­��¢S¿Â.AÛ�£¥��O�{�¢yL§®31 3Ù?1
©Û�?Ø.du

AÛÆ�¹���é2,8c·�±îAp�²¡AÛ�£���	�é�,lAÛ�

�Ö�£êâ�|8��n��Ý5?Ø¿Ð«AÛ�£¥�äN�ï.

��²;�AÛ��Ö,AÛ­* (Geometry Revisited) [35]�¹k�þ²;�E

,�AÛ½n!¤��y²±9'u�!n�/!o>/!�I­��AÛé��5

�.Ïd,·�ÀJù���Ö��7�,A^>fAÛ��ÖXÚéÙ?1êiz!�

n!�;!|�,¿*¿
lÙ§]
¤¼��AÛ�£êâ,dd�ï
��AÛ�

£¥,�¶� GeoData.�£êâ�¼�Ú�nó�´d�öÚ¨ùÓÆ�Ó�¤�,¤

ë��Ö7�kMechanical Geometry Theorem Proving [26]Ú Lessons in Geometry:

I. Plane Geometry [58].8c GeoData�ÏL http://geo.cc4cm.org/geodata/

?1�¯!èA9�Î,§�¹ 125�½Â!849�½n!Ü©½n�y²±9�µ0

���£êâ,¿�é�£é�UìØÓ�©a5K?1
©a,��ï
Ü©�£é

�þ��£ã (�ë�1 3.2.3!).·�A^1 4.3!¥¤�O�AÛ�£�Lã�ó

(�)/ª�AÛ£ã�ó 4.3.2!Ù§Lã�/ª�ó 4.3.3±9g,�ó� XML·Ü

¦^��ó 4.3.4)5Lã��8Ié�¤�¹�SN,¿òù
êâ�;���Ö�£

¥¥.duù
8Ié�¤�¹�êâ��ò�=z� XHTML©�ø�ÖèAÚ�<,

Ïd�±¦^ XHTML¤¦^�I\ég,�óLã�©�?1�ªz.

dþ�Ùé GDLLãÓÂ=z�?Ø��,AÛLã¤A^��ÑVg�¢~�

±3��e5���A^Ä�Vg½öØ�=z�Vg�¢~,Ïd,3AÛLã¥�

¤k¢~Ñ�±�=z��/e,�I�¦^���½�Ä�Vg8B�±��Lã�

8�.Ä�Vg8éÄuAÛLã�A^,XmuAÛLã�®kAÛ^����,mu

AÛ½ny²ì!Ä�AÛ^�!AÛ¯K)û^��kX­��¿Â,Ï�¯K�L
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ã3²L5���=A^ù�Ä�Vg8¥�Vg,l
^��I�¢yù
Ä�Vg

B�±�^r�p¿)û¯K.·�ÏL©Û�nîAp�²¡AÛ¥¤�9�Vg�

½Â,��XeÄ�Vg85 1 .Ù¥,òAÛþ?1î�©a�8�´�
k�/uÿ

AÛ�éLã�Ün5,'X���êþ (Ãþj)���a.´�Ý�AÛþ�¦ÈE

,´��a.��Ý�AÛþ,@oò§���a.�¡È�AÛþ'���´Ø�1

�,
ü�a.Ñ´�Ý�AÛþ�¦È´a.�¡È�AÛþ,ù«�¹e'���

â´k¿Â�.ù��?n��ué�êO�O\
AÛ�Â�&E.��¡éO��

�15��µ�^�5�yAÛ�£¥�Ün5;,��¡,3¢SO��,�±rAÛ

þ���êþ?1�«$�ö�¿Ø¬K�O���Ç,ÏdkÏuAÛ�£¥�ÎÒ

O�óä�oN.

L 5.1 LLL«««AAAÛÛÛééé������AAAÛÛÛþþþ���ÄÄÄ���VVVggg888

Ä�Vg ¹Â

point() ?¿��:

line(A::Point, B::Point) L A!B ���

segment(A::Point, B::Point) ± A!B �à:��ã

halfline(A::Point, B::Point) ± A��:L B ���

triangle(A::Point, B::Point, C::Point) ± A!B!C �º:�n�/

quadrilateral(A::Point, B::Point, C::Point, D::Point) ± A!B!C!D�º:�o>/

circle(A::Point, r::Length) ± A��%, r��»��

conic(A::Point, B::Point, C::Point, D::Point, E::Point) L A!B!C!D!E ��g­�

arc(A::Point, B::Point, C::Point) L A!B!C ��l

angle(A::Point, B::Point, C::Point) �� AB ^��^=�Äg�

�� BC ­Ü¤=L��Ý

distance(A::Point, B::Point) : A� B �m�ål

size(θ::Angle) � θ���

5 1�XAÛ�£¤�9���*�,Ä�Vg8�¬�A/*¿.
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L 5.2 LLL«««þþþ¼¼¼êêê���ÄÄÄ���VVVggg888

Ä�Vg ¹Â

ratio(a::Length, b::Length) �Ý a� b�'�

ratio(a::Area, b::Area) ¡È a� b�'�

ratio(a::Degree, b::Degree) �Ý a� b�'�

ratio(a::AlgebraicQuantity, b::AlgebraicQuantity) �êþ a� b�'�

divide(a::GeometricQuantity, b::AlgebraicQuantity) AÛþ a� b�©

divide(a::Area, b::Length) ¡È��Ý�Ø

times(a::Area, b::Area) ¡È�¡È�¦È

times(a::Length, b::Length) �Ý��Ý�¦È

times(a::length, b::Area) �Ý�¡È�¦È

times(a::Area, b::Length) ¡È��Ý�¦È

times(a::AlgebraicQuantity, b::AlgebraicQuantity) �êþ a� b�¦È

times(a::AlgebraicQuantity, b::GeometricQuantity) �êþ�AÛþ�¦È

times(a::GeometricQuantity, b::AlgebraicQuantity) AÛþ��êþ�¦È

minus(a::Length, b::Length) �Ý a� b��

minus(a::Area, b::Area) ¡È a� b��

minus(a::Degree, b::Degree) �Ý a� b��

minus(a::AlgebraicQuantity, b::AlgebraicQuantity) �êþ a� b��

plus(a::Length, b::Length) �Ý a� b�Ú

plus(a::Area, b::Area) ¡È a� b�Ú

plus(a::Degree, b::Degree) �Ý a� b�Ú

plus(a::AlgebraicQuantity, b::AlgebraicQuantity) �êþ a� b�Ú

sin(θ::Angle) � θ��u

cos(θ::Angle) � θ�{u

tg(θ::Angle) � θ���

ctg(θ::Angle) � θ�{�
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L 5.3 LLL«««AAAÛÛÛ'''XXX���ÄÄÄ���VVVggg888

Ä�Vg ¹Â

is(A::Point, B::Point) : A� B ´Ó�:

incident(A::Point, l::Line) : A3�� lþ

isin(A::Point, t::Triangle) : A3 tSÜ

perpendicular(l::Line,m::Line) �� l�mR�

parallel(l::Line, m::Line) �� l�m²1

sameside(A::Point, B::Point, C::Point) : A!B 3: C �Óý

differentside(A::Point, B::Point, C::Point) : A!B 3: C �üý

sameside(A::Point, B::Point, l::Line) : A!B 3�� l�Óý

sameside(A::Point, B::Point, l::Line) : A!B 3�� l�üý

L 5.4 LLL«««þþþ'''XXX���ÄÄÄ���VVVggg888

Ä�Vg ¹Â

lt(a::Length, b::Length) �Ý a�u�Ý b

lt(a::Area, b::Area) ¡È a�u¡È b

lt(a::Degree, b::Degree) �Ý a�u�Ý b

lt(a::AlgebraicQuantity, b::AlgebraicQuantity) �êþ a�u�êþ b

gt(a::Length, b::Length) �Ý a�u�Ý b

gt(a::Area, b::Area) ¡È a�u¡È b

gt(a::Degree, b::Degree) �Ý a�u�Ý b

gt(a::AlgebraicQuantity, b::AlgebraicQuantity) �êþ a�u�êþ b

equal(a::Length, b::Length) �Ý a� b��

equal(a::Area, b::Area) ¡È a� b��

equal(a::Degree, b::Degree) �Ý a� b��

equal(a::AlgebraicQuantity, b::AlgebraicQuantity) �êþ a� b��
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L 5.5 AAAÛÛÛ���ããã���ÄÄÄ���VVVggg888

Ä�Vg ¹Â

perpendicularline(A::Point, l::Line) L: A� lR����

parallelline(A::Point, l::Line) L: A� l²1���

pointon(o::Circle) � oþ?�:

pointon(l::Line) �� lþ?�:

midpoint(s::Segment) �ã s�¥:

circle(A::Point, B::Point) ± A��%L B ��

circle(A::Point, B::Point, C:Point) L A!B!C ��

intersection(l::Line,m::Line) �� l�m��:

intersection(l::Line, o::Circle) �� l�� o��:

intersection(h::Halfline, o::Circle) �� h�� o��:

intersection(m::Circle, n::Circle) ü�m� n��:

tangentpoint(l::Line, o::Circle) �� l�� o��:

tangentpoint(m::Circle, n::Circle) ü�m� n��:

2tangentline(A::Point, o::Circle) L�	�: A�� o���

center(o::Circle) � o��%

bisectorline(A::Point, B::Point, C::Point) �� AB ��� BC ¤¤��²©�

rotate(A::Point, B::Point, d::Degree) ò A7 B _��^=�Ý d¤�:

symmetry(A::Point, B::Point) : A'u B �é¡:

5.2 >fAÛ��ÖXÚ�<Å.¡

�ß²(�Qã(��±Or��Ö��Ö5¿�ÏÖöØI��Ö[!B�±

¼��'nØ�SN.Ï~,��Ö�)õ�Ù,
zÙq�¹õ�!,z!qÏLõ�

ã5¥y�£SN.��Ö�ù«“Ù-!-ã”��g(���þ´é�'AÛ�£�ä

N©a.~^���Ö?�XÚÑ´Äu©���5?6�ª,ÏLé©�?1I55

¢yé(����,��ÖK±©��/ª�;.,
,�é��Ö�SNÚ(�?1?

UKI�Øä/é©�?1­#½ ,¿�é��Ö©�¥,�Ü©��o!���?

n�Ø´é�*ÚN´�.�
Bué��Ö�(�?1��,·�Äu1 3Ù¥éA
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Û�£êâµCÚ©a�g�,ò��Ö�.¡�O¤d�X�!:�¤�ä/(�,

¡�8¹ä,Ù¥z�©|!:ÑL«ÌKé�,¿w«�A� roleÚ name�,z�

�f!:ÑL«�£é�,¿w«�A��£a¶� name�,�!:KL«��Öù�

ÌKé�,w«��Ö� name�.3��(�¥,I!:�f!:�m�¤�¹'X,z

�!:Ñ�ÏLÙ¤�;� objectID�ó���£¥¥�A�ÌKé�½ö�£é

�.ã 5.1Ð«
¦^>fAÛ��ÖXÚ¤�ï� Geometry Revisited�8¹ä.éù

����Ö(�þ�ö�=´é8¹ä�ö�,
éSNþ�ö�KÏL!:=z�é

��Ö�£¥¥�£é�½ÌKé��ö�.

ã 5.1 >>>fffAAAÛÛÛ������ÖÖÖXXXÚÚÚ���			***

du��Ö¤�¹�SNêâÏL®�ï���Ö�£¥5�;Ú+n,Ïd>f

AÛ��ÖXÚÏLN^AÛ�£¥é8Ié��êâ+n��Úé{µ,Jø^rM

ï±9�o��Ö�ö�,�)�8¹ä¥V\!�\#ï�½öu¢�£¥���!

:,?U!:ó��8Ié�¤µC�õ���£êâ½ö�'&E,íØ!:,öÄ!

:l�� ��,�� �5UC8¹ä�(�,±9ò�ï�¤�8¹ä��aO
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(==�9�¹'X��£ã)�;���Ö�£¥¥,±¢y��Ö����­^.

>fAÛ��ÖXÚØ
Jøù
Ä��õU�	,�äk�U9Ï�A5.3�

ï��Ö�ö�L§¥,�
�y��Ö�Ün5,XÚI�¢�/uÿÙ(���

5!��5±9P{5.Ïd,z�«ö�ÑI��Ì�½�6§5¢y¢�uÿ�õ

U (�ã 5.2!5.3!5.4).

ã 5.2 VVV\\\!!!���\\\!!!???UUU888¹¹¹äää!!!::: (óóó������888IIIééé������ O)ööö������666§§§ããã

ã 5.5 Ð«
3Mï��Ö Geometry Revisited �L§¥, �ò#Mï�Ü�

t½n (Simson’s theorem) �\�Rv�½Â (foot definition) �c (Rv

´Ü�t½nLã¤A^�Vg), XÚòÄkuÿ��Ö���5, J«^r

collinear!incident!pointùn�AÛVg�½Â¿vk�¹3�c��Ö¥,Ó�U

CRv½Â�!:ôÚ±J«^rATòÜ�t½n!:N��§��¡.

5.3 >fAÛ��Ö�¥y

��¡,��ÖÏL8¹ä�^r?1¢�/�p,l
U?ÙSNÚ(�.,��

¡,��Ö�SN�±ÏLDÚ��ª¥y,ø<�ÖèA½ö�<.�â8¹ä,XÚ

�g¼�Ù!:¤�;� objectID�,Uì^r�I¦À�z�8Ié�¤µC�ä
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ã 5.3 íííØØØ888¹¹¹äää!!!::: (óóó������888IIIééé������ O)ööö������666§§§ããã

ã 5.4 öööÄÄÄ888¹¹¹äää!!!::: (óóó������888IIIééé������ O)ööö������666§§§ããã
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ã 5.5 ééé{{{µµµJJJ«««^̂̂rrr���ccc������ÖÖÖØØØ������,RRRvvv½½½ÂÂÂ���!!!:::ôôôÚÚÚUUUCCC±±±«««������ÖÖÖ(((���ØØØ������

kÜ·���êâ,N^AÛ�£¥�èAõU,)¤�c��ÖéA� XML©�.é

u¤)¤�©�SÜ¤k¦^ GDLLã�Vg¢~,XÚA^Vg���{ (�{ 2)

¼�Ù¤A^�Vg�½Â,¿gÄ�ÙNþÚ^ó�,¦�^r�±ÏL:Âö�ó

��µCd½Â��£é�3©�¥� �,l
¢yVg�¢~�Vg�½Â�m�

��Ú^.�
ò XML©�=z� XHTML©�,·��éÙ¤¦^� XMLI\mu


�A� XSLT�ªL,¿|^®k� OpenMath=z�MathML��ªL [119]±9

LaTeX=z�MathML��ªL [81]¢y
éêÆé���ª=z.��©�¥¬Ñ

yõ�a.�Ó�8Ié�,Xõ�!!õ�½né��,�ªLò�âÙ�g(�g

Ä)¤SÒ,X“Section 1.1”!“Theorem 1.2”�.

XÚ�±)¤Ó���Ö�ØÓ��©�,¿Jø
�ó�ÀJõU�B^r¢�

/=�XÚ.¡±9��Ö�w«�ó,¦�Ó�k�/Mï!�o±9¥yØÓ�ó

�����Ö¤��U (Xã 5.6Ú 5.7).

��Öþ��£ã�²
��Ö¤�¹8Ié��m��p'X,Ïd,ò�£ã
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ã 5.6 ÜÜÜ���ttt������!!!���===©©©¥¥¥yyy

�Àzéu�wèA��ÖSN�|�(�kX­��¿Â.XÚò��Öþ��£ã

N��&E�Àzóä� Prefuse [108]SÜ�êâ(�þ,ÏLN^Ù´L��pª�

ÀzõU,Ä�/¥y��Öþ��£ã (�ã 5.8).

5.4 AÛ�£�gÄ?n

��·�?ØAÛ£ã�ó±9�'gÄzõU�¢y.

5.4.1 AÛ£ã�ó�O�ÅL«

éuAÛ£ã�ó,�{ü�L«�{´UìÙ�{5K¦^©�iÎG.3�ï

AÛ�£¥�,^r�±�B/¦^d«�ªÑ\�£é�� GDLLã.,
�éù


Lã�1�«ö��,X¦a.!O�!z{!�5z!5��,I�?1�þ/ªþ

��ä,Ïd GDLLã�(�I�²(/L«Ñ5±�B§S�£O�?n,ù«�5

�©�iÎG�ªØ·Üö��{�¢y.·�ÀJ XML��AÛ£ã�ó�O�Å
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ã 5.7 ÜÜÜ���ttt������!!!���¥¥¥©©©¥¥¥yyy

L«�ó,ÄuXe�Ä:

1. XML���«��ó�±�B/\±½ÂÚ*Ð;

2. XML���«I5�ó�±²(��/òAÛ£ã�ó¥��«/ªL«�äG

(�,¿�ÏLI5¼���Ü©��Â&E;

3. XML?nìäk3õ«²�þ´L�A^§S��,�¢yAÛ£ã�ó¤�9

��«ö���{Jø�B,¿�¦�ù
õU�±N´/�Ù§§S�Ü;

4. XML©��±N´/ÏL�ªL=��Ù§�ª,¦�¤Lã�é��±�âI

¦¥yÑØÓ�º�Ú�ª.

·��AÛ£ã�ó�O
�@ XML L«�I\ (�ë�N¹ D.) ¿¦^

Java �ó¢y
��òAÛ£ã�ód©�iÎG�ª=z� XML L«�)

Ûì, Ó�mu
�A��ªLò XML L«� GDL Lã=z� XHTML ©�, ±

¢yÙ3��Ö¥�¥y. ~X, ü^�� l Ú m ��:½Â¦^iÎGL«�
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ã 5.8 ���£££ããã������ÀÀÀzzz...¡¡¡

Definition(intersection(l::line, m::line), [A::point where and(incident(A, l), incident(A,

m))], intersect(l, m)),òÙ)Û� XMLL«Xe:

<f o r m a l D e f i n i t i o n type=” i n t e r s e c t i o n ( Line , Line ) ” author=” Administrator ” version=”1”>

<conceptObject type=” i n t e r s e c t i o n ( Line , Line ) ”>

<vocabulary>i n t e r s e c t i o n</vocabulary>

<argument>

<pointer type=” Line ”>l</pointer>

<pointer type=” Line ”>m</pointer>

</argument>

</conceptObject>

<re turn count=”1”>

<binding>

<pointer type=” Point ” r e f e r e n c e =” new: :Point ”>A</pointer>

<c o n s t r a i n t>

<and cd=” l o g i c 1 ” type=” Boolean ”>

<conceptObject type=” i n c i d e n t ( Point , Line ) ”>

<vocabulary>i n c i d e n t</vocabulary>

<argument>

<pointer r e f e r e n c e =”new/#1” type=” Point ”>A</pointer>
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<pointer r e f e r e n c e =”argument/#1” type=” Line ”>l</pointer>

</argument>

</conceptObject>

<conceptObject type=” i n c i d e n t ( Point , Line ) ”>

<vocabulary>i n c i d e n t</vocabulary>

<argument>

<pointer r e f e r e n c e =”new/#1” type=” Point ”>A</pointer>

<pointer r e f e r e n c e =”argument/#2” type=” Line ”>m</pointer>

</argument>

</conceptObject>

</and>

</ c o n s t r a i n t>

</binding>

</return>

<nondegeneracyCondition>

<conceptObject type=” i n t e r s e c t ( Line , Line ) ”>

<vocabulary> i n t e r s e c t</vocabulary>

<argument>

<pointer r e f e r e n c e =”argument/#1” type=” Line ”>l</pointer>

<pointer r e f e r e n c e =”argument/#2” type=” Line ”>m</pointer>

</argument>

</conceptObject>

</nondegeneracyCondition>

</f o r m a l D e f i n i t i o n>

Ü�t½n (��©|)¦^iÎGL«�Theorem(Simson’s theorem, Theorem, assume

(A := point(), B := point(), C := point(), D := point(), incident(D, circumcircle(triangle(A, B,

C)))), show(collinear(foot(D, line(A, B)), foot(D, line(A, C)), foot(D, line(B, C))))),òÙ)

Û� XMLL«Xe:

<formalRepresentat ion name=”Simson ’ s theorem” type=”Theorem” author=” Administrator ”>

<assumption>

<r e f e r e n c e>

<pointer type=” point ( ) ”>A</pointer>

<conceptObject type=” point ( ) ” r e f e r e n c e =” A d m i n i s t r a t o r D e f i n i t i o n p o i n t e n g l i s h . xml”>

<vocabulary>point</vocabulary>

<argument>

</argument>

</conceptObject>

</ r e f e r e n c e>

<r e f e r e n c e>

<pointer type=” point ( ) ”>B</pointer>

<conceptObject type=” point ( ) ” r e f e r e n c e =” A d m i n i s t r a t o r D e f i n i t i o n p o i n t e n g l i s h . xml”>

<vocabulary>point</vocabulary>
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<argument>

</argument>

</conceptObject>

</ r e f e r e n c e>

<r e f e r e n c e>

<pointer type=” point ( ) ”>C</pointer>

<conceptObject type=” point ( ) ” r e f e r e n c e =” A d m i n i s t r a t o r D e f i n i t i o n p o i n t e n g l i s h . xml”>

<vocabulary>point</vocabulary>

<argument>

</argument>

</conceptObject>

</ r e f e r e n c e>

<r e f e r e n c e>

<pointer type=” point ( ) ”>D</pointer>

<conceptObject type=” point ( ) ” r e f e r e n c e =” A d m i n i s t r a t o r D e f i n i t i o n p o i n t e n g l i s h . xml”>

<vocabulary>point</vocabulary>

<argument>

</argument>

</conceptObject>

</ r e f e r e n c e>

<conceptObject type=” i n c i d e n t ( point ( ) , c i r c u m c i r c l e ( t r i a n g l e ( point ( ) , point ( ) , point ( ) ) ) ) ”

r e f e r e n c e =” A d m i n i s t r a t o r D e f i n i t i o n i n c i d e n t e n g l i s h . xml”>

<vocabulary>i n c i d e n t</vocabulary>

<argument>

<pointer type=” point ( ) ”>D</pointer>

<conceptObject type=” c i r c u m c i r c l e ( t r i a n g l e ( point ( ) , point ( ) , point ( ) ) ) ”

r e f e r e n c e =” A d m i n i s t r a t o r D e f i n i t i o n c i r c u m c i r c l e e n g l i s h . xml”>

<vocabulary>c i r c u m c i r c l e</vocabulary>

<argument>

<conceptObject type=” t r i a n g l e ( point ( ) , point ( ) , point ( ) ) ”

r e f e r e n c e =” A d m i n i s t r a t o r D e f i n i t i o n t r i a n g l e e n g l i s h . xml”>

<vocabulary>t r i a n g l e</vocabulary>

<argument>

<pointer type=” point ( ) ”>A</pointer>

<pointer type=” point ( ) ”>B</pointer>

<pointer type=” point ( ) ”>C</pointer>

</argument>

</conceptObject>

</argument>

</conceptObject>

</argument>

</conceptObject>

</assumption>

<o b j e c t i v e>
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<conceptObject type=” c o l l i n e a r ( f o o t ( point ( ) , l i n e ( point ( ) , point ( ) ) ) , f o o t ( point ( ) ,

l i n e ( point ( ) , point ( ) ) ) , f o o t ( point ( ) , l i n e ( point ( ) , point ( ) ) ) ) ”

r e f e r e n c e =” A d m i n i s t r a t o r D e f i n i t i o n c o l l i n e a r e n g l i s h . xml”>

<vocabulary>c o l l i n e a r</vocabulary>

<argument>

<conceptObject type=” f o o t ( point ( ) , l i n e ( point ( ) , point ( ) ) ) ”

r e f e r e n c e =” A d m i n i s t r a t o r D e f i n i t i o n f o o t e n g l i s h . xml”>

<vocabulary>f o o t</vocabulary>

<argument>

<pointer type=” point ( ) ”>D</pointer>

<conceptObject type=” l i n e ( point ( ) , point ( ) ) ”

r e f e r e n c e =” A d m i n i s t r a t o r D e f i n i t i o n l i n e e n g l i s h . xml”>

<vocabulary>l i n e</vocabulary>

<argument>

<pointer type=” point ( ) ”>A</pointer>

<pointer type=” point ( ) ”>B</pointer>

</argument>

</conceptObject>

</argument>

</conceptObject>

<conceptObject type=” f o o t ( point ( ) , l i n e ( point ( ) , point ( ) ) ) ”

r e f e r e n c e =” A d m i n i s t r a t o r D e f i n i t i o n f o o t e n g l i s h . xml”>

<vocabulary>f o o t</vocabulary>

<argument>

<pointer type=” point ( ) ”>D</pointer>

<conceptObject type=” l i n e ( point ( ) , point ( ) ) ”

r e f e r e n c e =” A d m i n i s t r a t o r D e f i n i t i o n l i n e e n g l i s h . xml”>

<vocabulary>l i n e</vocabulary>

<argument>

<pointer type=” point ( ) ”>B</pointer>

<pointer type=” point ( ) ”>C</pointer>

</argument>

</conceptObject>

</argument>

</conceptObject>

<conceptObject type=” f o o t ( point ( ) , l i n e ( point ( ) , point ( ) ) ) ”

r e f e r e n c e =” A d m i n i s t r a t o r D e f i n i t i o n f o o t e n g l i s h . xml”>

<vocabulary>f o o t</vocabulary>

<argument>

<pointer type=” point ( ) ”>D</pointer>

<conceptObject type=” l i n e ( point ( ) , point ( ) ) ”

r e f e r e n c e =” A d m i n i s t r a t o r D e f i n i t i o n l i n e e n g l i s h . xml”>

<vocabulary>l i n e</vocabulary>

<argument>
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<pointer type=” point ( ) ”>A</pointer>

<pointer type=” point ( ) ”>C</pointer>

</argument>

</conceptObject>

</argument>

</conceptObject>

</argument>

</conceptObject>

</ o b j e c t i v e>

</formalRepresentat ion>

5.4.2 'X�gÄuy

3�ïAÛ�£¥�L§¥,8Ié��m�ó�Ø
�±3é{µ¥ÏL<�I

5��ªMï�	,XÚ¢y
gÄuy�£é��m��¸'X±9½Âé��m�

U«'X��{.äN�L§´Äk¼��c�£é�¤µC� GDLLã,,��âÙ

(�A^'XgÄuy�{ (�ë��{ 4!5)¦��Ù�¤�A'X��£é��8

Ü½ó��8Ü,��òuy�ó�ÑÑ�é{µ±J«^rÀJ,¤Àó�ò�;�

��Ö�£¥¥.~X,3�ïÜ�t��½Âé��,XÚgÄuy�Ù�¤�¸'X

ÚU«'X�½Âé� (�ã 5.9).

5.4.3 gÄ=z

�
(���Ö¥AÛ½n�·KÚy²¯K��(5,XÚJø
Ù GDLLã

�	ÜAÛ½ny²ìÚÄ�AÛ^����:��¡�±gÄ�E¿±�§�éA�

Ä�AÛã/,¦�^r�±�*/�äã/¤%¹�AÛ5�;,��¡ÏLgÄy

²��ª59Ï°(/�äÙ�(5.du��Ö¥AÛ·KÚy²¯K�Lã¦^


�þ��Ö¥¤½Â�AÛVg,
ù
VgÏ~´	ÜAÛ^�vk¢y
Ø�£O

Úö��.Ïd,·�ò���¢y©üÚ5?1.1�Ú,�ä��Ö���5 1´Ä´

ûÐ�.XJØ´,KI�<�/?U��±¦�§´ûÐ�;,�Uì1 4.4.2!¥�

�{òAÛ·K½öy²¯K� GDLLã3¤���e?15�,XJ5�(J¥¹

kØ�=z�Vg�¢~,K3��¥V\#�½Â±z{d¢~,¿­#?1ù�Ú,

��5�(J¥�¢~Ñ´Ä�Vg�¢~;2é5�(J?1�.Ú��5.ö��

5 1��Ö�£¥¥¤�¹�½Âé�ÑµCk/ªz� GDLLã,Ïddù
Lã�±)¤����,

·�¡Ù���Ö���.
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ã 5.9 gggÄÄÄuuuyyy���¸̧̧'''XXXÚÚÚUUU«««'''XXX±±±999<<<óóóIII555888IIIééé������mmm���'''XXX

�AÛ·K½y²¯K�ÓÂ=z(J.1�Ú,duÄ�Vg8¥�Vg´�½�,Ï

dòþ�Ú���LãN��	ÜAÛ^��SÜ�óLã,?
3	ÜAÛ^��S

?1gÄy²�gÄ�ã,��ò(J�n¤©��£�>fAÛ��ÖXÚ.äN�

g���ã 5.10.

ã 5.10 >>>fffAAAÛÛÛ������ÖÖÖXXXÚÚÚ���			ÜÜÜAAAÛÛÛ^̂̂������������ppp666§§§

XÚÏLu¢Ü¿��Ö�£¥¥¤k½Âé�µC� GDLLã5gÄ)¤��
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Ö���.Äu XMLL«,·�¦^ Java� DOM��¢y
 GDLLãÓÂ=zö�

��'�{ (�ë�1 4.4.2!).3��´ûÐ�^�e,�±òAÛ·K½y²¯K�

GDLLãgÄ5���A^�A�Ä�Vg8¥�Vg�Lã.dd,ÓÂ=z(J�

±ÏL{ü�=�§SN��	ÜAÛ^�SÜL«.

5.4.4 gÄy²

·�ÀJA^�I�ê{gÄy²AÛ½n�^�� GEOTHER [127]��>f

AÛ��ÖXÚ�	Üy²ì. dudy²ì�±£O¿?n��é�(²�é½

öÙ��é,Ïd·�I�òVg�½ÂLã��å.½Â,�A����ë�N¹

E.ÓÂ=z(JA^
L 5.1!5.2!5.3!5.4¤�¹�Vg.·�A^ Java�ómu


=�§SòA^Ä�Vg� GDLLã=�� GEOTHER�SÜL«,¿A^ Java

OpenMaple¢y
N^ GEOTHER���,äNL§Xe.ÄkòA^Ä�Vg�©

éN�� GEOTHER¥�¢cL�ª (�L 5.6),,�2ò��Lã(�UXe5K

?1=z Proposition(N, T ,H, C)5 1 7→ N := Theorem([α1, · · · , αn], [β1, · · · , βm]), Ù¥

αi (1 5 i 5 n)Ú βj (1 5 j 5 m)©O�HÚ C ¥�©é²LN�����¢cL�ª.

L 5.6 òòò GDL©©©éééNNN������ GEOTHER¥¥¥���¢¢¢cccLLL���ªªª

©é ¢cL�ª

A:=point() arbitrary(A)

declare(A::Point) arbitrary(A)

is(A,B) equal(A,B)

equal(distance(A,B), distance(C,D)) equidistance(A,B, C, D)

equal(length(side(A,B)), length(side(C,D))) equidistance(A,B, C, D)

equal(size(angle(A,B, C)), size(angle(D,E, F ))) equiangle(A,B, C, D, E, F )

incident(A, line(B,C)) collinear(A,B, C)

incident(A, segment(B,C)) collinear(A,B, C)

incident(A, circle(B, distance(C,D))) equidistance(A,B, C, D)

perpendicular(line(A,B), line(C,D)) perpendicular(A,B, C, D)

parallel(line(A,B), line(C,D)) parallel(A,B, C, D)

5 1d?��±´ Problem(N, Prove,H, C).
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L 5.6òòò GDL©©©éééNNN������ GEOTHER¥¥¥���¢¢¢cccLLL���ªªª (YYY)

©é ¢cL�ª

equal(times(distance(A,B),m), n) sdistance(A,B) ∗m2 − n2

area(triangle(A,B, C)) area(A,B, C)

tg(angle(A,B, C)) tg(A,B, C)

8c,·�¦^ GEOTHERé GeoData¤�;��Ü©½n?1
gÄy²,Ù{

�ÿÁó�E3?1�¥.ã 5.11Ð«
A^ GEOTHERgÄy²��Ö¥�Ü�t

½n,¿òy²(JÏL©�ÑÑ�>fAÛ��ÖXÚ�.¡¥.

ã 5.11 NNN^̂̂ GEOTHERgggÄÄÄyyy²²²ÜÜÜ���ttt½½½nnn

5.4.5 gÄ�ã

·�ÀJÄ�AÛ^� GeoGebra [46]��>fAÛ��ÖXÚgÄ±�Ä�A

Ûã/�	Üóä.dud^��±£O¿?n��é�(²�é½öÚ^�é,Ï
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d·�I�òVg�½ÂLã��E.½Â, �A����ë�N¹ F. ÓÂ=z(

JA^
L 5.1!5.2!5.5!5.4¤�¹�Vg.·�A^ Java�ómu
=�§Sò

A^Ä�Vg� GDLLã=�� GeoGebra�SÜL«,¿gÄ)¤�¹ JavaScript

Ú GeoGebraApplet�è�©�,ÏL JavaScript� GeoGebraApplet���¢y
A

Ûã/�Ä�¥y, äNL§Xe. duAÛ£ã�ó�Vg¢~#Ni@ (=�ê

�u 1), ÏdÄkI�òi@/ª�¢~=z����., =z5KXe: e��¢

~/X f(a1, · · · , an),¿� ai1 , · · · , aim (1 5 m 5 n)�Vg�¢~,K)¤��#��

. configuration(v1 := ai1 , · · · , vm := aim),Ù¥ vj (1 5 j 5 m)Ñ� GDLLã¥�Ñ

yL�ØÓCþ.ù�¤k¢~ÑØ�3i@/ª,¿�¤k©éÑ´Ú^©é½ö

(²©é.�e5,ò/X V := K �Ú^©é=�� V = K ½ö V ′ = K (� K /X

rotate(A, B, C)�),ò KN�� GeoGebra¥��ã�- (�L 5.7),2ò/X P ::Point

�Ä�¢~=z� P = (a, b),Ù¥ (a, b)´�Å)¤�:��I.du GeoGebra��

ãL§´U�ã�-S��g�1�,�c�-¥¤Ñy�CþI�3�1d�-�c

��E,Ïdò���LãUXe5K?1=z���ãLã Proposition(N, T,H, C)7→

Diagram(N, {η1; · · · ; ηk}, GeoGebra)Ù¥ η1, · · · , ηk � HÚ C ¥�©é²Lþã?n

���üS���ã�-S�.

L 5.7 òòòÄÄÄ���VVVggg���¢¢¢~~~NNN������ GeoGebra¥¥¥������ããã���---

¢~ �ã�-

point() (a, b) (�Å)¤�:��I)

pointon(A) Point[A]

circle(A,B, C) Circle[A,B, C]

circle(A,B) Circle[A,B]

center(A) Center[A]

intersection(A,B) Intersection[A,B]

tangentpoint(A,B) Intersection[A,B]

perpendicularline(A,B) PerpendicularLine[A,B]

parallelline(A,B) Line[A,B]

line(A,B) Line[A,B]

halfline(A,B) Ray[A,B]
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L 5.7òòòÄÄÄ���VVVggg���¢¢¢~~~NNN������ GeoGebra¥¥¥������ããã���--- (YYY)

¢~ �ã�-

midpoint(a) Midpoint[a]

segment(A,B) Segment[A,B]

bisectorline(A,B, C) AngleBisector[A,B, C]

rotate(A,B, C) Angle[A,B, C]

triangle(A,B, C) Polygon[A,B, C]

quadrilateral(A,B, C, D) Polygon[A,B, C, D]

conic(A,B, C, D, E) Conic[A,B, C, D.E]

symmetry(A,B) Reflect[A,B]

2tangentline(A,B) Tangent[A,B]

distance(A,B) Segment[A,B]

angle(A,B, C) Angle[A,B, C]

arc(A,B, C) CircumcircularArc[A,B, C]

8c,·�� GeoData¤�;��Ü©½ngÄ�E
�A�Ä�AÛã/,Ù{

�ÿÁó�E3?1�¥.ã 5.12Ð«
gÄ�E¿A^ GeoGebra±���Ö¥Ü�

t½n�Ä�AÛã/.

5.5 o(

>fAÛ��ÖXÚJø
���Ü��¸�B^r5+nÚ����Ö�¹�

�£êâ,�pª/�ïÄ��AÛ��Ö,¢�/uÙõ����ªz©�.3�ï�

�Ö�L§¥,Ù(���5!��5±9P{5�±¢�/�XÚuÿ,l
�y¤

�ï��Ö�Ün5.�£é�µC
ØÓ����£êâ�±¢yØÓ�¡�A^,

~X,õ«g,�ó��SN¦���Ö�±3ISz��¸e¦^, GDLLã�·K

�±�gÄy²,Ä��AÛã/�±�gÄ�E¿±�,�£é��m�A½'X�

±�gÄuy.Öö��¯ http://geo.cc4cm.org/text/geotext.html*wX

Ú�ü«Àª.
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ã 5.12 NNN^̂̂ GeoGebraAppletgggÄÄÄ¥¥¥yyyÜÜÜ���ttt½½½nnn���ÄÄÄ���AAAÛÛÛããã///
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18Ù o(�Ð"

6.1 o(

�Æ Ø©3êÆ�£+nïÄ���µe,òïÄé�8¥uAÛÆ+�,ÏL

©ÛAÛ�£���Ú«OuÙ§êÆ�£�õ�5�A:,JÑ
��#�ïÄ��

——AÛ�£+n,¿�âAÛÆÅ�zïÄ�yGäN�ã
d���ïÄ8I!S

NÚ¡��]Ô.·�JÑ
�@+nÚ?nAÛ�£�Ä��{ÚEâ,lAÛ�£

���£êâ��ï!�oÚ=z�AÛ�£é��gÄín!O�Ú�Àz,©Û?

Ø
z�Ú�Ì�?Ö!¯K9Ù)ûg´.

ÏL©ÛDÚ��Ö�·�©��ª�Øv,·�A^¤JÑ��{ÚEâ,�O

¿¢�
±Ä��!´u�o�!O�Å�?n���Ö�/ª5+nAÛ�£�X

Ú——>fAÛ��ÖXÚ.·��O!¢y¿�ï
���¹CZ^½n�½Â¿

äkêâ�o!èAÚu¢õU�AÛ�£¥.±d�²�,��Ö�SN�±ÏLÜ

·�âÝ?1�;�|�,ØÓ����£êâ�±��k�/+n,l
Jp
��

Ö�MïÚ¦^�Ç.·�ïÄ¿)û
XÛ¢�/uÿ��Ö�(���5!��5

±9P{5¯K,¦�XÚ�±9Ï^r�ïÎÜDÚ�Qã|�5K,SN�¡�v

k­E���Ö.

��Ö¤�¹��£SNI�ÏLõ«�ó5Lã±÷vØÓ�A^I¦.·�¦

^ XML5I5AÛ�£�g,�óLã¿mu
�A��ªL,¦���Ö©�±D

Úg,��ª¥y�Öö�ÖèA9�<.�
�Ü�|^yk�AÛ^�5?n��

Ö¥�SN¿O\��Ö��p5,·�ÏL©ÛAÛ�£�g,�óLã(�,ïÄ

¿�O
´u�ÖÚ¦^�AÛ£ã�ó,^5/ªzAÛVg!©é!�.!½Â!

·K!¯K�.ÏL©Û¿�[<�3)û¯K�¤?1�VgO�L§,·�ÄuA

Û£ã�ó,JÑ
¦^Vg�½ÂéAÛ�.!·K!¯K�AÛLã?1ÓÂ=z

�gÄz�{,¦�=z��Lã�±²L{ü�VgN�B��	Ü^�óä£OÚ

?n,l
¢y
XÚ�	ÜAÛ^��m���,¦���Ö¥�AÛ·K½y²¯

K�±�gÄy²¿��A�Ä�AÛã/�±�gÄ�E¿±�.,	,ÄuAÛ£

ã�óLã,·�ïÄ¿¢y
gÄuy�£é��m�¸'X±9½Âé��mU«
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'X��{,l
9Ï¼���£êâ.

nþ¤ã§�©ïÄó��¤J9M#:o(Xe:

• m8
AÛ�£+nù�ïÄ��,JÑ
�@¼�!L«!µC!©a!|

�!�o!¥y!=z!?nAÛ�£�+n�{ÚEâ,�d���ïÄ�½


ÐÚ�nØµe;

• �O�ï�AÛ�£¥�±ÑÖugÄín�O�!gÄ�ã!gÄ�È!ÓÂ

=z!õ��©�)¤�A^,�AÛ^��muJø°[�êâ5�,�AÛï

ÄJø�ÿÁ�IOêâ,��AÛ�ÆJø´L�ÆS]
;

• �O¢��>fAÛ��ÖXÚÐ«
�«Ä��!k��!�Uz��Ö�#

�ª,�Ö
DÚ��Ö3Mï!��!�p!�#!üz±9���o��¡

�Øv.dXÚ�ï��muò¬é>fz�£+n!©�?�!©�?n!Ö

7Ñ�±9AÛ�Æ��¡�Ä:ÚA^ïÄ�)��K�;

• �O�AÛ£ã�ó´u¦^Ú�Ö,¢y�AÛLãÓÂ=z��'�{�A

Û�£��U+n,AÛ��Ö�©z]
¥½n�gÄy²9ÙÄ�ã/�g

Ä)¤�,Jø
kå�óä.

>fAÛ��ÖXÚ��O!mu¿�ªA^�¢SI����Ï�L§,·��

ïÄffåÚ,XÚE?uïÄmu�ã
¿vk�u1.Ïd,8cXÚ�ÿÁ�µ�

ó�=d�ö±9�'mu<
?1.e�Úò¬��'��ÚÆ)3¢S¥?1¦^

ÿÁ§¿�â�"µ�¿�?�Ú�õXÚ.e¡·��éÙ¥��õ�Ü©±9�)

û�¯Ké�5�uÐÚó����Ð",¿Ï"�±�AÛ�£+nD�êÆ�£+

n�ïÄJø�
#�g´Úå».

6.2 AÛ�£Lã�ó9ÙA^

AÛ�£äkõ«a.ØÓ/ª,X�ã.�£¥½Â�AÛ/ª!½n��ê/

ª�,L§z�£¥�=z5K!�{�.�
¦AÛ�£�±�¡/�O�Ån)Ú

?n,·�I�Ú��/ª�ó5Lã�«a.Ú/ª�AÛ�£.8cAÛ£ã�ó

�L�Uå�Øv
r�,ØULã½n�y²!¯K�)���ã.AÛ�£,Ï


I��*Ð.,	,�
L§zAÛ�£,X�{!Å�zy²�{��/ªzLã�{

�k�ïÄ.Äuù«/ª�ó,·�I�ïÄ�A��{,muk��óä¢yXeg

– 128 –



�®Ê�ÊU�ÆÆ¬Æ Ø©

ÄzõU,l
�AÛ�£�+nJøõ�¡�� �|±.

6.2.1 AÛ�£ØÓLã�m�=z

X1 2.1!¤ã,�ã.AÛ�£�LãºXn«ØÓ/ª.~X,¦^g,�ó�

AÛLã�±ø<�ÖèA,�êLã�±�AÛO�ÚínJøÑÖ,�ãLã�±

��A�Ä�AÛ^�?n5�*/¥yAÛ�..¢yù
Lã�m��p=zòk

|up�/+nAÛ�£,Ï�ù�·��I�¦^�«IO�/ª�ó5LãAÛ�

£,
�A�Ù§Lã�±ÏLgÄ=z��.ù�ò�AÛ�£¥��ï±9>fA

Û��Ö�MïJø�{'�B�ö��ª.

Xã 6.1¤«,ÏLA^1 4.3.3!¥¤/ªz��È5K!�êz5K!ã/z

5K�5K.�£�±3Vg��gþò/ªz�AÛLã=z��A�g,�óL

ã!�êLã!�ãLã.
ù
=z�_L§�´��ïÄ�.~X,òg,�óLã

=z�/ªz�AÛLã�±¦^r{ø/ª�{��å
¦�AÛ�£êâ�Mï

�g,�B;ò�êLã=z�/ªz�AÛLã�±��I�ê{OVAÛ5l
¦

�½n��(5¼�²(�AÛ¿Â (Ï�ù
�{¬gÄ)¤�þ��ê�óL��

�òz^�);ò�ãLã=z�/ªz�AÛLã�±¦^rA^Ä�AÛ^����

p.¡l
{ø©��Ñ\.�,,ù
_=zL§�¢y�3�½�JÝ,�U3�½

��S?1.

ã 6.1 ���ããã...���£££LLLããã���mmm���===zzz

,��¡,#�Vg�±Øä/�Ú\,Ù½Â�ò¤�#��£.du5K.�£
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Ñ´�éVg�¢~Ú\�,Ïd�
¦�=z5K�8Ü�±��,=�Ú\#�V

g�,�A��êz5KÚã/z5KØ7Ú\,·�I�A^Vg�/ªz½Âé/

ªz�AÛLã?1ÓÂ=z,¦�(JLã¥�¹kÄ�Vg8¥Vg�¢~ (=ã

6.1¥ÒKÜ©�=z),l
¦�®k�=z5K�±�A^.·�¤�O�AÛ£ã�

ó�±��/ªz�AÛLã�ó,¿�ÓÂ=z��{31 4.4.2!®²�[/?Ø

¿¢y
.Ù§�â�A�=z5K?1�=zL§aqué GDLLã?1�ÓÂ=

z («O3u�ö¦^�´Vg�½Â��=z5K),�±ë�©¥��A�{.

±þ¤JÑ��«=z�6uØÓLã�m�3�éA'X,�Ì��éA'X3

uVg�gþ�éA.~X,AÛLã¥����éA�êLã¥����g�§,qé

A�ãLã¥����ã�-.
éu�p�g�éA,~X½Â�(� (...¡�...),y²

�(� (Ï�...,¤±...),½n�(� (XJ...,@o...)�,�±�âA^I¦3äN�§

S¥ (½ö�,ÏL/ª/½Â�A5K�Ãã)¢y.

3/ªz�AÛLãgÄ=z�Ä:þ,·��±ïÄ#�AÛ©�Mï�¥y

�ª.duù
Lã�±Ü©/ (~XVg�¢~)?1gÄ=z,Ïd�±æ�g,�

ó�/ª�ó·Ü¦^��/ªz�ª5MïAÛ©�,ù��©�Q�±�±g,

�óLã�´Ö5,Ó�Ù¥�/ª�óLãÜ©q�±gÄ=z�Ù§Lã5Ä�

/�ºÙ¹Â.Ïd3¥yù��©��,ÄkI�?1ý?n,=ò/ª�óLãÜ

©gÄ=z�g,�óLã!�êLã±9�ãLã,,�3¥y�L§¥,^r�±

�pª/ÀJ�w¤I��Lã.~X3�é“�½ circle(O, r)”¥, circle(O, r)´/ª

�óLã�Ü©,§�i\�g,�ó�Lã�¥,�±�gÄ=z�X“± O ��%

r��»��”!“the circle with O as its center and r as its radius”�g,�óLã,½

ö“(x− a)2 + (y − b)2 = r2”��ê�§,½ö“Circle[O, r]”��ã�-¿ÏLN^�A

�Ä�AÛ^�gÄ±�ù���Ä�AÛã/.ù��©��±O\�Ö��*N�,

�B^rn)©��SN.

6.2.2 AÛy²��y�Ä�AÛã/�gÄ)¤

éuAÛ·KÚ (y²)¯K,·��±¦^AÛ£ã�óéÙ?1��//ªz,

¿ÏLÓÂ=z�{éÙ?1gÄy² (�1 5.4.4!),l
9Ï�äÙ�(5.,
l

,���Ý5w,�½��·K�y²,ÏL�äy²��(5��±m�/�äd·

K��(5,¿�ù«éy²��y3¢SA^�¥kX­��¿Â,Ï�y²�x
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AÛ�£�m�Ü6'X,´AÛ�£���£¼��Ì�5
.y²��(5uÿ8

c��Ud<5�¤,3"�êÆ©�½Ø©¥�êÆnØ�,�Ì��?ÖÒ´�y

y².XJ�±¦^O�Å59Ïuÿy²��(5ò¬éêÆ�uÐÚ�£�DÂå

����K�.éy²��y�6uy²¤¦^�Lã�ó. [89, 98]Ð«
¦^y²Ï

Ã Coq,3éAÛúnÚ½Â?1î�/ªz�Ä:þ,ÏLA^XÚ¤Jø�Ü6í

�5K5�E/ªy²��{.duy²�z�ÚÑ´²LXÚ�y�,ÏdeU
�

ª�E¤õ,@o¤�y²7,´�(�.�,ù«/ªy²´²L�y�,�´y²L

§'��¡,¿ØU�*/�Ay²�AÛ¿Â.ÏdI�ïÄ¿�Og,�B/Lã

AÛy²�/ª�ó,¿|^yk�½ömu#�óä5uÿÙ�(5.

,��¡,/ªz�AÛ�.!·KÚ¯K²LÓÂ=z��±ÏLÄ�AÛ^�

5gÄ¥y�A�Ä�AÛã/ (�1 5.4.5!),,
ù
^��Ü©Ñ´Uì�ã�-

�gS�Ú�Ú/±�AÛã/,z�Ú��1Ñ�6u®�E (½�3)�AÛé�,

Ïd·�35��¤¦^�Vg½ÂÑ´�E.�,¤���ÓÂ=z(J�´�E.

�AÛ�..����ïÄ�¯K´�½���å.�AÛ�.,XÛgÄ)¤÷vÙ

¥�å^��Ä�AÛã/
Ø7�Ä�Eã/�7L¡é��ãgS¯K.ù�9�

AÛ�å¦)Eâ,3 [63, 126]¥k�'�{�?Ø,�E�3éõ¯Kk�)û.

6.2.3 ��£�gÄuy

8c,AÛ�£���£êâ�Ü©Ñ´<�¼��.31 4.4.3!,·�JÑ
g

Äuy�£é��m�¸'XÚ½Âé��mU«'X��{,,
�£é��mÙ§

a.�'X¿vk��\ïÄÚgÄuy.Ïd,XÛ|^AÛ�£¥¤�;��þA

Û�£êâ,�÷�£é��m�'X±9©aNX´����ïÄ�¯K.~X,ly

²�/ªLã¥gÄÄ�Ñ¤¦^�½n½Ún��£é�,§�ò�dy²é��¤

%¹ (Implication)'X (�1 3.2.3!).'X�gÄuy�{�6uAÛ�£�/ªz

Lã,¿�ÙïÄ��6u<�é��£�@£Ún)§Ý.

6.2.4 AÛ�£�|¢

31 3.3.2!,·��Ñ
|^��£êâ5?1÷*u¢��{.du��£êâ

�(�'�{ü,
�u¢´3�£é���gþ?1�,Ïdù«u¢'�Ð�.XÛ

ÏLAÛLã��5?1u¢±¼�¤I���£é�´����ïÄ�¯K.AÛ�
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£Ñ´ÄuAÛ�.�,ÏdXÛ��AÛ�.ò´ïÄ�­:.Äk,duA^�Vg

ØÓ,�ÓAÛ�.�Lãò¬ØÓ,Ïd=��'�i¿ØU÷v�¦;,��¡,d

u�.�±´�E.�,��±´�å.�,ÙLã�ØÓa.¬����5æN,Ïd,

I��½��5�5�åAÛ�.�Lã.AÛ£ã�ó��^uAÛLã�/ª�ó,

�AÛ�.�5�zJø
±e�A^��{Ú^�.��¡,AÛ�.�±3Ü·�

��e?1ÓÂ=z,¦�(J=A^���Ä�Vg8¥�Vg.duÄ�VgØU

2dÙ§Vg½Â,Ïd;�
=z(J3VgA^þ�ØÓ;,��¡,���±d�

å.½Â½ö�E.½Â�¤,ù�B�Ø
=z(J3Lãa.þ�æN.Ïd,AÛ

�.Lã�ÓÂ=z(J�±��Ù���IO/ª.±d�Ä:,A^&EEâ¥�

�{?1��ö�,�±�AÛ�£�|¢Jø#�å»Úkåóä.

6.3 �Æþ�A^

8c,>fAÛ��ÖXÚU
9Ï<�k�/Mï!�o!��!½�!èAØ

Ó���DÚ¿Âþ�AÛ��Ö,�,äkgÄy²AÛ½n�gÄ¥yÄ�AÛã

/�õU,�´lÙ3�Æþ�¦^5w,E,"�
�ÆSö�m��põU.Ïd,

I�O\Ù�p5,¦Ù¤�U
9ÏÆ)ÆSAÛ�£��U9�XÚ.

6.3.1 �pªAÛöS

Æ)ÆSn)¿Ýº�£�7Ø���L§B´�öS.�X�U9�XÚïÄ�

uÐ,Ñy
éõ�pª/9ÏÆ)�öS�óä.ù
óä�±µ�Æ)é¯K�£

�,�â�½��ÆüÑgÄ)¤Ü·��"½öJ«&E,l
�Ú�Ú/Ú�Æ)

�¤öS.ù���pªöSI�¦^IO��ª5L«Ù¥¤�¹�õ«a.ØÓ�

g��"ÚJ«&E±9�püÑ [53, 61],�I�O�Å�êXÚ±9+�ínóä�

9Ï5µ�£�Ú½¥�O�ÚínL§.8cù«�pªöSóä3�ê!�È©�

êÆ+���ä�Æ¥A^'�2�.3AÛ+�,�
õUr��Ä�AÛ^� (X�

?x�)Jø
�����?1�pªAÛO�ÚínöS�õU,�ù
õUÑ´3

^�SÜÏLØÓ��{ÚEâ¢y�,¿ØU3ØÓ�^��m��Ú­^.Ïd,I

�ïÄ¿�O�«Ú���ª5L«ØÓa.��pªAÛöS,¿ÏL�AÛ^��

�p5µ�Ú�ä£�,?
)¤�"ÚJ«&E.duAÛöS�)�Ï~I�ã/

�9Ï,ÏdXÛU
Õáuã/55�AÛ¯K�)�Ú½±9�püÑò´ïÄ�
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­:ÚJ:.

6.3.2 g·A��Ö�)¤

A^>fAÛ��ÖXÚ¤�ï���Ö¯¢þ�A
��ÖMïö��Æ8�,

,
ù����Ö¿Ø�½·Ü¤kÆSö�g�ÄÅ!Y²!Uå!A:Ú,��,

ÏdI�?�ÚïÄXÛ�âÆSö��5z&EgÄ)¤Ü·���Ö±÷v¦�

�g�ÆSI¦,±BJp��Ö�¦^ÚÆSö�ÆS�Ç.ù�9�Æ)ï�Úg

·A�§)¤ü��'+���{ÚEâ.XÚ�±�âÆSö�[£ã�ÆS8Ig

Ä|8�·ÜÙ8IÚUå�ëê��£SN,¿À�Ü·�öS)¤��Ö,3ÆS

ö��¯K�gÄ�ä¿)¤J«&E±�ÏÙ�Ñ(J.ù��XÚI��ïuÆS

ö��5z�.Ú�Æ�9�üÑ.��Ö�£¥¥�3X�þ�AÛ�£êâ±9k

'�Æ5K���£êâ,Ïd,I�3dÄ:þ*ÐÙ��£¿�½Ün�9�üÑ,

l
g·A/)¤÷vØÓÆSöI¦���Ö.
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[96] Melis E., Büdenbender J., Goguadze G., et al. Knowledge Representation

and Management in ActiveMath[J]. Special Issue on Mathematical Knowledge

Management, Annals of Mathematics and Artificial Intelligence, 2003, V38(1-

3):47-64

[97] Mizar, http://www.mizar.org/

[98] Narboux J. Formalization of Tarski’s Geometry in the Coq Proof Assistant. http:

//dpt-info.u-strasbg.fr/˜narboux/tarski.html

[99] Nakagawa K., Nomura A. and Suzuki M. Extraction of Logical Structure from

– 143 –

http://en.wikipedia.org/wiki/Interactive_geometry_software
http://en.wikipedia.org/wiki/Interactive_geometry_software
http://www.mathdox.org/
http://www.mathdox.org/formulaeditor/
http://mowgli.cs.unibo.it/
http://mowgli.cs.unibo.it/
http://www.w3.org/Math/
http://www.dessci.com/en/products/mathplayer/
http://www.mizar.org/
http://dpt-info.u-strasbg.fr/~narboux/tarski.html
http://dpt-info.u-strasbg.fr/~narboux/tarski.html


ë�©z

Articles in Mathematics[A]. Asperti A., Bancerek G. and Trybulec A. (eds.),

Proceedings of the 3rd International Conference on Mathematical knowledge

management (MKM 2004)[C]. LNCS 3119, Springer-Verlag, Berlin Heidelberg,

2004:276-289

[100] Nederpelt R. P. Weak Type Theory: A Formal Language for Mathematics[R].

Technische Universiteit Eindhoven, the Netherlands, 2002

[101] Nederpelt R. P., Geuvers J. H. and Vrijer R. C. (eds.), Selected Papers on

Automath. Studies in Logic and the Foundations of Mathematics, V133, Elsevier,

Amsterdam, 1994

[102] NIST Digital Library of Mathematical Functions, http://dlmf.nist.gov/

[103] Ωmega, http://www.ags.uni-sb.de/˜omega/omega/

[104] OpenMath, http://www.openmath.org/

[105] OpenMath Phrasebooks, http://www.mathdox.org/new-web/projects/

phrasebooks.html

[106] Otter, http://www-unix.mcs.anl.gov/AR/otter/

[107] Piroi F. and Buchberger B. Label Management in Mathematical Theories[R].

Technical Report no. 2004-16, Johann Radon Institute for Computational and

Applied Mathematics (RICAM), Linz, Austria, November 2004

[108] Prefuse, http://prefuse.org/
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Script( Definition(point(), A::Point, null),

Definition(line(A::Point, B::Point), a::Line, not(is(A, B))),

Definition(segment(A::Point, B::Point), s::Segment, not(is(A, B))),

Definition(length(segment(A::Point, B::Point)), [distance(A, B)], null),

Definition(halfline(A::Point, B::Point), h::Halfline, not(is(A, B))),

Definition(triangle(A::Point, B::Point, C::Point), t::Triangle, not(collinear(A, B, C))),

Definition(quadrilateral(A::Point, B::Point, C::Point, D::Point), a::Quadrilateral, null),

Definition(angle(A::Point, B::Point, C::Point), a::Angle, and(not(is(A, B)), not(is(B, C)),

not(is(A, C)))),

Definition(angle(line(A::Point, B::Point), line(C::Point, D::Point)), [angle(A, intersection(line(A,

B), line(C, D)), C) where intersect(line(A, B), line(C, D))], null),

Definition(conic(A::Point, B::Point, C::Point, D::Point, E::Point), c::Conic, null),

Definition(size(angle(A::Point, B::Point, C::Point)), s::Degree, null),

Definition(circle(O::Point, r::Length), c::Circle, not(equal(r, 0::Length))),

Definition(arc(A::Point, B::Point, C::Point), a::Arc, null),

Definition(perpendicularline(A::Point, l::Line), [m::Line where and(incident(A, m),

perpendicular(m, l))], null),

Definition(parallelline(A::Point, l::Line), [m::Line where and(incident(A, m), parallel(m, l))],

not(incident(A, l))),

Definition(is(A::Point, B::Point), b::Boolean, null),

Definition(is(line(A::Point, B::Point), l::Line), [and(incident(A, l), incident(B, l))], null),

Definition(is(triangle(A::Point, B::Point, C::Point), triangle(D::Point, E::Point, F::Point)), [

and(is(A, D), is(B, E), is (C, F))], null),

Definition(incident(A::Point, o::Circle), [equal(distance(center(o), A), length(radius(o)))], null),

Definition(incident(A::Point, l::Line), b::Boolean, null),

Definition(incident(A::Point, segment(B::Point, C::Point)), [and(incident(A, line(B, C)),

differentside(A, B, C))], null),

Definition(incident(A::Point, line(B::Point, C::Point)), b::Boolean, null),

Definition(incident(A::Point, halfline(B::Point, C::Point)), [and(incident(A, line(B, C)),
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sameside(A, C, B))], null),

Definition(incident(A::Point, bisector(B::Point, C::Point, D::Point)), [equal(distance(A, line(B,

C)), distance(A, line(C, D)))], null),

Definition(ratio(A::GeometricQuantity, B::GeometricQuantity), a::AlgebraicQuantity, null),

Definition(ratio(a::AlgebraicQuantity, b::AlgebraicQuantity), a::AlgebraicQuantity, null),

Definition(equal(ratio(A::GeometricQuantity, B::GeometricQuantity), ratio(a::Algebraic-

Quantity, b::AlgebraicQuantity)), [equal(times(b, A), times(a, B))], null),

Definition(isout(A::Point, o::Circle), [lt(length(radius(o)), distance(A, center(o)))], null),

Definition(isin(A::Point, o::Circle), [lt(distance(A, center(o)), length(radius(o)))], null),

Definition(isin(O::Point, triangle(A::Point, B::Point, C::Point)), b::Boolean, null),

Definition(collinear(A::Point, B::Point, C::Point), [incident(A, line(B, C))], and(not(is(A, B)),

not(is(B, C)))),

Definition(concurrent(l::Line, m::Line, n::Line), [incident(intersection(l, m), n)], and(not(is(l,

n)), not(is(m, n)))),

Definition(perpendicular(line(A::Point, B::Point), line(C::Point, D::Point)), b::boolean, null),

Definition(parallel(line(A::Point, B::Point), line(C::Point, D::Point)), b::Boolean, null),

Definition(intersect(l::Line, m::Line), [not(parallel(l, m))], null),

Definition(intersect(l::Line, m::Circle), [lt(distance(center(m), l), length(radius(m)))], null),

Definition(intersect(m::Circle, n::Circle), [lt(distance(center(m), center(n)), plus(length(radius(

m)), length(radius(n))))], null),

Definition(sameside(A::Point, B::Point, l::Line), b::Boolean, null),

Definition(sameside(A::Point, B::Point, C::Point), b::Boolean, null),

Definition(differentside(A::Point, B::Point, l::Line), b::Boolean, null),

Definition(differentside(A::Point, B::Point, C::Point), b::Boolean, null),

Definition(endpoint(segment(A::Point, B::Point)), {[A]; [B]}, null),

Definition(vertex(triangle(A::Point, B::Point, C::Point)), {[A]; [B]; [C]}, null),

Definition(orthocenter(triangle(A::Point, B::Point, C::Point)), [concurrentpoint(altitudeline(A,

side(B, C)), altitudeline(B, side(A, C)), altitudeline(C, side(A, B)))], null),

Definition(centroid(triangle(A::Point, B::Point, C::Point)), [concurrentpoint(median(A, side(B,

C)), median(B, side(A, C)), median(C, side(A, B)))], null),

Definition(barycenter(triangle(A::Point, B::Point, C::Point)), [centroid(triangle(A, B, C))], null),
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Definition(geometriccenter(triangle(A::Point, B::Point, C::Point)), [centroid(triangle(A, B, C))],

null),

Definition(incenter(t::Triangle), [center(incircle(t))], null),

Definition(circumcenter(t::Triangle), [center(circumcircle(t))], null),

Definition(circumradius(t::Triangle), [radius(circumcircle(t))], null),

Definition(inradius(t::Triangle), [radius(incircle(t))], null),

Definition(midperpendicularline(segment(A::Point, B::Point)), [perpendicularline(midpoint(

segment(A, B)), line(A, B))], null),

Definition(distance(A::Point, B::Point), l::Length, null),

Definition(distance(A::Point, l::Line), [distance(A, foot(A, l))], null),

Definition(pointon(o::Circle), [A::Point where incident(A, o)], null),

Definition(pointon(l::Line), [A::Point where incident(A, l)], null),

Definition(midpoint(A::Point, B::Point), [midpoint(segment(A, B))], null),

Definition(midpoint(segment(A::Point, B::Point)), [C::Point where and(equal(distance(C, A),

distance(C, B)), incident(C, line(A, B)))], null),

Definition(circle(O::Point, A::Point), [circle(O, distance(O, A))], null),

Definition(circle(A::Point, B::Point, C::Point), [circle(O::Point, A) where and(equal(distance(O,

A), distance(O, B)), equal(distance(O, A), distance(O, C)))], null),

Definition(foot(A::Point, l::Line), [intersection(perpendicularline(A, l), l)], not(incident(A, l))),

Definition(intersection(l::Line, m::Line), [A::Point where and(incident(A, l), incident(A, m))],

not(parallel(l, m))),

Definition(intersection(l::Line, o::Circle), {[A::Point where and(incident(A, l), incident(A, o))]; [

B::Point where and(incident(B, l), incident(B, o))]}, intersect(l, o)),

Definition(intersection(halfline(A::Point, B::Point), o::Circle), [C::Point where and(incident(C,

halfline(A, B)), incident(C, o))], in(A, o)),

Definition(intersection(m::Circle, n::Circle), {[A::Point where and(incident(A, m), incident(A,

n))]; [B::Point where and(incident(B, m), incident(B, n))]}, intersect(m, n)),

Definition(tangentpoint(l::Line, o::Circle), [A::Point where and(incident(A, l), incident(A, o))],

tangent(l, o)),

Definition(tangentpoint(m::Circle, n::Circle), [A::Point where and(incident(A, m), incident(A,

n))], tangent(m, n)),
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Definition(2tangentline(A::Point, o::Circle), {[l::Line where and(incident(A, l), tangent(l, o))]; [

m::Line where and(incident(A, m), tangent(m, o))]}, out(A, o)),

Definition(1tangentline(A::Point, o::Circle), [perpendicularline(A, line(A, Center(o)))],

incident(A, o)),

Definition(center(circle(O::Point, r::Length)), [O], null),

Definition(radius(circle(O::Point, r::Length)), [segment(O, B::Point) where equal(

distance(O, B), r)], null),

Definition(length(radius(circle(O::Point, r::Length))), [r], null),

Definition(SBintangentcircle(A::Point, o::Circle), [circle(A, B::Point) where

SBintangent(circle(A, B), o)], and(in(A, o), not(is(A, center(o))))),

Definition(BSintangentcircle(A::Point, o::Circle), [circle(A, B::Point) where

BSintangent(circle(A, B), o)], not(is(A, center(o)))),

Definition(extangentcircle(A::Point, o::Circle), [circle(A, B::Point) where

extangent(circle(A, B), o)], out(A, o)),

Definition(tangent(m::Circle, n::Circle), [or(extangent(m, n), intangent(m, n))], null),

Definition(tangentcircle(A::Point, o::Circle), [circle(A, B::Point) where

tangent(circle(A, B), o)], not(is(A, center(o)))),

Definition(extangent(m::Circle, n::Circle), [equal(plus(length(radius(m)),

length(radius(n))), distance(center(m), center(n)))], null),

Definition(intangent(m::Circle, n::Circle), [or(BSintangent(m, n), SBintangent(m, n))], null),

Definition(BSintangent(m::Circle, n::Circle), [equal(minus(length(radius(m)), length(radius(

n))), distance(center(m), center(n)))], null),

Definition(SBintangent(m::Circle, n::Circle), [equal(minus(length(radius(n)), length(radius(

m))), distance(center(m), center(n)))], null),

Definition(side(A::Point, B::Point), [segment(A, B)], null),

Definition(median(A::Point, segment(B::Point, C::Point)), [segment(A, midpoint(segment(B,

C)))], not(collinear(A, B, C))),

Definition(medians(triangle(A::Point, B::Point, C::Point)), [median(A, segment(B, C))];[

median(B, segment(A, C))]; [median(C, segment(A, B))], null),

Definition(medians(triangle(A::Point, B::Point, C::Point)), [median(A, segment(B, C))];[

median(B, segment(A, C))]; [median(C, segment(A, B))], null),
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Definition(cevian(A::Point, segment(B::Point, C::Point)), [segment(A, D::Point) where incident(

D, segment(B, C))], not(collinear(A, B, C))),

Definition(altitude(A::Point, segment(B::Point, C::Point)), [segment(A, foot(A, line(B, C)))],

not(collinear(A, B, C))),

Definition(altitudeline(A::Point, segment(B::Point, C::Point)), [perpendicularline(A, line(B,

C))], not(collinear(A, B, C))),

Definition(bisectorline(A::Point, B::Point, C::Point), [line(B, D::Point) where equal(size(

angle(C, B, D)), size(angle(D, B, A)))], null),

Definition(bisector(B::Point, A::Point, C::Point), [segment(A, intersection(bisectorline(B, A, C),

line(B, C)))], not(collinear(A, B, C))),

Definition(bisectors(triangle(A::Point, B::Point, C::Point)), {[bisector(A, B, C)]; [bisector(B, C,

A)]; [bisector(C, A, B)]}, null),

Definition(ninepointcircle(triangle(A::Point, B::Point, C::Point)), [circle(foot(A, line(B, C)),

foot(B, line(A, C)), foot(C, line(A, B)))], null),

Definition(Eulerpoint(A::Point, t::Triangle), [midpoint(segment(A, orthocenter(t)))], null),

Definition(Eulerline(a::Triangle), [collinearline(orthocenter(a), centroid(a), circumcenter(a))],

null),

Definition(collinearline(A::Point, B::Point, C::Point), [line(choosediff({A; B; C}, 2))], collinear

(A, B, C)),

Definition(concurrentpoint(l::Line, m::Line, n::Line), [intersection(choosediff({l; m; n}, 2))],

concurrent(l, m, n)),

Definition(concurrentpoint(segment(A::Point, B::Point), segment(C::Point, D::Point),

segment(E::Point, F::Point)), [concurrentpoint(line(A, B), line(C, D), line(E, F))], null),

Definition(circumcircle(triangle(A::Point, B::Point, C::Point)), [circle(A, B, C)], null),

Definition(incircle(triangle(A::Point, B::Point, C::Point)), [circle(O::Point, distance(O, line(A,

B))) where and(equal(distance(O, line(A, B)), equal(O, line(B, C))), equal(distance(O,

line(A, B)), equal(O, line(A, C))), isin(O, triangle(A, B, C)))], null),

Definition(excircle(C::Point, side(A::Point, B::Point)), [circle(O::Point, distance(O, line(A,

B))) where and(equal(distance(O, line(A, B)), equal(O, line(B, C))), equal(distance(O, line(A, B)),

equal(O, line(A, C))), differentside(A, O, line(B, C)))], null),

Definition(excircle(triangle(A::Point, B::Point, C::Point)), {[excircle(A, side(B, C))]; [excircle(B,
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side(A, C))]; [excircle(C, side(A, B))]}, null),

Definition(escenter(C::Point, side(A::Point, B::Point)), [center(excircle(C, side(A, B)))], null),

Definition(escenter(triangle(A::Point, B::Point, C::Point)), {[center(excircle(A, side(B, C)))]; [

center(excircle(B, side(A, C)))]; [center(excircle(C, side(A, B)))]}, null),

Definition(tritangentcircle(triangle(A::Point, B::Point, C::Point)), {[incircle(triangle(A, B, C))

]; [excircle(A, side(B, C))]; [excircle(B, side(A, C))]; [excircle(C, side(A, B))]}, null),

Definition(equilateraltriangle(A::Point, B::Point, C::Point), [triangle(A, B, C) where and(equal

(length(side(A, B)), length(side(A, C))), equal(length(side(A, B)), length(side(B, C))))], null),

Definition(externalequilateraltriangle(segment(A::Point, B::Point), C::Point), [equilateral-

triangle(A, B, D::Point) where differentside(C, D, line(A, B))], not(incidentLine(C, line(A, B)))),

Definition(Napoleontriangle(triangle(A::Point, B::Point, C::Point)), [triangle(barycenter(

externalequilateraltriangle(side(B, C), A)), barycenter(externalequilateraltriangle(side(C, A),

B)), barycenter(externalequilateraltriangle(side(A, B), C)))], null),

Definition(Pappus(A::Point, B::Point, C::Point, D::Point, E::Point, F::Point, P::Point, Q::Point,

R::Point), [configuration(C := pointon(line(A, B)), F := pointon(line(D, E)), P := intersection(

line(A, E), line(D, B)), Q := intersection(line(A, F), line(D, C)), R := intersection(line(B, F), line(E,

C)))], null),

Definition(concyclic(A::Point, B::Point, C::Point, D::Point, E::Point, F::Point), [configuration(

O::Point := center(circle(A, B, C)), incident(D, circle(O, A)), incident(E, circle(O, A)), incident(F,

circle(O, A)))], null),

Definition(concyclic(A::Point, B::Point, C::Point, D::Point), [incident(D, circle(A, B, C))], null),

Definition(completequadrilateral(A::Point, B::Point, C::Point, D::Point, E::Point, F::Point), [con-

figuration(E := intersection(line(A, B), line(C, D)), F := intersection(line(A, C), line(B, D)))], null),

Definition(diagonal(completequadrilateral(A::Point, B::Point, C::Point, D::Point, E::Point, F::

Point)), {[segment(A, D)]; [segment(B, C)]; [segment(E, F)]}, null),

Definition(Gaussline(A::Point, B::Point, C::Point, D::Point), [collinearline(midpoint(diagonal

(completequadrilateral(A, B, C, D, E::Point, F::Point))))], null),

Definition(Simsonline(D::Point, triangle(A::Point, B::Point, C::Point)), [collinearline(foot(D,

side(A, B)), foot(D, side(A, C)), foot(D, side(B, C)))], incident(D, circumcircle(triangle(A, B, C)))),

Definition(mediator(segment(A::Point,B::Point)),[midperpendicularline(segment(A,B))],null),

Definition(orthictriangle(triangle(A::Point, B::Point, C::Point)), [triangle(foot(A, side(B, C)),
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foot(B, side(A, C)), foot(C, side(A, B)))], null),

Definition(homothetic(triangle(A::Point, B::Point, C::Point), triangle(A::Point, B::Point,

C::Point)), [and(parallel(line(A, B), line(D, E)), parallel(line(A, C), line(D, F)), parallel(line(B, C),

line(E, F)))], null),

Definition(homotheticcenter(triangle(A::Point, B::Point, C::Point), triangle(D::Point, E::Point,

F::Point)), [concurrentpoint(line(A, D), line(B, E), line(C, F))], null),

Definition(tangentialtriangle(triangle(A::Point, B::Point, C::Point)), [triangle(D::Point,

E::Point, F::Point) where and(equal(length(segment(O::Point, A)), length(segment(O, B))),

equal(length(segment(O, A)), length(segment(O, C))), perpendicular(line(O, A), line(E, F)),

perpendicular(line(O, B), line(D, F)), perpendicular(line(O, C), line(D, E)))], null),

Definition(antiparallel(l::Line,m::Line,n::Line),[equal(size(angle(l,n)),size(angle(n,m)))],null),

Definition(orthorcentricgroup(H::Point, triangle(A::Point, B::Point, C::Point)), [configuration(

H := orthocenter(triangle(A, B, C)))], null),

Definition(circumdiameterline(A::Point, side(B::Point, C::Point)), [line(A, circumcenter(

triangle(A, B, C)))], null),

Definition(symmetry(A::Point, line(B::Point, C::Point)), [D::Point where and(perpendicular(

line(A, D), line(B, C)), equal(distance(A, line(B, C)), distance(D, line(B, C))))], null),

Definition(anticomplementarytriangle(triangle(A::Point, B::Point, C::Point)), [triangle(D::Point,

E::Point, F::Point) where and(is(A, midpoint(segment(D, E))), is(B, midpoint(segment(E, F))),

is(C, midpoint(segment(D, F))))], null),

Definiiton(anticenter(cyclicquadrilateral(A::Point, B::Point, C::Point, D::Point)), [

concurrentpoint(maltitude(quadrilateral(A, B, C, D)))], null),

Definition(maltitude(quadrilateral(A::Point, B::Point, C::Point, D::Point)), {[

perpendicularline(midpoint(A, B), line(C, D))]; [perpendicularline(midpoint(B, C),

line(A, D))]; [perpendicularline(midpoint(C, D), line(A, B))]; [perpendicularline(

midpoint(A, D), line(B, C))]}, null),

Definition(cyclicquadrilateral(A::Point, B::Point, C::Point, D::Point), [quadrilateral

(A, B, C, D) where incident(D, circle(A, B, C))], null),

Definition(orthodiagonalquadrilateral(A::Point, B::Point, C::Point, D::Point), [

quadrilateral(A, B, C, D) where perpendicular(line(A, C), line(B, D))], null),

Definition(Miquelcircle(A::Point, D::Point, E::Point, side(B::Point, C::Point)), [
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circle(A, D, E) where and(incident(D, segment(A, B)), incident(E, segment(A, C)))], null),

Definition(contacttriangle(triangle(A::Point, B::Point, C::Point)), [triangle(foot(

O::Point, line(A, B)), foot(O, line(A, C)), foot(O, line(B, C)))where is(O, incenter(

triangle(A, B, C)))], null),

Definition(parallelogram(A::Point, B::Point, C::Point, D::Point), [quadrilateral(A, B, C, D)

where and(parallel(line(A, B), line(C, D)), parallel(line(A, D), line(B, C)))], null)

)
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Script( Definition(point(), A::Point, null),

Definition(line(A::Point, B::Point), a::Line, not(is(A, B))),

Definition(segment(A::Point, B::Point), s::Segment, not(is(A, B))),

Definition(length(segment(A::Point, B::Point)), [distance(A, B)], null),

Definition(halfline(A::Point, B::Point), h::Halfline, not(is(A, B))),

Definition(triangle(A::Point, B::Point, C::Point), t::Triangle, not(collinear(A, B, C))),

Definition(triangle(l::Line, m::Line, n::Line), [triangle(intersection(l, m), intersection(l, n),

intersection(m, n))], not(concurrent(l, m, n))),

Definition(quadrilateral(A::Point, B::Point, C::Point, D::Point), a::Quadrilateral, null),

Definition(angle(A::Point, B::Point, C::Point), a::Angle, and(not(is(A, B)), not(is(B, C)), not(is

(A, C)))),

Definition(angle(line(A::Point, B::Point), line(C::Point, D::Point)), [angle(A, intersection

(line(A, B), line(C, D)), C) where intersect(line(A, B), line(C, D))], null),

Definition(conic(A::Point, B::Point, C::Point, D::Point, E::Point), c::Conic, null),

Definition(size(angle(A::Point, B::Point, C::Point)), s::Degree, null),

Definition(circle(O::Point, r::Length), c::Circle, not(equal(r, 0::Length))),

Definition(arc(A::Point, B::Point, C::Point), a::Arc, null),

Definition(perpendicularline(A::Point, l::Line), m::Line, null),

Definition(parallelline(A::Point, l::Line), m::Line, not(incident(A, l))),

Definition(is(A::Point, B::Point), b::Boolean, null),

Definition(is(line(A::Point, B::Point), l::Line), [and(incident(A, l), incident(B, l))], null),

Definition(is(triangle(A::Point, B::Point, C::Point), triangle(D::Point, E::Point, F::Point)), [

and(is(A, D), is(B, E), is(C, F))], null),

Definition(incident(A::Point, o::Circle), [equal(distance(center(o), A), length(radius(o)))],

null),

Definition(incident(A::Point, l::Line), b::Boolean, null),

Definition(incident(A::Point, segment(B::Point, C::Point)), [and(incident(A, line(B, C)),

differentside(A, B, C))], null),

Definition(incident(A::Point, line(B::Point, C::Point)), b::Boolean, null),
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Definition(incident(A::Point, halfline(B::Point, C::Point)), [and(incident(A, line(B, C)),

sameside(A, C, B))], null),

Definition(incident(A::Point, perpendicularline(B::Point, l::Line)), [perpendicular(line

(A, B), l)], null),

Definition(incident(A::Point, parallelline(B::Point, l::Line)), [parallel(line(A, B), l)],

null),

Definition(incident(A::Point, bisector(B::Point, C::Point, D::Point)), [equal(distance(A,

line(B, C)), distance(A, line(C, D)))], null),

Definition(ratio(A::GeometricQuantity, B::GeometricQuantity), a::AlgebraicQuantity, null),

Definition(ratio(a::AlgebraicQuantity, b::AlgebraicQuantity), a::AlgebraicQuantity, null),

Definition(equal(ratio(A::GeometricQuantity, B::GeometricQuantity), ratio(

a::AlgebraicQuantity, b::AlgebraicQuantity)), [equal(times(b, A), times(a, B))], null),

Definition(isout(A::Point, o::Circle), [lt(length(radius(o)), distance(A, center(o)))], null),

Definition(isin(A::Point, o::Circle), [lt(distance(A, center(o)), length(radius(o)))], null),

Definition(isin(O::Point, triangle(A::Point, B::Point, C::Point)), b::Boolean, null),

Definition(collinear(A::Point, B::Point, C::Point), [incident(A, line(B, C))], and(

not(is(A, B)), not(is(B, C)))),

Definition(concurrent(l::Line, m::Line, n::Line), [incident(intersection(l, m), n)],

and(not(is(l, n)), not(is(m, n)))),

Definition(perpendicular(line(A::Point, B::Point), line(C::Point, D::Point)), b::boolean,

null),

Definition(parallel(line(A::Point, B::Point), line(C::Point, D::Point)), b::Boolean, null),

Definition(intersect(l::Line, m::Line), [not(parallel(l, m))], null),

Definition(intersect(l::Line, m::Circle), [lt(distance(center(m), l), length(radius(m)))],

null),

Definition(intersect(m::Circle, n::Circle), [lt(distance(center(m), center(n)), plus(length

(radius(m)), length(radius(n))))], null),

Definition(sameside(A::Point, B::Point, l::Line), b::Boolean, null),

Definition(sameside(A::Point, B::Point, C::Point), b::Boolean, null),

Definition(differentside(A::Point, B::Point, l::Line), b::Boolean, null),

Definition(differentside(A::Point, B::Point, C::Point), b::Boolean, null),
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Definition(endpoint(segment(A::Point, B::Point)), {[A]; [B]}, null),

Definition(vertex(triangle(A::Point, B::Point, C::Point)), {[A]; [B]; [C]}, null),

Definition(orthocenter(triangle(A::Point, B::Point, C::Point)), [concurrentpoint(

altitudeline(A, side(B, C)), altitudeline(B, side(A, C)), altitudeline(C, side(A, B)))], null),

Definition(centroid(triangle(A::Point, B::Point, C::Point)), [concurrentpoint(median(A,

side(B, C)), median(B, side(A, C)), median(C, side(A, B)))], null),

Definition(barycenter(triangle(A::Point, B::Point, C::Point)), [centroid(triangle(A, B, C))],

null),

Definition(geometriccenter(triangle(A::Point, B::Point, C::Point)), [centroid(triangle

(A, B, C))], null),

Definition(incenter(t::Triangle), [center(incircle(t))], null),

Definition(circumcenter(t::Triangle), [center(circumcircle(t))], null),

Definition(circumradius(t::Triangle), [radius(circumcircle(t))], null),

Definition(inradius(t::Triangle), [radius(incircle(t))], null),

Definition(midperpendicularline(segment(A::Point, B::Point)), [perpendicularline(midpoint

(segment(A, B)), line(A, B))], null),

Definition(distance(A::Point, B::Point), l::Length, null),

Definition(distance(A::Point, l::Line), [distance(A, foot(A, l))], null),

Definition(pointon(o::Circle), A::Point, null),

Definition(pointon(l::Line), A::Point, null),

Definition(midpoint(A::Point, B::Point), [midpoint(segment(A, B))], null),

Definition(midpoint(segment(A::Point, B::Point)), C::Point, null),

Definition(circle(O::Point, A::Point), o::Circle, null),

Definition(circle(A::Point, B::Point, C::Point), o::Circle, null),

Definition(foot(A::Point, l::Line), [intersection(perpendicularline(A, l), l)], not(

incident(A, l))),

Definition(intersection(l::Line, m::Line), A::Point, intersect(l, m)),

Definition(intersection(l::Line, o::Circle), A::Point, intersect(l, o)),

Definition(intersection(halfline(A::Point, B::Point), o::Circle), C::Point, in(A, o)),

Definition(intersection(m::Circle, n::Circle), A::Point, intersect(m, n)),

Definition(tangentpoint(l::Line, o::Circle), A::Point, tangent(l, o)),
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Definition(tangentpoint(m::Circle, n::Circle), A::Point, tangent(m, n)),

Definition(2tangentline(A::Point, o::Circle), l::Line, out(A, o)),

Definition(1tangentline(A::Point, o::Circle), [perpendicularline(A, line(A, Center(o)))],

incident(A, o)),

Definition(center(o::Circle), O::Point, null),

Definition(radius(o::Circle), [segment(center(o), pointon(o))], null),

Definition(SBintangentcircle(A::Point, o::Circle), [circle(A, intersection(halfline

(center(o), A), o))], and(in(A, o), not(is(A, center(o))))),

Definition(BSintangentcircle(A::Point, o::Circle), [circle(A, intersection(halfline

(A, center(o)), o))], and(in(A, o), not(is(A, center(o))))),

Definition(extangentcircle(A::Point, o::Circle), [circle(A, intersection(segment(

center(o), A), o))], out(A, o)),

Definition(tangent(m::Circle, n::Circle), [or(extangent(m, n), intangent(m, n))], null),

Definition(tangentcircle(A::Point, o::Circle), [circle(A, intersection(line(center(o),

A), o))], not(is(A, center(o)))),

Definition(extangent(m::Circle, n::Circle), [equal(plus(length(radius(m)), length(radius

(n))), distance(center(m), center(n)))], null),

Definition(intangent(m::Circle, n::Circle), [or(BSintangent(m, n), SBintangent(m, n))], null),

Definition(BSintangent(m::Circle, n::Circle), [equal(minus(length(radius(m)), length(

radius(n))), distance(center(m), center(n)))], null),

Definition(SBintangent(m::Circle, n::Circle), [equal(minus(length(radius(n)), length(

radius(m))), distance(center(m), center(n)))], null),

Definition(side(A::Point, B::Point), [segment(A, B)], null),

Definition(median(A::Point, segment(B::Point, C::Point)), [segment(A, midpoint(segment

(B, C)))], not(collinear(A, B, C))),

Definition(cevian(A::Point, segment(B::Point, C::Point)), [segment(A, D::Point)where

D := pointon(segment(B, C))], not(collinear(A, B, C))),

Definition(altitude(A::Point, segment(B::Point, C::Point)), [segment(A, foot(A, line

(B, C)))], not(collinear(A, B, C))),

Definition(altitudeline(A::Point, segment(B::Point, C::Point)), [perpendicularline

(A, line(B, C))], not(collinear(A, B, C))),

– 168 –



�®Ê�ÊU�ÆÆ¬Æ Ø©

Definition(bisectorline(A::Point, B::Point, C::Point), l::Line, null),

Definition(bisector(B::Point, A::Point, C::Point), [segment(A, intersection(bisectorline

(B, A, C), line(B, C)))], not(collinear(A, B, C))),

Definition(bisectors(triangle(A::Point, B::Point, C::Point)), {[bisector(A, B, C)]; [bisector(B, C,

A)]; [bisector(C, A, B)]}, null),

Definition(ninepointcircle(triangle(A::Point, B::Point, C::Point)), [circle(midpoint

(A, B), midpoint(A, C), midpoint(B, C))], null),

Definition(Eulerpoint(A::Point, t::Triangle), [midpoint(segment(A, orthocenter(t)))], null),

Definition(Eulerline(a::Triangle), [collinearline(orthocenter(a), centroid(a), circumcenter

(a))], null),

Definition(collinearline(A::Point, B::Point, C::Point), [line(choosediff({A; B; C}, 2))],

collinear(A, B, C)),

Definition(concurrentpoint(l::Line, m::Line, n::Line), [intersection(choosediff({l; m; n},

2))], concurrent(l, m, n)),

Definition(concurrentpoint(segment(A::Point, B::Point), segment(C::Point, D::Point),

segment(E::Point, F::Point)), [concurrentpoint(line(A, B), line(C, D), line(E, F))], null),

Definition(circumcircle(triangle(A::Point, B::Point, C::Point)), [circle(A, B, C)], null),

Definition(incircle(triangle(A::Point, B::Point, C::Point)), [circle(O::Point, foot(O,

line(A, B))) where O := intersection(bisectorline(A, B, C), bisectorline(B, C, A))], null),

Definition(excircle(C::Point, side(A::Point, B::Point)), [circle(O::Point, foot(O, line(

A, B))) where O := intersection(bisectorline(C, B, A), bisectorline(B, A, C))], null),

Definition(escenter(C::Point, side(A::Point, B::Point)), [intersection(bisectorline

(C, B, A), bisectorline(B, A, C))], null),

Definition(escenter(triangle(A::Point, B::Point, C::Point)), {[escenter(A, side(B, C))

]; [escenter(B, side(A, C))]; [escenter(C, side(A, B))]}, null),

Definition(excircle(triangle(A::Point, B::Point, C::Point)), {[excircle(A, side(B, C))

]; [excircle(B, side(A, C))]; [excircle(C, side(A, B))]}, null),

Definition(tritangentcircle(triangle(A::Point, B::Point, C::Point)), {[incircle(

triangle(A, B, C))]; [excircle(A, side(B, C))]; [excircle(B, side(A, C))]; [excircle(C,

side(A, B))]}, null),

Definition(equilateraltriangle(A::Point, B::Point, C::Point), [triangle(A, B, rotate
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(A, B, pi/3))], null),

Definition(externalequilateraltriangle(segment(A::Point, B::Point), C::Point), [triangle

(A, B, rotate(A, B, pi/3))], not(incidentLine(C, line(A, B)))),

Definition(Napoleontriangle(triangle(A::Point, B::Point, C::Point)), [triangle(barycenter

(externalequilateraltriangle(side(B, C), A)), barycenter(externalequilateraltriangle(side

(C, A), B)), barycenter(externalequilateraltriangle(side(A, B), C)))], null),

Definition(Pappus(A::Point, B::Point, C::Point, D::Point, E::Point, F::Point, P::Point,

Q::Point, R::Point), [configuration(C := pointon(line(A, B)), F := pointon(line(D, E)),

P := intersection(line(A, E), line(D, B)), Q := intersection(line(A, F), line(D, C)),

R := intersection(line(B, F), line(E, C)))], null),

Definition(concyclic(A::Point, B::Point, C::Point, D::Point, E::Point, F::Point), [

configuration(O::Point := center(circle(A, B, C)), D := pointon(circle(O, A)),

E := pointon(circle(O, A)), F := pointon(circle(O, A)))], null),

Definition(concyclic(A::Point, B::Point, C::Point, D::Point), [incident(D, circle(A, B, C))],

null),

Definition(completequadrilateral(A::Point, B::Point, C::Point, D::Point, E::Point, F::Point), [

configuration(E := intersection(line(A, B), line(C, D)), F := intersection(line(A, C), line(B, D)))],

null),

Definition(diagonal(completequadrilateral(A::Point, B::Point, C::Point, D::Point, E::Point,

F::Point)), {[segment(A, D)]; [segment(B, C)]; [segment(E, F)]}, null),

Definition(Gaussline(A::Point, B::Point, C::Point, D::Point), [collinearline(midpoint(

diagonal(completequadrilateral(A, B, C, D, E::Point, F::Point))))], null),

Definition(Simsonline(D::Point, triangle(A::Point, B::Point, C::Point)), [collinearline

(foot(D, side(A, B)), foot(D, side(A, C)), foot(D, side(B, C)))], null),

Definition(mediator(segment(A::Point, B::Point)), [midperpendicularline(segment(A, B))],

null),

Definition(orthictriangle(triangle(A::Point, B::Point, C::Point)), [triangle(foot(A, line

(B, C)), foot(B, line(A, C)), foot(C, line(A, B)))], null),

Definition(homothetic(triangle(A::Point, B::Point, C::Point), triangle(A::Point, B::Point,

C::Point)), [and(parallel(line(A, B), line(D, E)), parallel(line(A, C), line(D, F)), parallel

(line(B, C), line(E, F)))], null),
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Definition(homotheticcenter(triangle(A::Point, B::Point, C::Point), triangle(D::Point,

E::Point, F::Point)), [concurrentpoint(line(A, D), line(B, E), line(C, F))], null),

Definition(tangentialtriangle(triangle(A::Point, B::Point, C::Point)), [triangle(

perpendicularline(A, line(O::Point, A)), perpendicularline(B, line(O, B)), perpendicularline

(C, line(O, C))) where O := circumcenter(triangle(A, B, C))], null),

Definition(antiparallel(l::Line, m::Line, n::Line), [equal(size(angle(l, n)), size(angle

(n, m)))], null),

Definition(orthorcentricgroup(H::Point, triangle(A::Point, B::Point, C::Point)), [

configuration(H := orthocenter(triangle(A, B, C)))], null),

Definition(circumdiameterline(A::Point, side(B::Point, C::Point)), [line(A,

circumcenter(triangle(A, B, C)))], null),

Definition(symmetry(A::Point, line(B::Point, C::Point)), [symmetry(A, foot(A, line(B, C)))],

null),

Definition(symmetry(A::Point, B::Point), C::Point, null),

Definition(anticomplementarytriangle(triangle(A::Point, B::Point, C::Point)), [triangle

(D::Point, E::Point, F::Point) where and(is(A, midpoint(segment(D, E))), is(B, midpoint(

segment(E, F))), is(C, midpoint(segment(D, F))))], null),

Definition(anticenter(cyclicquadrilateral(A::Point, B::Point, C::Point, D::Point)), [

concurrentpoint(maltitude(quadrilateral(A, B, C, D)))], null),

Definition(maltitude(quadrilateral(A::Point, B::Point, C::Point, D::Point)), {[

perpendicularline(midpoint(A, B), line(C, D))]; [perpendicularline(midpoint(B, C), line(A, D))

]; [perpendicularline(midpoint(C, D), line(A, B))]; [perpendicularline(midpoint(A, D),

line(B, C))]}, null),

Definition(cyclicquadrilateral(A::Point, B::Point, C::Point, D::Point), [quadrilateral

(A, B, C, pointon(circle(A, B, C)))], null),

Definition(orthodiagonalquadrilateral(A::Point, B::Point, C::Point, D::Point), [

quadrilateral(A, B, C, pointon(perpendicularline(B, line(A, C))))], null),

Definition(Miquelcircle(A::Point, D::Point, E::Point, side(B::Point, C::Point)), [

circle(A, pointon(line(A, B)), pointon(line(A, C)))], null),

Definition(contacttriangle(triangle(A::Point, B::Point, C::Point)), [triangle(foot

(O::Point, line(A, B)), foot(O, line(A, C)), foot(O, line(B, C)))where O := incenter(triangle
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(A, B, C))], null),

Definition(rotate(A::Point, B::Point, d::Degree), C::Point, not(is(A, B))),

Definition(parallelogram(A::Point, B::Point, C::Point, D::Point), [quadrilateral(A, B, C, D)

where D := intersection(parallelline(A, line(B, C)), parallelline(C, line(A, B)))], null)

)
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